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Preface to the Second Edition

The range of possible applications of the theory of nonadiabatic transi-
tion has been widely expanded since the printing of the first edition of
this book, reflecting the importance of the transitions in various fields of
physics and chemistry, and even in biology. Especially in chemical dynamics,
not only proper theoretical understanding of various nonadiabatic chemi-
cal dynamics occurring in Nature has become possible, but also control of
chemical dynamics and manifestation of molecular functions are not just
simple dreams any more. Thanks to the remarkable developments of laser
technology, nonadiabatic transitions induced by lasers can be controlled by
appropriately designing lasers. A new field of nonadiabatic chemical dynam-
ics is thus emerging as a futuristic subject.

Three new chapters 14-16 are added in this second edition. Chapter
14 is entitled “Comprehension of Nonadiabatic Chemical Dynamics” and
is devoted mainly to the applications of the Zhu—Nakamura formulas to
chemical reaction dynamics, photo-induced dynamics, and electron transfer.
Realistic large chemical and biological systems can now be treated prop-
erly. “Control of Chemical Dynamics” and “Manifestation of Molecular
Functions” are discussed in Chapters 15 and 16, respectively. Theoretical
possibilities of controlling chemical dynamics are demonstrated by numer-
ical examples of efficient excitation/de-excitation by the periodic chirp-
ing, utilization of the complete reflection phenomenon, and control of wave
packet motion. Molecular function is an important futuristic subject and
Chapter 16 contains the discussions about molecular switching, hydrogen
transmission through carbon ring, photo-conversion of cyclohexadiene to
hexatriene, and molecular motors. These just represent some simple exam-
ples of various future possibilities. In accordance with these new chapters,
some other chapters are reorganized. Main changes are as follows: Two
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vi Preface to the Second Edition

new sections are created in Chapter 7: “Time-Dependent Nonlinear Equa-
tions Related to Bose—Einstein Condensate Problems” and “Wave Packet
Dynamics in a Linearly Chirped Laser Field”. The title of Chapter 8 is
changed to “Effects of Coupling to Phonons and Quantum Devices”, con-
sidering the recent progress of the investigation of quantum devices with
use of the nonadiabatic transitions. In Chapter 10 more space is allocated to
explain the semiclassical propagation methods in more detail (Section 10.3).
The treatment of three-dimensional chemical reactions is moved to the new
Chapter 14, and a new Section 10.4 is created as “Nonadiabatic Transition
State Theory”. Chapter 13 is largely reorganized. Explanations of the opti-
mal control theories are added and the numerical applications in Section
13.3 are moved to Section 15.1 of a new Chapter 15.

Most of the new contents added in this second edition are the results of
collaborations with my many co-workers. Taking this opportunity, I would
like to thank them.

I would also like to express my hearty thanks to National Science Council
of Taiwan, National Chiao Tung University in Hsinchu, Taiwan, and people
at The Institute of Molecular Science, Department of Applied Chemistry,
Faculty of Science of the University for providing me this very nice oppor-
tunity to work on this second edition. Especially, I am deeply indebted to
Professor S.H. Lin and Professor Y.P. Lee.

Acknowledgment is also due to the following publishers for permission
to reproduce various copyright materials: the societies listed in the first
edition, Springer publisher, and World Scientific Publishing.

Finally, I would like to thank my wife, Suwako, for her continuous sup-
port in my life. This work could not be finished without her support in
Taiwan.

I really hope that the field of nonadiabatic chemical dynamics will flour-
ish in future by establishing collaborations among dynamics theory, quan-
tum chemistry, physical and organic chemistry, and laser science.

Hiroki Nakamura
Okazaki, Japan and Hsinchu, Taiwan
August 2011



Preface to the First Edition

“Nonadiabatic transition” is a very multi-disciplinary concept and phe-
nomenon which constitutes a fundamental mechanism of state and phase
changes in various dynamical processes in physics, chemistry, and biology.
This book has been written on the opportunity that the complete solu-
tions of the basic problem have been formulated for the first time since
the pioneering works done by Landau, Zener, and Stueckelberg in 1932. It
not only contains this new theory, but also surveys the history and the-
oretical works in the related subjects without going into much details of
mathematics. Both time-independent and time-dependent phenomena are
discussed. Since the newly completed theory is useful for various appli-
cations, the final recommended formulas are summarized in Appendix in
directly usable forms. Discussions are also devoted to intriguing phenomena
of complete reflection and bound states in the continuum, and further to
possible applications of the theory such as molecular switching and control
of molecular processes by external fields.

This book assumes the background knowledge of the level of graduate
students and is basically intended as a standard reference for practical uses
in various research fields of physics and chemistry.

The writing of this book was suggested and recommended by Professor
Kazuo Takayanagi and Professor Phil G. Burke. My thanks are also due to
my many collaborators with whose help a lot of works written in this book
have been accomplished.

Acknowledgment is also due to the following for permission of repro-
ducing various copyright materials: American Institute of Physics, Ameri-
can Physical Society, Institute of Physics, John-Wiley & Sons Inc., Marcel
Dekker Inc., Annual Reviews, Gordon & Breach Science Publisher, Physical
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Society of Japan, American Chemical Society, Elsevier Science Publisher,
and Royal Society of Chemistry.

Finally, I would like to thank my wife, Suwako, for her continuous sup-
port in my life.

Hiroki Nakamura
Okazaki, Japan
February 2001
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Chapter 1

Introduction: What is
“Nonadiabatic Transition”?

“Adiabaticity” or “adiabatic state” is a very basic well-known concept in
natural sciences. This concept implies that there are two sets of variables
which describe the system of interest and the system can be well charac-
terized by the eigenstates defined at fixed values of one set of variables
which change slowly compared to the other set. This slowly varying set of
variables are called “adiabatic parameters” and the eigenstates are called
“adiabatic states.” Good adiabaticity means that a system stays mostly on
the same adiabatic state, as the adiabatic parameter changes. So, if we can
find such a good adiabatic parameter, it would be very useful and help-
ful to describe and understand static properties and dynamic behaviour of
the system. However, if the good adiabaticity holds all the time, then no
state change happens at all and nothing exciting occurs. This world would
have been dead. Namely, we expect that in some regions of the adiabatic
parameter the adiabaticity breaks down and transitions among the adia-
batic states are induced somehow, when the adiabatic parameter changes.
This transition, i.e. a transition among adiabatic states, is called “nonadia-
batic transition.” The adiabaticity breaks down when the adiabatic param-
eter changes quickly, because the other rapidly changing set of variables
cannot fully follow the change of the adiabatic parameter and the state
of the system changes accordingly. In this world, this kind of transition
occurs in many places, not only in natural phenomena but also in social
phenomena. Whatever rather abrupt changes of states occur, they can be
understood as nonadiabatic transitions. So, in a sense, we may say that
nonadiabatic transitions represent one of the very basic mechanisms of the
mutability of the universe.

One of the most well-known examples of adiabatic approximation and
nonadiabatic transition is the Born—Oppenheimer approximation to define

1



2 Chapter 1. Introduction: What is “Nonadiabatic Transition”?

molecular electronic states and transitions among them. Since the mass of
an electron is so light compared to that of nuclei and the electron moves
so quickly, the internuclear coordinates, collectively denoted as R, can be
considered as a very good adiabatic parameter. The adiabatic states, i.e.
Born—Oppenheimer states, are functions of R and describe the molecular
state very well in general. In some regions of R, however, two or more Born—
Oppenheimer states happen to come close together energetically. At these
positions, a small amount of electronic energy change is good enough to
induce a transition between the adiabatic electronic states and the tran-
sition can be actually achieved rather easily by gaining that energy from
the nuclear motion. This energy transfer between the electronic degrees of
freedom and those of nuclei is nothing but a nonadiabatic transition. It
is easily conjectured that this transition occurs more effectively when the
nuclei move fast. That is to say, nonadiabatic transitions occur effectively at
high energies of nuclear motion, as can be easily understood from the defini-
tions of “adiabaticity” and “adiabatic parameter.” Various molecular spec-
troscopic processes, molecular collisions and chemical reactions can all be
described by this kind of idea. The basic equations to define adiabatic states
are the time-independent Schrédinger equations with respect to electron
coordinates at fixed internuclear distances. On the other hand, the basic
equations to describe the nonadiabatic transitions along the nuclear motions
are the coupled time-independent Schrédinger equations with respect to
the internuclear coordinates. The coupling is the so called nonadiabatic
coupling which couples the adiabatic electronic states that contains the
derivative of electronic wave function with respect to the nuclear coordi-
nate. The “fast” or “slow” change of the adiabatic parameter in this case
means “high” or “low” energy of the nuclear motion, as is easily guessed.
If the adiabatic parameter R is an explicit function of time, i.e. if, for
instance, a time-dependent external field is applied to the system, then the
time-dependent field parameter is considered to be the adiabatic param-
eter R and the problem is described by the time-dependent Schrodinger
equations. The notions of “adiabaticity” and “nonadiabatic transition”
can, of course, be applied to these time-dependent problems. The con-
cept of “fast” and “slow” holds as it is. As mentioned above, nonadiabatic
transitions are induced by the dependence of the adiabatic eigenstates on
the adiabatic parameters. In the case of molecular electronic transitions,
the Born—Oppenheimer electronic wave function parametrically depends
on the nuclear coordinate R and the derivative of that wave function with
respect to the nuclear coordinate causes the nonadiabatic transition. In the
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case of time-dependent process, time-derivative of the adiabatic state wave
function plays that role.

Recent remarkable progress of laser technologies makes control of molec-
ular processes realizable and further endorses the importance of various
kinds of time-dependent nonadiabatic transitions. By applying a strong
laser field, molecular energy levels or potential curves can be shifted up and
down by the amount corresponding to the photon energy. Thus potential
curve crossings can be artificially created and nonadiabatic transitions can
be induced there. The diabatic coupling there is proportional to the transi-
tion dipole moment between the relevant two states and the square root of
the laser intensity. If we diagonalize these coupled states to obtain new adi-
abatic states including the laser-molecule interaction, then the whole story
about the nonadiabatic transitions explained above hold. This idea is not
just restricted to laser, but is applicable also to magnetic and electric fields.
The high technological manipulation of such external fields is expected to
open up a new field of science and nonadiabatic transitions again play a
crucial role there.

Because of the fundamentality and significance of nonadiabatic tran-
sitions in various branches of natural sciences, there is a long history of
theoretical investigation of nonadiabatic transitions. The pioneering works
done by Landau, Zener, and Stueckelberg date back to 1932 [1-3]. Since
then a lot of researches have been carried out by many investigators. This
book tries not only to present the historical survey of the research briefly
and explain the basic concepts, but also to introduce the recently completed
new theories of nonadiabatic transitions. Various chapters are arranged in
such a way that those readers who are interested in nonadiabatic transitions
but are not very familiar with the basic mathematics can skip the details
of mathematical descriptions and utilize the new theories directly.

This book is organized as follows. In the next chapter multi-disciplinarity
and fundamentality of the concept of nonadiabatic transition are explained
by taking various examples in a wide range of fields of physics, chem-
istry, biology, and economics. A brief historical survey is given in Chap-
ter 3. Essential ideas and basic formulas are explained and summarized for
the Landau—Zener—Stueckelberg type curve-crossing problems, the Rosen—
Zener type non-curve-crossing problems, the Nikitin’s exponential potential
model, and a unified treatment of rotational or Coriolis coupling prob-
lems. The background mathematics is explained in Chapter 4. The basic
semiclassical theory, i.e. the WKB (Wentzel-Kramers—Brilloin) theory, and
the Stokes phenomenon associated with asymptotic behaviour of the WKB
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solutions of differential equations are presented. Those who are not inter-
ested in the mathematics can skip this chapter. Chapter 5 presents recent
new results of basic two-state time-independent problems (Zhu-Nakamura
theory). First, the quantum mechanically exact solutions of the linear curve
crossing problems are provided. Then, their generalizations to general two-
state curve-crossing problems are presented together with numerical demon-
strations. Recent developments about the other cases, i.e. the non-curve-
crossing case and the exponential potential model, are further discussed.
Some new mathematical developments associated with the exact solutions
are also provided there. The final recommended formulas with empirical
corrections for the Landau—Zener—Stueckelberg (LZS) curve crossing prob-
lems (Zhu—Nakamura theory) are presented in Appendix A. These empirical
corrections which are not given in Chapter 5 are introduced in order to cover
thoroughly the whole ranges of energy and coupling strength, although the
original formulas given in Chapter 5 are accurate enough except in some
small regions of parameters. Appendix A is arranged in a self-contained
way as far as the basic formulas are concerned, and the formulas given
there can be directly applied to various problems and must be quite use-
ful for those people who are eager about immediate applications. Chapter 6
provides the similar basic theories for time-dependent processes. Exact solu-
tions can be obtained for the quadratic potential model based on those of
the time-independent linear potential model. Furthermore, as in the time-
independent case, accurate semiclassical formulas can be derived for general
curve-crossing problems. Even the case of diabatically avoided crossing can
be accurately treated. Other exactly soluble models are also discussed here.
The time-dependent version of the final recommended Zhu—Nakamura the-
ory is presented in Appendix B. They can be directly utilized for various
applications.

Chapter 7 discusses various two-state problems in atomic and molecular
processes such as inelastic scattering, elastic scattering with resonances, pre-
dissociation, and perturbed bound states, and demonstrate how to utilize
the formulas presented in Chapters 5, 6 and Appendix A. The basic theories
of two-state nonadiabatic transitions provide us with local transition matri-
ces at curve-crossing points which describe the distribution of probability
amplitudes due to the nonadiabatic transition. This is quite useful, since
the application of the theories is not only restricted to a particular type
of two-state problem such as inelastic scattering or bound state problem,
but can also be made to any problems involving the same type of curve-
crossing. Even applications to multi-channel problems become possible. For
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this the diagrammatic techniques are very useful. The diagram represent-
ing the nonadiabatic transition matrix can be plugged into a whole frame-
work of the problem, whatever the system is. This diagrammatic technique
is explained in this chapter. Finally, the time-dependent periodic crossing
problems are also discussed. Two sections are added to this Chapter 7 which
discuss about time-dependent nonlinear equations and wave packet motion
in a linearly chirped laser field.

Effects of dissipation and fluctuation due to the couplings to phonons
in condensed matter are discussed in Chapter 8. Within the framework of
the original simple Landau—Zener formula, effects of fluctuation of diagonal
(energy levels) and off-diagonal (diabatic coupling) elements and of energy
dissipation are analyzed. Recently, various possibilities of quantum devices
with use of nonadiabatic transitions are discussed. This subject is briefly
described in this chapter also. Utilizations of the accurate one-dimensional
two-state theories presented in Chapters 5 and 6 in multi-channel and multi-
dimensional problems are explained in Chapters 9 and 10 together with
some other exactly solvable models. These are definitely important issues
from the view point of applications to realistic practical systems. Since
exactly solvable multi-channel problems are naturally very much limited
and intrinsically multi-dimensional analytical theory is almost impossible
to develop, it is very important to formulate practically useful theories based
on the achievements of the one-dimensional two-state theories. Usefulness
of the accurate two-state theories can be demonstrated for multi-channel
problems. Applications of the Zhu-Nakamura theory to multi-dimensional
systems can now be done in two ways. The simplest one is to use the Zhu-
Nakamura probabilities in the trajectory surface hopping (TSH) method.
Along each classical trajectory, the nonadiabatic transition, if any, is treated
by the Zhu-Nakamura formulas. Even the classically forbidden transi-
tions can be treated properly. A more sophisticated method is to use the
initial value representation (IVR) semiclassical theory into which the Zhu-
Nakamura transition amplitude including dynamical phases is incorporated.
These are discussed in Chapter 10. In addition to these a nonadiabatic tran-
sition state theory is formulated in this chapter. This theory is applied to
electron transfer and the celebrated Marcus theory can be improved.

Intriguing phenomenon of complete reflection occurs at some discrete
energies when the two diabatic potential curves cross with opposite signs
of slopes. This is quite a unique phenomenon due to quantum mechani-
cal interference effect and provides us with new interesting possibilities.
One is a possibility of bound states in the continuum, because a positive
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energy wave can be trapped in between the two completely reflecting curve-
crossing potential units. This is discussed in Chapter 11. Another possibility
is a new idea of molecular switching in a periodic array of curve-crossing
potentials. Complete transmission, which is always possible in a periodic
potential system, can be switched off and on by somehow clicking the sys-
tem and creating the complete reflection condition. This is demonstrated
in Chapter 12. In Chapter 13 an interesting subject of controlling nonadia-
batic dynamic processes by time-dependent external fields is discussed. The
recent remarkable progress of laser technologies enables us to create effective
potential curve-crossings and to control the nonadiabatic transitions there,
thus to control various chemical dynamics. The basic concepts and theories
of laser control of chemical dynamics are explained in this chapter. Chap-
ter 14 presents numerical applications of the methods discussed previously
in Chapter 10 to various chemical dynamics such as chemical reactions,
photoinduced dynamics, and electron transfer. Numerical applications on
the control of chemical dynamics are presented in Chapter 15. These include
efficient excitation/de-excitation by periodic chirping of laser frequency, uti-
lization of the complete reflection phenomenon, and control of wave packet
motion and transition at conical intersection. These would open a new pos-
sibility of controlling real chemical dynamics. Chapter 16 is devoted to
manifestation of molecular functions and describe the numerical applica-
tions of molecular switching, hydrogen transmission through carbon ring,
photo-conversion of cyclohexadiene to hexatriene, and molecular motors.
Finally, Chapter 17 provides concluding remarks.



Chapter 2

Multi-Disciplinarity

As was mentioned in Introduction, the concept of nonadiabatic transition
is very much multi-disciplinary and plays essential roles in state/phase
changes in various fields of physics, chemistry, and biology. Not only in
natural sciences, but also even in social sciences the concept must be use-
ful to analyze various phenomena. In this chapter some practical examples
in physics, chemistry, and biology are presented to emphasize the signifi-
cance of the concept and to help the reader’s deep understanding. Possible
applications in economics will also be touched upon briefly.

2.1. Physics

The most typical and well known example is electronic transitions in atomic
and molecular collisions [4-17]. Since the electron mass is so light compared
to nuclear masses, the electronic motion is first solved at a fixed inter-
nuclear distance and the electronic potential energy curves are defined as
a function of the inter-nuclear distance R. This R plays a role of adiabatic
parameter and its motion induces a transition between different electronic
states when the electronic potential energy curves come close together. If
we can assume that the two states Vi(R) and Va(R) as a function of R
cross somewhere at Rx and are coupled by V(R), then the corresponding
adiabatic states are given by

Fua(R) = 3 {Vi(R) + Va(R)  [(Vi(R) - Va(R))? + 4V(R)2). (21)

Unless the coupling V(R) becomes zero at Rx accidentally, the adiabatic
states E1(R) and F3(R) come close together but never cross on the real
axis (see Fig. 2.1). This is called avoided crossing.

7
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Fig. 2.1. (a) Landau—Zener type curve crossing and (b) Nonadiabatic tunneling type
curve crossing. (Taken from Ref. [18] with permission.)
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The transition between the two states Fp(R) and Es(R) occur most
effectively at this avoided crossing, because the necessary energy trans-
fer between two different degrees of freedom, i.e. between the electronic
and nuclear degrees of freedom, is minimum there. In general, the smaller
the transfer energy is between two different kinds of degrees of freedom,
the more probable the transition becomes between the two states. The
states V1 (R) and Va(R) are called “diabatic states”, and the coupling V(R)
is called “diabatic coupling.” The representation in theses states is called
“diabatic-state representation.” On the other hand, the representation
in B1(R) and E3(R) is called “adiabatic-state representation.” These states
are coupled by the nuclear kinetic energy operator, namely through the
dependence of the adiabatic electronic eigenfunction on the nuclear coor-
dinate R. This is called nonadiabatic coupling, the explicit form of which
will be given later (see Eq. (3.6)). If the symmetries of the two states V4 (R)
and Va(R) are different, then the diabatic coupling V(R) should be zero
and the two states can cross on the real axis. This occurs, for instance,
in the case of states of different electronic symmetries such as ¥ and II
states of diatomic molecules. The transitions among them are caused by
the nuclear rotational motion, i.e. by the Coriolis coupling or the coupling
between electronic and nuclear rotational angular momenta. In any case,
we may say that if some processes accompanying transitions among elec-
tronic states occur effectively, there must exist avoided crossings of potential
energy curves somewhere. Hereafter the following two types of curve cross-
ing are clearly distinguished: the Landau—Zener (LZ) type in which two
diabatic potentials cross with the same sign of slopes, and the nonadiabatic
tunneling (NT) type in which the two diabatic potentials cross with oppo-
site signs of slopes and a potential barrier is created. It should be noted
that the adiabatic states E;(R) and F5(R) can be defined uniquely, but the
diabatic states Vi(R) and V,(R) cannot. The unitary transformation from
the diabatic states to the adiabatic states can be done uniquely, but the dia-
batic states cannot be obtained uniquely from the adiabatic states [19]. The
diabatic states are, however, convenient for numerical solutions of coupled
Schrédinger equations. The adiabatic state representation, on the other
hand, is inconvenient for numerical solution of the differential equations,
since there appears the first derivative term and also the nonadiabatic cou-
pling term is a very sharp function of the coordinate (see Chapter 3). So,
in the practical numerical solutions of the coupled Schrédinger equations,
usually, certain physically meaningful diabatic states are defined.
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In nuclear collisions and reactions, nuclear molecular orbitals can be
defined and transitions among them can be analyzed in terms of nonadi-
abatic transitions [20, 21]. Adiabaticity is worse compared to atomic and
molecular systems, because the mass disparity among nucleons is much
smaller than that between electron and nucleus. The similar pictures can,
however, hold as those in atomic and molecular processes. Many dynamic
processes on solid surfaces are also induced effectively by such nonadiabatic
transitions. Examples are neutralization of an ion by a collision with surface
and molecular desorption from a solid surface [22]. So called radiationless
transitions in condensed matter such as the quenching of F-color center and
the self-trapping of exciton are other good examples of nonadiabatic tran-
sitions in solid state physics [23]. In these examples the abscissa is always a
certain spatial coordinate, but in many other examples this is time. When
we apply a certain time-dependent external field, nonadiabatic transitions
are induced by the change of the field with respect to time. This is called
time-dependent nonadiabatic transition. The adiabatic states are defined
as eigenstates of the system at each fixed time. Examples are (i) transi-
tions among Zeeman or Stark states in an external magnetic or electric
field [24], (ii) transitions induced by laser [25-27], (iii) tunneling junction
and Josephson junction in an external magnetic or electric field [28-30].
Figure 2.2 shows an energy level diagram of a tunnel junction as a function

Al [Toyt]

Fig. 2.2. Energy levels of a normal tunnel junction as a function of the vector poten-
tial A(¢). (Taken from Ref. [30] with permission.)
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of the time-dependent vector potential [30]. Nonadiabatic transitions are
induced at avoided crossings by a change of the magnetic field.

Thanks to the recent rapid technological developments of laser, mag-
netic and electric fields, it has become feasible to control state transitions
and dynamic processes by manipulating the external fields and using nona-
diabatic transitions efficiently. This branch of science will become very
important in the 21st century, since various dynamic processes might be
controlled as we wish. Nonadiabatic transitions may also present one of the
crucial ingredients to cause so called chaotic behaviour and are even related
to soliton-like structure [31-33]. Recently, the very basic time-dependent
two-level Landau-Zener system has attracted much attention in connection
with quantum devices such as superconducting circuits (qubits), quantum
dots, and interferometry [34, 35]. These are manipulated by applying an
external electric or magnetic field and are expected to open up a new field
of physics.

In all the cases mentioned above the ordinate still represents a cer-
tain potential energy. However, the ordinate also is not necessarily an
ordinary potential energy. It can be anything, in principle. The most exotic
example is the neutrino conversion in the Sun [36,37] (see Fig. 2.3). In this
case the ordinate is the neutrino mass squared or the flavor of neutrino
and the abscissa is electron density. The neutrino mass represents different

—

3

v ¥

EFFECTIVE NEUTRINO MASS SQUARED m?

. Lt
ELECTRON DENSITY

Fig. 2.3. Resonant neutrino conversion in the Sun. ve — electron neutrino, v, — muon
neutrino. (Taken from Ref. [36] with permission.)
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kinds of neutrino and the conversion between them is induced by the time-
variation of the enviromental electron density. This nonadiabatic transition
between different kinds of neutrinos is deterministic to judge the existence
of finite masses of neutrinos.

2.2. Chemistry

Chemical reactions and various spectroscopic processes of molecules are
mostly induced by nonadiabatic transitions due to potential energy curve
or surface crossings [5,7,9,10,15]. Without potential-energy-surface (PES)
crossings (or avoided crossings) these dynamic processes cannot occur effec-
tively. Even complicated reactions such as photochemical reactions and
organic reactions must proceed, if they occur efficiently, via many steps
of these nonadiabatic transitions (see Fig. 2.4) [38,39].

Actually, organic chemical reactions are tried to be classified in terms
of potential curve crossing schemes [39]. In big molecules, there might be
even unknown stable structures which are connected through PES crossings
with ground states. These structures might be utilized as new functions of
molecules such as molecular photo-elements. Another good example is the
recent development of femto-second dynamics of molecules [40]. This clearly
reveals the importance of nonadiabatic transitions due to potential curve
(or PES) crossing. Control of chemical reactions by lasers, being now one
of the hot topics in chemistry, also endorses the importance of nonadia-
batic transitions. By applying a strong laser field, we can create molecules
dressed with photons, i.e. dressed states, and shift up and down the molec-
ular energy levels or potential curves by the amount of corresponding pho-
ton energies [25-27]. This means that we can induce PES crossings among
dressed states and control the nonadiabatic transitions there. The dressed
states are schematically shown in Figs. 2.5(a) and 2.5(b). Figure 2.5(a)
shows potential energy curves as a function of coordinate. The curves rep-
resent the dressed states. The number n represents the photon number
absorbed or emitted. Figure 2.5(b), on the other hand, depicts variations
of energy levels as a function of laser frequency w. This time, the slopes of
curves represent the number of photons absorbed (positive slope) or emitted
(negative slope).

Here we present an interesting example to demonstrate the significance
of nonadiabatic transition. This is a photodissociation of bromoacethylchlo-
ride at the photon energy which is only a little bit higher than the dis-
sociation energy [43]. Figure 2.6(a) shows a schematic potential diagram
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Fig. 2.4. (a) A schematic potential energy surface representation of a photochemical
process. (Taken from Ref. [38] with permission.) (b) Avoided crossing diagrams for the
two regiochemical pathways of radical addition to olefins. (Taken from Ref. [39] with
permission.)
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Fig. 2.5. (a) Adiabatic potential versus R (a.u.) in the dressed state picture of 25
and 25§ of Hg’ The field is A = 532nm and I(intensity) = 10'* W/cm?. (Taken from

Ref. [41] with permission.) (b) Dressed-state diagram of vibrational levels as a function
of laser frequency w (see Fig. 13.8). (Taken from Ref. [42] with permission.)
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Fig. 2.6. (a) Schematic potential diagram for C—Cl and C-Br fission by the 248 nm
photodissociation of Br(CHz2), COCI. (Taken from Ref. [43] with permission.) (b) The
same as Fig. 2.6(a) except that the upper adiabatic states are properly taken into account.
(Taken from Ref. [43] with permission.)

along the dissociation coordinate. In spite of the fact that the potential
barrier for the C—Cl bond fission is higher than that for the C—Br fission
and the photon energy is only a little bit higher than the former barrier, the
C—Cl fission was observed to occur more efficiently. This contradicts the well
known fact that the over-barrier transmission becomes simply more effective
as the photon energy increases. This experimental fact can be interpreted
in terms of the effects of nonadiabatic coupling which creates the potential
barriers. The potential barriers are actually created by crossings of the two
diabatic potential curves (surfaces) with slopes of different signs, as shown
in Fig. 2.6(b). The energy separation between the two adiabatic potentials
at the top of the barrier is equal to two times of the constant diabatic
coupling between the original crossing diabatic states. This means that the
diabatic coupling in the dissociation of C—Br bond is smaller than that in
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the C—Cl bond dissociation, and thus the former dissociation occurs less
efficiently than the latter. This can be understood rather easily from the
following fact. If there were no diabatic coupling between the two crossing
diabatic potentials of different signs of slopes, no transmission would be
possible.

This warns us that we have to be very careful about the nature and
origin of potential barriers, whenever we encounter them, namely how they
are created and whether the upper state is located nearby or not. When the
barrier is created by two crossing states, the nonadiabtic coupling between
the two adiabatic states should be properly taken into account. We cannot
neglect the effects of the upper adiabatic potential, unless that is located
far above or we are interested in the energy region far below the poten-
tial barrier. Namely, the effects of the upper adiabatic potential cannot be
neglected even at energies lower than the barrier top of the lower adiabatic
potential. The transmission probability is always smaller than the tunneling
probability in the case of single adiabatic potential barrier with the upper
one neglected. This fact is not properly recognized. This kind of trans-
mission phenomenon is called “nonadiabatic tunneling”, i.e. tunneling (or
transmission) affected by nonadiabatic coupling. Although the photodisso-
ciation mechanisms of bromoacethyl chloride have not been fully clarified
yet (see, for instance, [44,45]), the discussions mentioned above about the
nonadiabatic tunneling type transition are correct.

Nowadays, the importance of conical intersections of potential energy
surfaces is well recognized than before: many of chemical dynamics and
molecular functions are governed by conical intersections. Their control and
manifestation by lasers can now be designed and the fields are emerging as
futuristic prospective subjects in chemistry [46,47].

2.3. Biology

Electron and proton transfers are now well known to play important roles to
promote and keep necessary functions in various biological systems [48-50].
For instance, photosynthetic reactions transform light energy to chemical
energy by the actions of proton and electron transfers which are caused
most effectively through potential energy surface crossings [49].

Many other biological processes are also supposed to be induced by
nonadiabatic transitions such as eyesight, fluorescent protein and photosyn-
thesis [51-53]. Even the origin of life might have been affected by nonadia-
batic transitions. This is very natural, because in biological systems various
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kinds of chemical reactions play crucial roles and many chemical reactions
proceed efficiently only through nonadiabatic transitions.

2.4. Economics

As explained in the previous subsections, “nonadiabatic transitions” appear
as important basic mechanisms in various fields of natural sciences. The
concept, however, is more general and is not just restricted to natural sci-
ences. Many phenomena in social sciences, even many incidents occurring
in daily social life, can be viewed as nonadiabatic transitions. An abrupt
change of state, whatever it is, can be considered to be a nonadiabatic tran-
sition. Of course, many of them may not be expressed easily in terms of
mathematics, say in terms of differential equations, for instance; however,
the phenomenon itself may be interpreted by the concept of nonadiabatic
transition. For instance, an interesting example is found in a Japanese tra-
ditional comic story, “God of Death” [54,55]. More serious examples may
be found in economics. A possible example is an interaction between spot
market and future market or an interaction between monetary supply and
money market [56]. This is not a traditional idea in economics, of course,
but could open a new way of formulating some fields of economics.
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Chapter 3

Historical Survey of Theoretical
Studies

The theoretical studies of nonadiabatic transitions between potential energy
curves date back to 1932, when Landau [1], Zener [2], and Stueckelberg [3]
published pioneering papers independently. Very interestingly, in the same
year Rosen and Zener [57] published another pioneering paper on the non-
curve-crossing problem, which is now known as Rosen—Zener model. Lan-
dau, Zener, and Stueckelberg discussed potential curve-crossing problems
and formulated the theory now known as the Landau—Zener formula and the
Landau—Zener—Stueckelberg (LZS) theory. Since these pioneering works, a
large number of authors contributed to the subjects in order to try to
improve the pioneers’ works. It is almost impossible to list up all these
original papers. Here are cited only review articles and books [4-15]. This
simply reflects the fact that the importance of nonadiabatic transition is
well recognized among scientists. In this section, a brief historical survey of
the theoretical studies is provided.

3.1. Landau—Zener—Stueckelberg Theory

Landau discussed the potential energy curve crossing problem by using the
complex contour integral method [1,58]. In general, the transition proba-
bility p in the first order perturbation theory is given by

2

P ] [ami@namar] . (3.1)

where f(R) represents the coupling (can be an operator) between the two
states and x1(x2) is the nuclear wave function in channel 1(2). Since
the nuclear wave functions oscillate rapidly on the real R-axis because

19
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of the heavy mass and the ordinary WKB functions are not applicable
in the vicinity of turning points, it is more convenient to move into the
complex R-plane. Using the primitive WKB functions for x;(j = 1,2) ~
expli [ r k;(R)dR], and picking up only the main term in the upper half-
plane, he finally obtained the expression

R
P = pLs = eXp {2 III’l/ [kl(R) - kQ(R)}dR} (32)

Re(R.)

where subscript LS stands for Landau—Stueckelberg and

1/2
b = {5 - Bl (33

where p is the mass of the system and F3(R) > Ei(R). Im and Re in
Eq. (3.2) indicate to take the imaginary and real parts, respectively. R,
represents the complex crossing point of the adiabatic potentials: Eq(Ry) =
E>(R.). If we further assume that the adiabatic potentials E;(R) derived
from the linear diabatic potentials and the constant coupling between them
and that the relative nuclear motion is described by a straight line trajectory
with the constant velocity v, then we can finally obtain the famous Landau—
Zener formula,

(0) o . 27TA2
pLZ = exp |: hUAF|:| ’ (34)

where A is the diabatic coupling and AF = F} — F3 is the difference of the
slopes of the diabatic potentials. The above mentioned method, generally
called Landau method, is very instructive and useful, because it is quite
general. It should be noted, however, that the original coupling f(R) in
Eq. (3.1) has disappeared and the pre-exponential factor is taken to be
unity in Eqgs. (3.2) and (3.4). It is a big mystery how Landau did this, but
the formula (3.4) is actually correct within the time-dependent Landau-
Zener model (linear potential, constant coupling and constant velocity), as
was proved by Zener [2]. Landau himself probably did not care about the
pre-exponential factor, because the exponent is the most decisive factor in
any case. But, it is interesting to note that if we employ the adiabatic-state
representation (otherwise, we cannot obtain the exponents of Eqs. (3.2)
and (3.4)), the coupling f(R) should be the nonadiabatic coupling and is
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actually given by

f(R) x ngd% (derivative operator!), (3.5)
where
ra a a a
T12d = < 5 ) R é )>
a aHe a
- (o |5 ) S - ). @)

Here z/1§a) (j = 1,2) are the electronic wave functions of the adiabatic states.
When we evaluate the contour integral of Eq. (3.1) around the complex zero
of AE(R), we cannot get unity as a pre-exponential factor, although the
exponent is the same as that of Eq. (3.2). So the expressions (3.2) and
(3.4) are clearly beyond the first order perturbation theory, and the pre-
exponential factor (= unity) is the result of a kind of renormalization based
on the analytical properties. Namely, the formula (3.2) cannot be obtained
simply by the ordinary perturbation theory. This is because all the higher
order terms contain the same exponential factor and we cannot truncate
the perturbation series at any finite order. This is a general feature of the
nonadiabatic transition in the adiabatic state representation.

Zener employed the time-dependent Schrodinger equation in the dia-
batic representation [2],

i ()
- 0, V(t) exp [; /t(v1 - %)dt’}
view|-; [ - vajar . 0

(o) o

where the total wave function is expanded as

-
U = ¢ (t) exp [—;L/ Vl(t')dt’} gpgd)

+oa(t) exp [_; / t Vg(t’)dt’] ol (3.8)
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As can be seen in Eq. (3.7), the coefficients ¢ (¢) and c2(t) do not depend
on the diabatic potentials separately, but on the difference Vi (t) — Va(t),
which is assumed to be a linear function of time,

Vi(t) — Va(t) = |AF]ut. (3.9)

If we further assume that the diabatic coupling V'(¢) is constant, then
Eq. (3.7) can be solved exactly in terms of the Weber function. Then final
transition probability is exactly equal to Eq. (3.4). It should be noted that
the linearity in time ¢ is very much different from the linearity in coordi-
nate R and the effects of turning points are completely neglected in the
former approximation. Since time is uni-directional, the linear potential in
time means that the energy changes forever to £ infinity as time goes and
there is no turning point. In order to express the effect of turning point as
in the time-independent linear potential model, at least quadratic depen-
dence on time is required. In the Landau’s treatment, the time-dependent
linear approximation corresponds to the assumption of the common clas-
sical straightline trajectory with constant velocity. Namely, the coordinate
R is assumed to increase linearly as a function of time, R = wvt. This is
why the Landau—Zener formula Eq. (3.4) presents the exact result for the
time-dependent linear model, but in the time-independent linear potential
model this is valid only at collision energies much higher than the crossing
point. The coupled equations in the adiabatic representation are given by

Ld (d Ei(t) 0(t) \

h— = : 3.10

i (d2> <9(t) Bx(t)) \ds ) (3.10)
where Ej(t)(j = 1,2) are the adiabatic energies defined by Eq. (2.1) and
0(t) defines the diabatic — adiabatic transformation matrix as

cos@(t) sinf(t)
(—sine(t) cose(t)> (3.11)

with

0(t) = 1arctaun 2V(t)

2 Va(t) — Vi(t) (3.12)

From this equation the nonadiabatic coupling Q(t) is explicitly given by
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This clearly indicates that the nonadiabatic coupling has a pole of order
unity at the complex crossing point ¢, of order one-half (AE(t,) = 0). This
analytical property underlies the nonadiabatic transition theory.

Stueckelberg did the most elaborate analysis among the three [3]. He
applied the approximate complex WKB analysis to the fourth order differ-
ential equation obtained from the original second order coupled Schrédinger
equations. In the complex R-plane he took into account the so called Stokes
phenomenon (which will be explained in detail in Section 4.2) associated
with the asymptotic solutions in an approximate way, and finally derived
not only the Landau—Zener transition probability but also the total inelastic
transition probability Pio as

Piy ~ 4prs(1 — prg) sin® 7, (3.14)

where prs is the same as Eq. (3.2),

Rx Rx
T= / k1 (R)dR — ka(R)dR, (3.15)
T T2

and 7 is the turning point on the adiabatic potential E;(R) (j = 1,2).
Equation (3.14) contains the effects of turning points and can be interpreted
nicely, as described below, in terms of localized nonadiabatic transition at
Rx = Re(R.) and adiabatic wave propagation along the adiabatic poten-
tials. Since there are two possible (classical) paths for the 1 — 2 inelastic
transition (see Fig. 3.1), the corresponding scattering matrix elements Sa;
may be expressed as

So1 = /pLs(1 — pLS)ei(m-‘rn)ei(%—w) _ /pLS<1 _ pLS)ei(m—Tl)ei(Tl2+m)

= 2ie!m+m)\ /pr (1 — prg) sinT (3.16)
with
T=T7—To, (3.17)

where the first (second) term in the first equation of Eq. (3.16) corresponds
to the path I (II) in Fig. 3.1, n; represents the elastic scattering phase shift
by the potential E;(R) (j = 1,2), and 7; is the phase integral from Tj to Rx
along F;(R) (j = 1,2). Thus Pjs = |S21|? is equal to Eq. (3.14). This idea
of decomposing the whole process into sequential events of nonadiabatic
transitions and adiabatic wave propagations is very physical and constitutes
the basis of semiclassical theory [7,8].
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Fig. 3.1. Schematic potential energy curves in the case of Landau—Zener type crossing.
V;(R)(j = 1,2) are the diabatic potentials and the corresponding adiabatic potentials
are E;(R)(j = 1,2) shown by solid lines with E3(R) > E1(R). I and II indicate the
possible paths at energy E for the 1 — 2 inelastic transition.

Figure 3.2 clearly demonstrates the insufficiency of the simple Landau—
Zener formula Eq. (3.4). This figure depicts the results for the linear poten-
tial model (in R), in which, as will be shown in Chapter 5, the quantum
mechanically exact analytical solutions have been obtained.

Here the following two basic parameters, which describe the linear model
completely, are introduced:

- F

o h? F(Fy — Fy)
2FA

= -2 *=(E-E
2 8A3 b= x)

(3.18)

with
F =\/F|F, (3.19)

where A is the constant diabatic coupling, Ex is the energy at crossing
point, and F; > 0 and F; > Fy are assumed without loss of generality.
These parameters a? and b? effectively represent the coupling strength and
the collision energy. Large (small) a? corresponds to weak (strong) dia-
batic coupling regime, and a? ~ 1 corresponds to intermediate coupling
strength which usually appears in many applications as an important case.
It should be noted that a? is always positive but b? can be negative at
E < Ex. Figure 3.2 clearly tells that Eq. (3.4) is usable only at high
energies. As is clearly exemplified in this figure, the LZS theory contains
many defects as described below, although the qualitative physical idea is
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Fig. 3.2. Nonadiabatic transition probability p against b2 of Eq. (3.18) in the lin-
ear potential model. ---: exact numerical result, ——: new analytical formula given in
Chapter 5. - - -: extension of the solid line. (Taken from Ref. [59] with permission.)

all right. Despite the fact that a lot of efforts by many authors have been
made in order to improve the theory since the pioneering works done by
Landau, Zener, and Stueckelberg, many defects have been left unsolved.
The defects may be summarized as follows: (a) The Landau—Zener formula
does not work at energies near and lower than the crossing point. (b) No
good formula exists for the transmission when the two diabatic potentials
cross with opposite signs of slopes. (¢) The available accurate formulas,
which are valid only at energies higher than the crossing point, contain
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inconvenient complex contour integrals and are not very useful for experi-
mentalists. (d) The Landau—Zener formula requires knowledge of diabatic
potentials, which cannot be uniquely obtained from adiabatic potentials.
(e) The accurate phases to define the scattering matrices are not available
for all cases. As for the efforts paid by many investigators since Landau,
Zener and Stueckelberg, readers can refer to many review articles and books
[4-9, 11-14].

All the defects listed above are completely solved recently by Zhu and
Nakamura (Zhu-Nakamura theory), which are summarized in Chapter 5.

The best formulas up to ~ 1991 before the complete solutions by Zhu
and Nakamura may be summarized as follows: The 2 x 2 scattering matrix
corresponding to Fig. 3.1 is given by

S = PooxOx PxrxIxPxeo, (3.20)

where Pj4...p is a diagonal matrix, representing the adiabatic wave propa-
gation from B to A, and Ix(Ox) is a non-diagonal matrix, expressing the
nonadiabatic transition at the avoided crossing point Rx in the incoming
(outgoing) segment. These matrices are explicitly given as

[POOX]nm = [PXoo]nm

= Sy €XP {z /R O: [k (R) — ke (00)]dR — ikn(oo)RX} . (3.21)

Rx -
. im
[Px7Tx)nm = Onm exp lZZ/T kn(R)dR + 5| (3.22)
VI =prse®s  —\/prse’”
Ix = s ‘ (3.23)
prse 90 /T—prge ¥s
and
Ox = Ix (transpose of Ix), (3.24)
where
pLs=e 2, (3.25)
Rx
ogS +id = /R [k1(R) — k2(R)])dR, (3.26)
X
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and
bs(0) = 2 n (5) - g - g —argT (zi) . (3.27)

This phase ¢s(0) is called Stokes phase. This Stokes phase correction ¢g is
equal to /4(0) in the limit of zero (infinitely strong) diabatic coupling, i.e.,
in the limit of § = 0 (6 = o). Thus the total inelastic transition probability
Py = |S21|* is given by

Py ~ 4prs(1 — pLs) sin®(o + ¢s) (3.28)
with
c=0+71. (3.29)
The elastic scattering phase shift 7, is given by
e? = (Poox Px7Xx PXoo)nn - (3.30)

With the phase corrections U(I;S and ¢g, Eq. (3.28) works quite well, but still
cannot be free from the following defects: (1) d requires the analytic contin-
uation of E,,(R) into the complex R-plane and the complex contour integral
Eq. (3.26) which is not easy for experimentalists to use. (2) The formula
works only at energies higher than Ex, although Eq. (3.25) works better
than the original Landau—Zener formula Eq. (3.4). At energies slightly lower
than Fx some empirical modification was introduced to §, but no analyti-
cal formula has actually been developed to cover the whole range of energy
lower than Ex.

In the nonadiabatic tunneling (NT) case (Fig. 2.1(b)) in which two
diabatic potentials Vi(R) and Va(R) cross with different signs of slopes,
the semiclassical idea of sequential events of nonadiabatic transition and
adiabatic wave propagation can also be usefully utilized at energies higher
than the bottom of the upper adiabatic potential. The S-matrix in this case
is expressed as

Sy = SR 0 ") (3.31)
with
NT R s 1
N, = lim :I:/ ki(RdR F ki(R)R+ —| forn= < ), (3.32)
R—+o0 Rx 4 2
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where ST is called reduced scattering matrix and is given by

_ PLs iy (T, Rx )—2iokS
SH = , 72 (T2 Rx) =2iog 3.33
L | (3:33)

R _ PLs 2iye (Rx ,TR)+2i0kS

Sy = 1+ _PLs)eziwLSE v2(Rx,T, o, (3.34)

and

2(1 _pLS)1/2 i L R
St = 55 = T e costuse @ ET, L (335)
where

Prs = —¢s(6) + 12(Ty, T3Y) (3.36)

and

b

(@ b) = / ko (R)AR. (3.37)

The physical processes in this NT-case are quite different from those in
the LZ-case: The diagonal (off-diagonal) elements of S-matrix represent
reflection (transmission) with the Channel 1 (2) designating the wave on the
right (left) side of the potential barrier. The denominator in Egs. (3.33)-
(3.35) manifests the trapping by the upper adiabatic potential. Another
very interesting feature is “complete reflection (S12 = S2; = 0)” which
occurs at certain discrete energies where cos¢pg = 0 is satisfied. This will
be discussed in more detail in Chapters 11-13. It should be noted again
that Eqs. (3.33)—(3.35) are valid only at energies higher than the bottom
(Ep) of the upper adiabatic potential and that no accurate formulas have
been available at energies lower than that.

3.2. Rosen—Zener—-Demkov Theory

There is another kind of radially induced non-adiabatic transition, called
Rosen—Zener-Demkov type [4-9, 11-13, 16].

In contrast to the curve crossing case discussed above, the two dia-
batic potentials have very weak R-dependence (actually, their difference is
assumed to be constant in the basic model) and the diabatic coupling has
a strong (~ exponential) R-dependence (see Fig. 3.3).
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Fig. 3.3. Schematic potential energy curves of the Rosen—Zener—-Demkov type. (Taken
from Ref. [8] with permission.)

The nonadiabatic transition is not so effective compared to the curve
crossing case unless the energy defect is quite small; but this case also
presents an important transition, especially when the two potentials are in
near resonance asymptotically.

The name of Rosen—Zener came from their original work on the time-
dependent theory of the double Stern—Gerlach experiment [57]. This prob-
lem of Stern—Gerlach experiment is totally different from our present
subject, but the basic mathematics corresponds to that of nonadiabatic
transition: the corresponding potential difference and diabatic coupling
are constant and sechyperbolic function of time, respectively. They solved
the time-dependent Schrodinger equation exactly. Later in 1963, Demkov
[14, 16] discussed the near resonant charge transfer process again in the
time-dependent formalism and obtained essentially the same formula as
that of Rosen and Zener. He assumed the constant energy difference and
the exponential function for the coupling. The overall inelastic transition
probability P = [S21|? is given by

A 2
Pjy ~ sech? (2;51)) sin? <7m‘z/(;) , (3.38)

where A is the difference (constant) of the two diabatic potentials, 5 and V;
are the exponent and the pre-exponential factor of the diabatic coupling.
Although the adiabatic potentials have no conspicuous avoided crossing,
the nonadiabatic transition occurs quite locally at Rx = Re(R.), where
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the adiabatic potentials start to diverge (see Fig. 3.3). R, is the complex
crossing point closest to the real axis. In this case there are infinite number
of complex crossing points which are distributed with equal distance in
parallel with the imaginary axis; but it suffices to take into account the
only one closest to the real axis. As the non-crossing of potential curves
implies, there is no switching of the character of electronic state and the
nonadiabatic transition probability does not approach to unity but to one-
half at high energy limit. The nonadiabatic transition probability prz by
one passage of Ry is obtained from Eq. (3.38) as

A —1
P = {1+exp <fw )] . (3.39)

The same semiclassical idea of decomposing the whole process into sequen-
tial events of nonadiabatic transition and adiabatic wave propagation can
be applied together with the complex phase integral for nonadiabatic tran-
sition. Thus the scattering matrix can be expressed in the same way as
Egs. (3.20)—(3.24). The difference from the Landau—Zener case appears in
the matrices Ix and Ox (= fX) as

Iy = (v 1- PRgew - pRze_w > (3.40)
VPrRze" /T —prze "
with
prz = [1+e¥]71, 3.41
¢ =~(5) —(29), 3.42

w0
=

’ll) (b_O-O ) 3

(
(
(
YX)=XInX - X —arg[(iX), (

)
)
)
3.44)
where o5 and § are defined in the same way as before by Eq. (3.26). In

the original Rosen—Zener model, o5 is given by (see Section 5.4, especially
Eq. (5.261))

ok = hﬁ

V2+1

It should be noted that the expressions of the I-matrix for the Rosen—Zener
model given in the following references are in error: Egs. (3.34), (3.22) and

23 4+ 1n Y2~ 1] (3.45)
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(3.36) in [7-9], respectively. The total inelastic transition probability is
expressed as

Py ~ 4prz(1 — prz) sin® o = sech? §sin’ o, (3.46)

where o is defined by Eq. (3.29). It should be noted that the Stokes phase
¢s does not appear in o [11].

3.3. Nikitin’s Exponential Model

In the case of the original Landau-Zener model the diabatic potentials
depend strongly on R (or time) and the diabatic coupling is constant. On
the other hand, in the Rosen—Zener model the potential difference is con-
stant and the diabatic coupling strongly depends on R (or time), i.e. expo-
nentially. What happens, if both of them depend on R (or time) strongly?
As such an example, we can think of the exponential model in which both
diabatic potentials and coupling are exponential functions. This actually
presents an interesting generalization of the Landau-Zener and the Rosen—
Zener models.

Nikitin [4] considered such a model for the first time. The model poten-
tials he employed are the following in diabatic representation:

1
Vi =Wy(x) — 5(56[1 — cos 20pe™ "]

1
Vo = Vo(x) + 556[1 — cos 20pe” 7] (3.47)

x

v(z) = %5 sin 20pe™ ",
where
z=a(R—R,), (3.48)

and Vp(z) is a certain function whose functionality is not important,
since he considered only the time-dependent version which requires only
the difference of the two diabatic potentials. The two diabatic potentials
cross at zx = In(cos26y) when 0 < 6y < m/4 and do not cross when
/4 < 6y < 7/2. The complex crossing points of the adiabatic potentials
are given by

To = i(£200 £ 2nm)  (n=0,41,42,...). (3.49)
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As in the Rosen—Zener case there are infinite number of complex crossing
points.

He simplified the problem by introducing the linear trajectory approx-
imation R = R, + vpt, where v, is the constant velocity and ¢ is time.
Introducing the new variables

de

T = avpt = x, §=
havy

: (3.50)

we can write down the time-dependent coupled differential equations (see
Eq. (3.7))
dCl _r
it = \Jele— e |i [ (e~ (- 2g)ear] e

(3.51)
dea — . —
2 = \fele ~gle o i [ (e~ (- 2g)e ] .

0

These coupled equations can be solved in terms of confluent hypergeometric
functions [4]. Only the final results for the nonadiabatic transition probabil-
ity pn for one-passage of transition region and the corresponding dynamical
phases are given here. The corresponding nonadiabatic transition matrix
(see Eq. (3.23)) is given by

T — 2] _ —i

o (VIO N, (3.52)
pnet? VI=pne ™
where
e ™esinhw(£ - )
PN = Sinh £, (3.53)
¢ =7(&) — (), (3.54)
o N _ _ §— fp \/E B \/g

¥ =€~ &) - (6) %ﬁ@+2 2 (359

v()=n/4+6Ind -6 —argl'(1+i6) =01lnd —§ —arg'(id). (3.56)

As mentioned in the beginning, the nice feature of this exponential
model is that the nonadiabatic transition probabilities in the Landau—Zener
and the Rosen—Zener models can be derived as certain limiting cases from
this model. When 6y < 1, &, — £63 and

N — e~ 0% (3.57)
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which is equal to the Landau—Zener transition probability with A = de - 6,
and |AF| = de- a (see Eq. (3.4)). On the other hand, when 6y = 7/4,
& — Eand

e~

RN —
pN (1 + e_ﬂ,&) )

(3.58)
which is equal to the nonadiabatic transition probability in the Rosen—Zener
model with A = de (see Eq. (3.39)). Generalizations of the Nikitin model
will be discussed in Section 5.4.

3.4. Nonadiabatic Transition Due to Coriolis Coupling
and Dynamical State Representation

There is another kind of nonadiabatic transition in molecules, which is
induced by Coriolis interaction (or rotational coupling) [4,5,7,8,11]. This
has a very different character from the radially induced nonadiabatic tran-
sitions discussed so far. The transition is not localized at the crossing point
even in the Born-Oppenheimer representation, because the Coriolis cou-
pling is proportional to R~2 and is most dominant at the turning point,
not at the crossing point (see Eq. (3.61), below). The theories developed
for the curve crossing and the non-crossing cases discussed above cannot
be applied directly to this case. However, if we introduce a new representa-
tion called “dynamical state representation” in which Coriolis coupling is
diagonalized, then we can make them applicable [7-9].

This is explained in this section by considering a diatomic molecule as
an example. Let us start with the Hamiltonian H of a diatomic molecule,
which is given in the body fixed coordinate system as (the mass polarization
and relativistic effects are disregarded)

2 2
ﬁ:—hl<8R2a) h (J £)* + H

2uR2 \OR"" OR

21 (0 ,0

= ——— _ e Hro Hcor H/ HC I N

o I <8RR 8R)+ ¢ + + + He (3.59)
where

Hyor = —LQ(jQ —2A?) (3.60)

rot — QILLRQ 9 .

2

Hcor = — (£+M+ + £ Z/I ) (361)

2uR?
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and

’_ h2 2
21 R2

(3.62)

Here, J (L) is the total (electronic) angular momentum operator, R is the
internuclear distance as before, y is the reduced mass, and A is the compo-
nent of £ along the molecular axis. The ladder operators £, and Uy are
explicitly given as follows:

Ly =Le+il, (3.63)
and
Ue =52 4 10 ot (3.64)
=750 Tsmeap O '

where L¢, £, and L are the components of £ in the body-fixed coordinate
system with the ¢ axis along the molecular axis, and (0, @) are the ordinary
angle variables to define the molecular axis orientation in the space-fixed
coordinate system. It should be noted that the Schrédinger equation HU =
EV and the Hamiltonian H can be transformed to

HY = EV¥ (3.65)
and
N h? 92
H:RHRil = _ﬂ@ +Hrot +Hcor+H,+Hel (366)
with
U =RU. (3.67)

The ordinary Born—Oppenheimer adiabatic states are defined by the
eigenvalue problem of Hg:

Hatp\@ (r: R|A) = E,(R: A)¢2(r: R|A). (3.68)

Nonadiabatic transitions among these states are induced by either the first
term of Eq. (3.66) or Hco,. The states of the same A are coupled by the first
term of Eq. (3.66) (see also Egs. (3.5) and (3.6)). Transitions between the
states of different electronic symmetries (different |A|) are induced by the
Coriolis coupling H., and have quite different properties from the radially
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induced transitions. In order to look into this in more detail, let us introduce
the electronic-rotational basis functions defined as

B4 (1) = U0 RIAT) £ 0 RIAT Y (2 TA) for A £0
(3.69)
and
d/E(2) =D (r: RISH)Y(R:JX) for A=0, (3.70)
where A* = +|A| and V(R : JA) is the eigenfunction of Hyo:
HiotY (R:JA) = [J(J+1) = 2A2]Y (R : JA). (3.71)

Jx

These functions ®;,* are the eigenfunctions of Hg + Hot,

2

J+ _ A
(Hel + Hrot)q)n (A) - {En (R) + QMRQ

[J(J+1)— 2A2]} dTE(A) .
(3.72)

There is no coupling between the two manifolds {®;*(A)} and {®; (A)}.
Now, the Coriolis coupling (or nonadiabatic rotational) matrix element
within each manifold is given by

T} (A1, A) = (7 (A1) [ Hoor |85 (A2)
h2 a a
= g - (ADSAT A = D@ (DL 057 (AD)

FA(LADSAT, AT + D)W (AD) L[5 (A,
for Al, Ag 74— 07 (373)

where

Ae(J,A) =/ (T+A)(JTEA+1). (3.74)
If one of the states is a Y-state, then we have
T _ J.
T1,02t(27 H) = <®1J(2)|Hcor|q)2i(ﬂ)>

|- TR @) o+

0 for — .
(3.75)
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The Coriolis coupling is usually not very strong, unless the nuclear kinetic
energy is very high; but it plays an important role, because it couples the
states which cannot be coupled by the radial coupling 7%*! (Eq. (3.6)).
In spectroscopic problems, this coupling is called “heterogeneous pertur-
bation” in contrast with the “homogeneous perturbation” for the radial
coupling case [60]. As can be easily conjectured from Egs. (3.6) and (3.73)
(or (3.75)), the two kinds of nonadiabatic transitions have quite differ-
ent properties from each other. In the radially induced case the cou-
pling has a pole of order unity at the complex crossing point R,, where
AFE(R.) = E1(R,) — E3(R.) has a zero of order one-half (see Eqgs. (2.1)
and (3.6)). This analytical property underlies the curve-crossing problem
and is the reason why the pre-exponential factor of the Landau—Zener tran-
sition probability is exactly unity. The Coriolis coupling, on the other hand,
has a pole of order two at R = 0 (see Eq. (3.61)) and the corresponding
potential curves EX(R) can have a real curve crossing at finite R or at
R =0 (united-atom degeneracy).® This suggests that the semiclassical the-
ories developed for the radial coupling problem cannot be directly applied
to the Coriolis coupling problem. However, this problem can be treated
by introducing the new representation, called “dynamical state representa-
tion” [7,8,11]. The dynamical states (DS) are defined as the eigenstates of
the total Hamiltonian of Eq. (3.59) with the first term excluded, i.e.

Hagn 2% (r, R : R) = (Ho + Hrot + Heor + H)U% (r, R : R)

= W/'*(R)¥/*(r,R: R), (3.76)

where Wj* may be expanded in terms of electronic-rotational basis func-
tions as

UJE(r,R:R) =Y CM @) (r, R: R|A). (3.77)
A

Transitions among the dynamical states are exclusively induced by the rad-
ical coupling given by Eq. (3.6) with ¥(*)’s replaced by the relevant DS’s
\Ilii. In this representation A is not a good quantum number anymore, and
the Neuman—Wigner’s non-crossing rule applies to all the dynamical states.
The analytical properties of the coupling and energy difference AW in this

2When the relevant two electronic states EX(R) correlate to the same atomic orbital in
the united atom limit R — 0, AE(R) o R? and the electronic matrix element of £ (or
L_) in Eq. (3.61) is not equal to zero at R = 0.
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Table 3.1. Analytical properties of the various nonadiabatic coupling schemes.

Coupling scheme Potential energy difference AE Coupling T"

Adiabatic-state representation

Radial (R.:complex) rotational (R — R.)Y/2 (R— Ryt
(a) Degeneracy at R =0 R?

(b) Crossing at finite R = R R— Rx R™2

(c) No crossing Constant

Dynamical-state representation

Any transition (R4:complex) (R — R.)'/? (R— R !

representation are the same as those of the original radial coupling prob-
lems; and thus the semiclassical theories developed for the latter can now
be applied in a unified way to any transitions in the new representation.
This idea can be, in principle, generalized to more complicated systems by
using the hyperspherical coordinate system [7,8]. The analytical proper-
ties of the various nonadiabatic transitions are summarized in Table 3.1.
Figure 3.4 demonstrate the localization of rotationally induced transition
in the DS-representation and the effectiveness of the semiclassical theory in
this representation [8]. This is the case of the two-state (17, and 20, states)
problem in the Ne' + Ne collision. The corresponding potential curves are
shown in Fig. 3.5. Further numerical examples are found in Refs. [7] and [8].

It is interesting to note that the radial coupling 774 loses its person-
ality in the complex R-plane, especially at R ~ R,. If we use the two-sate
diabatic representation, we can show [7,8] (see also Eq. (3.13))

rad __ a) i (a) Q%ﬂi;
T12 —<¢1 aR’% >_8R_4R_R*’ (378)
where
LR
9f2tan (Vg(R)—Vl(R)>' (3.79)

Equation (3.78) holds irrespective of the forms V;(R), Va(R) and V(R).
Furthermore, the radial coupling should satisfy the following condition even
on the real axis in the case of curve crossing:

/ Ti34dR = /2. (3.80)

—0o0
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Fig. 3.4. (a) Localization of the rotationally induced transition 1w, — 20, in the
Net —Ne system in the dynamical-state representation. The electronic energy diagram
is shown in Fig. 3.5 and (b) Impact parameter dependence of the transition probability
for 1m, — 204 at v (velocity) = 0.9 a.u. in the Net —Ne system (see Fig. 3.5). (Taken
from Ref. [8] with permission.)
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Fig. 3.5. Electronic energy diagram of the loy, 17y, and 20, states of the NeT —Ne
system. - - -: variable screening model; ——: model potential used. (Taken from Ref. [8]
with permission.)

As a consequence of these properties, direct information on 7724 is not
required in the semiclassical analytical theory, as was demonstrated already
in the previous section. That information is replaced by the analytical con-
tinuation of the adiabatic potentials into complex R-plane (see Eq. (3.26)).
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In order to carry out the quantum mechanical numerical calculations, how-
ever, we always stay on the real R-axis and need the explicit information of
the nonadiabatic couplings. Even in the diabatic representation, which is
often employed because of its convenience, the nonadiabatic couplings are
necessary to obtain the diabatic couplings [17], unless the diabatic potential
matrix is known from the beginning.
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Chapter 4

Background Mathematics

4.1. Wentzel-Kramers—Brillouin Semiclassical Theory

If we could know such wavefunctions in the whole range of coordinate space
that satisfy necessary physical boundary conditions, then we could solve
all the corresponding physical problems completely. This is not usually the
case, however, and we definitely need approximate analytical wavefunctions
in order to formulate basic physical problems. Such approximate analytical
wave functions are provided by the Wentzel-Kramers—Brillouin approxima-
tion in the case of potential problem. Suppose a particle of mass g moving
in a one-dimensional potential V(x). The wavefunction of this particle is
given by

hr=cidh e gl (1)
in a region where the classical motion is allowed or by

Y =y ¢l + ol (4.2)

in a region where the classical motion is not allowed. Here the functions

I,IT
ool [ o]

¢ are given by

{k(x)}/2

e[ [ e

S O]

41
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where k(z) is the local wavenumber in the potential V' (z) under the total
energy E (see Eq. (3.3)), a is a turning point where £ = V(a), and ¢4, ¢/,
etc. are the coefficients to be determined by appropriate boundary condi-
tions. These solutions are valid at x far away from the turning point a,
because k(x) becomes zero there. This divergence problem can be solved
by using the so called uniform approximation [5,12,13]. In order to obtain
physical quantities such as scattering matrix or tunneling probability, we
have to know the relation between the two sets of coefficients ¢y and ¢/,. It
is well known that the following connections should be satisfied in the case
that the turning point is a zero of order unity of £ — V (z):

gcxp - /:k(R)dRH & esin Ujk(R)dRJr Z] (4.5)
and
—icexp :/:k(R)dRH & cexp {z /j k(R)dR — Zz] . (4.6)

The above simple example instructs us the following general fact. Inde-
pendent analytical solutions can be provided by the WKB approximation
in asymptotic regions, but any linear combination of them holds only in
a certain restricted region of the complex configuration space. The coeffi-
cients of the linear combination cannot be the same beyond that region.
In order to obtain the unique solution in the whole space that satisfies the
proper physical boundary condition, we have to connect them beyond the
boundaries of these regions. These boundaries in the asymptotic region are
called Stokes lines emanating from the turning points which are complex in
general. Thus, the connections of WKB solutions beyond the Stokes lines
present a very basic problem in the WKDB type semiclassical theory. In the
case of simple potential scattering with a single turning point, the connec-
tion formula, Egs. (4.5) and (4.6), are applied and the scattering phase shift
can be obtained as

. ¥ ™
5= wlgrolo [/a k(z)dx — k(x)z| + 1 (4.7
Here, the classically forbidden region is assumed to be located in =z < a.
This connection formula tells the physically natural fact that the standing
wave in the classically allowed region connects to the exponentially decaying
wave in the classically inaccessible region (see Eq. (4.5)) and the additional



4.1. Wentzel-Kramers—Brillouin Semiclassical Theory 43

>
80
=
13)
=}
84 —— -
p—
<
= ! .
g . N\ —
~— 1 1
o 1 1
2 : !

1 ]

1 ]

] 1

» X
x=b Xx=a

Fig. 4.1. Potential barrier penetration.

phase 7/4 is created due to the turning point. In the case of tunneling,
another similar connection is necessary at the boundary x = b (see Fig. 4.1),
where the outgoing wave in the classically allowed region is connected to
the exponentially rising wave in the classically inaccessible region, namely
the connection formula Eq. (4.6) is used.

With use of these two connection formulas, the well-known expression
for tunneling probability can be derived,

Piunnel = €xp (—2/; |k(:p)|daz) . (4.8)

The next naive question is how the connection formulas, Eqgs. (4.5) and
(4.6), can be derived mathematically. And also, what happens when the
energy is close to the potential barrier top which cannot be approximated
by a linear curve but is quadratic? These questions are related to the so
called Stokes phenomenon of asymptotic solutions of ordinary differential
equations of the second order. This will be explained in the next subsection.
Another important concept is the comparison equation method. We can
use the connection formulas, Eqs. (4.5) and (4.6), even if the potential
is not exactly linear. They can be used when the turning points are well
separated from each other and are zeros of order unity. Namely, once we
know exact solutions or complete knowledge of Stokes phenomenon about
a certain basic problem, say linear potential problem, then we can use
the corresponding solutions for other general cases which have the same
analytical structure. Suppose we know the exact solution of the following
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differential equation,

2
{jg 4 f(&)] 6(6) = 0. (4.9)

With use of this solution, ¢(§), we try to solve a more general equation
which has the same analytical structure,

2
LZ;Q + kQ(x)} U(z) =0, (4.10)
in the form
Vapp(z) = A(2)9({(2)) - (4.11)

In order for the function ¥,,, to be a good approximation to ¥(z), the
WKB solutions of Egs. (4.9) and (4.10),

x
Uwis(z) = k(z) "2 exp (z/ k(m’)dw’) , (4.12)
Zo
. 1/2 . ¢ v /
pwicn(€) =50V ew (i [ 5(€ra ) (413)
0
should coincide. In other words, the following relations should be satisfied:
x 3
[ wan = [ itehae (4.14)
Zo o
and
. 1/2
(&)
Ax) = | === . 4.1
= [i] 19
From these equations we can show that W,,,(z) satisfies the equation,
d? 9
{de + k(x)* + 'y(a:)} Uopp(z) =0, (4.16)

where

w=(3) &) 08 =0
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Thus U,p,p(x) can be a good approximation, when the following condition
is satisfied:

v(z) < k(z)?. (4.18)

The important question about this comparison equation method is what
“the same analytical structure” means. If we try to obtain the solution
for the equation which has a zero at xg, namely k(zg) = 0, from the exact
solution for j(£) = constant, k(z)/j(§) becomes zero at xg and y(x) diverges
there. This indicates that we can use the comparison equation method, only
when the order and number of zeros are the same. Namely, if the conditions

k(z) =j(&) =0 (i=1,2,..) (4.19)

and

[ 7w = [ e 20

are satisfied, then we can construct the good approximate solution U, ()
from the solution ¢ () of the standard equation (4.9). Then the next natural
question is how to solve the standard equation when the number and order
of zeros are given.

4.2. Stokes Phenomenon

The very basic mathematics, i.e. Stokes phenomenon, which underlies the
semiclassical theory, is briefly explained in this section by taking the Airy
function as an example. The Stokes constant and connection matrix in the
case of Weber equation are also provided, since the Weber function is useful
in many applications.

Let us first consider the Airy’s differential equation,

d*w(z)
dz?

—h?zw(z) =0, (4.21)

where h is a certain large positive parameter. The WKB type of asymptotic
solutions in the complex z-plane are given by

i 2
(,2) =2 Yexp (h/ zl/de) =z Yexp <3hz3/2) (4.22)
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and
: 2
(z,) =z Yexp (—h/ zl/gdz) =2 Vexp (—3hz3/2> . (4.23)

These are called standard WKB solutions. A general solution in the asymp-
totic region is, of course, given by a linear combination of these two
solutions,

w(z) ~ A(-,2) + B(z,-), (4.24)

where A and B are arbitrary constants. Can this be a single-valued function
in the whole asymptotic region of complex-z plane with the same coeffi-
cients A and B? Answer is no. This is obvious, since Eq. (4.21) is nothing
but the Schréodinger equation with the linear potential h?z at zero total
energy. Equation (4.24) represents a running wave at x = Re(z) < 0, but
includes the unphysical exponentially growing wave in the classically for-
bidden region x = Re(z) > 0. This suggests that the coefficients should
be changed from region to region. What does this mean? The functions
(4.22) and (4.23) are multi-valued functions with branch point at z = 0.
This branch point comes from the zero of the coefficient of Eq. (4.21). This
is called transition point of order unity. There emanate two kinds of lines
from z = 0: One is defined by Im(2%/2) = 0 and is called Stokes line, and
the other (Re(2%/2) = 0) is called anti-Stokes line. Figure 4.2 shows these
lines (dashed line for Stokes and solid line for anti-Stokes) together with a
branch cut (wave line).

The two solutions (4.22) and (4.23) are approximate ones; and one of
them is exponentially large (dominant), while the other is exponentially
small (subdominant). Thus the coefficient of the subdominant solution is
affected by the error of the dominant solution. This effect can be taken
into account by assigning a certain constant T' (Stokes constant) to each
Stokes line, acrossing which the coefficient A of the subdominant solution is
changed to A+ BT with B the coefficient of the dominant solution. Stokes
constant is assigned to Stokes line, because the dominant (subdominant)
solution becomes most dominant (subdominant) there. Thus the asymptotic
solutions have to be changed from sector to sector in the complex z-plane.
This is called Stokes phenomenon [61,62]. Acrossing the anti-Stokes line,
the dominancy changes, namely dominant (subdominant) solution becomes
subdominant (dominant). When we cross the branch cut in counter clock-
wise, the solution (-, z)[(z, )] changes to —i(z, -)[—i(-, z)]. According to these
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T ImZ
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3 1
/3  Rez

Ts

7

6
Fig. 4.2. Stokes and anti-Stokes lines in the case of Airy function. - - -: Stokes line,

: anti-Stokes line. (Taken from Ref. [9] with permission.)

rules, the solution given by Eq. (4.24) in region 1 of Fig. 4.2 changes as
follows:

region 1 : A(,2)+ B(z,)s
region 2 : A(,2)+ B(z,)a
region 3 : (A+ BTy)(-,2)s + B(%,")a
region 4 : (A+ BTy)(-,2)q + B(z,)s

region 5: (A+ BT1)(,2)a+ [B+T2(A+ BTh)]
region 6 : —i(A+ BT1)(z,)a — i[B + T2(A + BTy
region 7 : —i(A + BT1)(z,-)s — i[B + T2(A + BTY)
region 1: —i{(A+ BTy) + T3[B + T>(A + BT1)]}
—i[B+ To(A+ BT1)](-, 2)a -

2 (4.25)
(-, 2)s
(-, 2)d

2, )9

(
)]
]
(

Since the last equation of Eq. (4.25) should coincide with the first one of
Eq. (4.25) for abritrary A and B, we can easily obtain

Ty =Ty=T;=1. (4.26)

Now, we have the single-valued general solution valid in the whole asymp-
totic region. For instance, we can obtain the following connection formula
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for the physical solution on the real axis:
(hz)—i(z,:) (x<0)— —i(z,:) (z>0). (4.27)

The ordinary Airy function A;(z) corresponds to this solution with
A = 0. Equation (4.27) represents the famous connection formula of the
WKB solutions acrossing the turning point (see Eq. (4.5)). As can now
be easily understood, once we know all Stokes constants, the connections
among asymptonic solutions are known and thus the physical quantities
such as scattering matrix can be derived. However, the Airy function is
exceptionally simple and Stokes constants are generally not known except
for some special cases [63]. When the coefficient of differential equation
is the nth order polynomial, the (n 4 2) Stokes lines run radially in the
asymptotic region. There are thus (n 4+ 2) unknown Stokes constants, but
only three independent conditions are obtained from the single-valuedness
as demonstrated in the case of Airy function.
Let us next consider the Weber equation,
2
d%(;) + h2(22 — eQ)w(z) =0, (4.28)
which presents a very basic model in quantum mechanics. There are two
first order transition points z = 4€ and four Stokes lines in the asymptotic
region as is shown in Fig. 4.3. Here, expressions of the Stokes constant

7
\\ ,
N 7/
N 7/

argz=n

N\
AY
N\
N\
m
“ Rez
7
7
7
7
4
//
7/ \\

’
s AN

Fig. 4.3. Stokes and anti-Stokes lines in the asymptotic region in the case of Weber
function. - - -: Stokes line, ——: anti-Stokes line, ~~~: branch cut. (Taken from Ref. [9]
with permission.)
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and the connection matrices are provided without the details of derivation.

More details can be found in [61,63,64].

Asymptotic solutions of Eq. (4.28) on argz = 0 and 7 are expressed in

terms of the ordinary WKB functions as

z—r+00

w(z) ——— Ag=4(z) exp [z /0 ’ q1/2(z)dz}

+Bg /*(2) exp [—2/0 ql/z(Z)dZ}

and
wle) o Co e i [
+Dq Y4 (z) exp [—i /OZ ql/g(z)dz] ,
where

q(z) = h3(2* — €%).
The standard WKB solutions are
(. 72,) _ Z—1/2ez’Pw(z)
and
(27 ) _ Z—1/2e—iPw(z)
with
L, o
Pw(z) = Eh(z —elnz).
The asymptotic solutions Eqs. (4.29) and (4.30) are rewritten as
i !
and

ow(z) ——C'(-,2) + D'(z, -).

Z——00

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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The primed coefficients are connected by

() (sl o) () s

where U is the Stokes constant on the Stokes line argz = /4 which is

given by
v2m B/2,~ifn(2h)
- T —oin 4.
U ZF[(1/2)—Z'6]€ e (4.38)
and
L.,

Since the phase parts in Egs. (4.29)-(4.30) and (4.35)—(4.36) are related as

+i / q1/2(z)dz—i>j:iPw(z)+5iV : (4.40)
0 Z— T OO
where
w oo 1, 1 1, :
0y =ih 1€ —§ln2—|—§e In Verie? (4.41)
and
w w T, 2
07 = =41 +§he , (4.42)

we can finally obtain the connection matrix between the coefficients in
Egs. (4.29) and (4.30) as

V21 exp(m/2B—if+iBn(e™ B))

- ie™?
I(1/2 +1ip)
F(B)= e
e V21 expln/2B+iB—if In(e™ B)]
I'(1/2 —iB)
(4.43)
with

() - rin(4) (st
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Next, let us consider Eq. (4.28) with h replaced by ¢h’'(h’ > 0) and the
connection matrix along the Stokes lines arg z = +m/2. The phase integrals
in Egs. (4.29) and (4.30) are replaced by

j:i/ ¢*?(2)dz — :F/ q"*(2)dz, (4.45)
0 0

where ¢(z) on the right side is defined also by Eq. (4.31) with A replaced
by h'. Using the same procedure as above, one can obtain the connection
matrix H(f) as

V2mcos(n8) g — sin(m
. 2I'(1/2 — B3) ) (4.46)
sin(m3) I‘(l\//227ir|-a)e_ﬁ+ﬁlnﬁ
with
5)-mo(3)

where 3 is given by Eq. (4.39) with h replaced by h'.
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Chapter 5

Basic Two-State Theory for
Time-Independent Processes

5.1. Exact Solutions of the Linear Curve Crossing Problems

The most fundamental quantum mechanical model of curve crossing is the
linear potential model (in coordinate R), in which the two diabatic cross-
ing potentials V4 (R) and V2(R) are linear functions of R and the diabatic
coupling V(R) is constant (= A). The basic coupled Schrédinger equations

are
—Zdi‘;;id) + [Vi(R) = (B - Ex)lg” = A}’ (5.1)
and
Zu dji}ig:) +[Va(R) — (B — Ex)leg" = Agt?, (5.2)
where
Vi(R)=-Fj(R-Rx)  (j=12). (5.3)

Without loss of generality, it is assumed that F; > 0 and F} > F» as before.

5.1.1. Landau—Zener type

The Landau—Zener (LZ) case (see Fig. 2.1(a)), in which the two diabatic
potentials cross with the same sign of slopes, corresponds to FyFy > 0.

53
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Transformations
A0 = L [ e ran, (G=1,2), (5.4
wi) = Zawes [ L (a- )] =12, 69
and
B() = Ay [ (S5 - )| (5:6)
lead to
2B
dggf) +4(§)B() =0 (5.7)
with
(€) = & —ia% + L (a2€? — 122 (5.8)
7S/ =74 1 > :
where
2 2 QA 200k
e:h—g(E—EXL = h’;F a:%, g:%, (5.9)
f(fi— fz) e(fi—f2)
a’ = 2 v = %) (5.10)
and
= (filf2))'2. (5.11)

The quantities a?(> 0) and b*(—oo < b? < o) are the same basic parame-
ters as before (see Eq. (3.18)), representing effectively the coupling strength
and the collision energy, respectively. The most basic physical quantity
is the reduced scattering matrix S® defined from the ordinary scattering
matrix S as (see Eq. (3.31))

Sy = SR eimtmn), (5.12)

where 7,,, and 7),, are the elastic scattering phase shifts which diverge in the
present linear potential model. From the solution of Eq. (5.7) the functions
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A;(k) (j =1,2) are obtained from Eq. (5.6) and

2

Ao (k) = 2iexp [z (‘353 - b%)]

Then the reduced scattering matrix is defined by
A1)\ _ e (Ar(~oc)

=5 . 5.14

() = () 14

Thus the key point is to obtain the connections of the asymptotic solutions

of Eq. (5.7) at £ — £oo. The underlying mathematics to carry this out

analytically is the Stokes phenomenon of asymptotic solutions of differen-
tial equations, the essence of which was explained briefly in Chapter 4.2

dA,

e (5.13)

by taking the simple examples of Airy and Weber differential equations.
This is a very important mathematics for the general semiclassical theory
and thus for various physical phenomena. Recently, Zhu and Nakamura
carefully analyzed the Stokes phenomenon of Eq. (5.7) and succeeded in
deriving not only the quantum mechanically exact analytical, but also new
semiclassical expressions of SE,. The quantum mechanically ezact solutions
of the Landau-Zener (LZ) type are given as follows [65-68]:

14+ U0, —Us
SR, = (5.15)
Uy 1-Uils

with

21 ImU1

Uy=—.
2T |UL

(5.16)
The overall transition probability P;s and the nonadibatic transition prob-
ability p for one passage of the crossing point are given by

Piy = |(S5z)21]* = 4p(1 — p) sin®(arg Uy) (5.17)

and

1

S — 5.18
L+ U2 (5.18)

p
where U (a?,b?) is a complex quantity (Stokes constant) and is given in
the form of infinite series [65]. In addition to the unitarity, the reduced
scattering matrix satisfies the following properties: (S&;)11 = (SE;)22 and
(SE)12 = (SR))21 = pure imaginary. These properties can be proved
from the symmetries of the differential equations satisfied by A;(k)’s.
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Equation (5.17) is a familiar expression for inelastic scattering proba-
bility in the semiclassical theory, but it should be noted that this is
ezxact.

Below, the mathematical procedure is briefly outlined for deriving the
exact expressions of the Stokes constants U; and Us.

Let us first consider the general second order differential equation with
quartic polynomial coefficient function [64, 65],

d*w(z)
o Ha@u(z) =0, (5.19)
where
q(2) = asz* + a2z® + a1z + ag, (as > 0). (5.20)

The standard WKB solutions are given by (see Eqgs. (4.22) and (4.23))

(-,2) = 2 1P (5.21)
and
(2,-) =27 te ) (5.22)
with
i i
= 1 . 2
p(z) 3@2 + Qﬁagz—k 2\/674@ n(z) (5.23)

For the later convenience, the following variable transformations are intro-
duced according to Hinton [69]:

¢= %(fa4)1/223 and w(z) = g (5.24)
Then Eq. (5.19) becomes
d*u(¢)
dac?

+Q(Qu(¢) =0 (5.25)
with
QO =1 +QuC P+ QI QP QN (.26)

There are six Stokes lines in the asymptotic region of z as is shown in
Fig. 5.1. In {-plane they coincide with the real axis, since arg( = 3arg z +
/2.



5.1. Ezxact Solutions of the Linear Curve Crossing Problems 57

Positive direction

1z
.U,
P < | -
u- 8 ! ~U,
| / Negative direction
U5
(a)
9
9 12,13 N
Positive
5 8 direction
1 4
T,T,.T, %% T,.T,.T,
2 3
6 7
10 11
(b)

Fig. 5.1. Stokes lines and anti-Stokes lines in the case of Egs. (5.19) and (5.20).
¢ =3argz+ /2. - - -: Stokes line, : anti-Stokes line, ~~~: branch cut. (Taken
from Ref. [64] with permission.)

From the transformation Eq. (5.24), we can obtain the simple relations
between the Stokes constant U; in the z-plane and the Stokes constant 7 in
the (-plane for j = 1 ~ 6. Using the symmetry of the differential equation
(5.25) with Eq. (5.26), we can derive the inter-relations among T}’s as

Tjpq = Tje ™9 (j =1,3,5) (5.27)
and

Tj+1 = Tje2ﬂiQ17 (] =2, 4)) (528)



58 Chapter 5. Basic Two-State Theory for Time-Independent Processes

W

where means the following transformation:

C—C¢e™, Qo—w’Qy, Q1 —w'Qr and @ — w'Qs (5.29)

with w = e~™/3. Finally, by transforming Eq. (5.25) into coupled integral
equations and utilizing the asymptotic expansion of incomplete Gamma
function, the analytical expression of T3 is obtained in the form of a con-
vergent infinite series. This enables us to derive analytical expressions of all
the Stokes constants 7}’s.

The mathematical procedures for deriving the expressions of T;’s can
be found in Ref. [64] and are not given here. Here, only the final expression
of T3 is provided. The Stokes constant U; necessary to obtain the reduced
scattering matrix given by Eq. (5.15) is related to T as follows:

Uy = Ui (as, Qo, Q1, Q2) = T1(Qo, Q1. Q2)(2iy/ag/3) 29, (5.30)
where the quantities Qg, @1, and Q2 (see Eq. (5.26)) are defined by

Qo = —az(12a4)/3e/3, (5.31)
Q1 = —a1(36ay) /262 (5.32)
Q2 = —ap(18%ay) "1 /3e2™/3, (5.33)

The coeflicient T} is given in the form of a convergent infinite series,

6@0 A, eiTr(n—s—3)3
Ty = —2ime™ , (5.34
ZZ T e v M
where
Z Bn+1 (1)7 S Z O’ (535)
n+m=s

67(11) - _° Z Berlcqurl7 n>1, (5.36)

p+q n—1
Ezl+)3 = Z ApWpg, 120, (5.37)

ptg=n

[p/2] m

m— m! L'(2Q: — p/3)(6Qy)>" 1
ZM:/S]@ (3 q) :;_q nl(m —n)! F[QQl—p/?)—(m—n)]’

(5.38)
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and
0no for r =0,
Chr = " 5.39
Z(—l)r_s Ls/3+1) forr=1 (5.39)
—~ sli(r—s)IT(s/3—n+1)

with 8" = 1 and " = ol = 0. The coefficients BS"” and BY in
Egs. (5.35) and (5.36) are defined by

n—1
=Y BniTi(di,dy), n>1, (5.40)
k=0
n—1
=Y By kTi(—di, —dy), n>1, (5.41)
k=0
where
(6d1)2n7k(3d2)k7n
42
Te(dy, dz) = Z 0@ (2n—k)!(k—n)! ’ (542)
n=[k/2]
dy = —Qf — Q2 (5.43)
dy = —2Q0Q1. (5.44)

The sequence B, in Egs. (5.40) and (5.41) is given by
B, =v,+o0,, n>1, (5.45)
where v,, is obtained from the recurrence relations,

v —v + P =0, (5.46)

:Pg/(4/3—21}1)7 (547)

n—1
(Z UmUn+1-m + Pn)

mT(Qn T YR L (5.48)

Up =
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with

P =2/9+ Q7 +2Q0(QF + Q2),
Py = 4Q3Q1 +2Q1(Q3 + Q2),
Py = 4Q0Q7 + (Q3 + Q2)?,

) (5.49)
Py = 4QoQ1(Q5 + Q2),
P5 = 4Q% %5
P,=0, n>6.
The constants o, are also given by the recurrence relations,
01 = 02 = O7
g3 = 2Q0/3a
04 = le
o5 = 4(QF + Q2)/3 +2Qo03, (5.50)

o6 = 10Q0Q1/3 + 2Qo04 + 2Q1 03,
o7 = 2Qo0s + 2Q104 + 2(Q% + Q2)03,
On = 2Q00n—2 + 2Q10n—3 + 2(Q3 + Q2)0p—4 + 4QoQ10n—5, n >38.

The various notations appearing in Egs. (5.38)—(5.42) have the following
meanings: I'(x) is the Gamma function, [z] means the largest integer not
larger than x, and ©(x) is the step function, i.e., ©(xz) = 0 when z < 0 and
O(z) =1 when x > 0. Although there are two roots for vy, as is easily seen
from Eq. (5.46), we can select the one with smaller real part or any one of
the two, if the two roots have the same real part. In the above summations
and recurrence relations, we can easily see that all of them are given in
the form of finite series except Eq. (5.34). It should also be noted that a
direct recurrence relation for Ag can be obtained from Egs. (5.36)—(5.38)
as follows:

s—3
As = Bg‘r)l o ‘/(5—2)2A0W00 — Ao Z ‘/(s—l)(n+2)WOn

n=1

s—3 (s—3
N Z {Z V(s—l)(n+2)Wk(n—k)} A, (5.51)

k=1 \n=k
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where
P B(l) B(2)
-3 “ptl-mTm+4l-q f >a>0
Vg = mz::q m+ 1 AP=1="8 (552
0 otherwise.

Now, we can go back to our linear curve crossing problem. What we have
to do is to replace Qg, @1, and Q2 in Egs. (5.31)—(5.33) by the following
expressions (see Eq. (5.8)):

Qo = b*(9a?)"1/3eim/3 /2, (5.53)
Q1 =-1/3, (5.54)
Qy = — (1 +b*)(9a2)2/3e27/3 /4, (5.55)

The parameters a? and b? are defined by Egs. (5.10) and (5.15) with U;
given by Eqgs. (5.30) and (5.34) provides the exact analytical expression
of the reduced scattering matrix which can, of course, cover the whole
ranges of the two parameters a® and b2, i.e. the whole ranges of energy
and coupling strength. One big drawback is, however, that the analytical
expression of U; is quite cumbersome and not very transparent with respect
to the dependencies on a? and b?. Numerical computations confirm that this
expression surely gives the exact results, and the infinite series of Eq. (5.34)
converges reasonably fast in the region [b?/a?| < 1. In order to give a rough
idea about the behaviour of Uy, |U;| and argU; are shown in Fig. 5.2 as a
function of b2 for some values of a?.

5.1.2. Nonadiabatic tunneling type

In the nonadiabatic tunneling (NT) case, the two diabatic potentials cross
with different signs of slopes and thus Fy F» < 0 (see Fig. 2.1(b)). This linear
NT-case presents a rather unique model and even the numerical solution
requires a special consideration as is explained in Ref. [70]. With the trans-
formation

B(€) = Ay (k) exp {—; (“2353 - b%)] (5.56)

together with Egs. (5.4) and (5.5), we obtain Eq. (5.7) with

(€)= —7 +idE + (%€ 1P, (557)
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U, argU,

2_
22=0.1 a=1.0]

a’=10.0

eO

5
€ -2 0 b2

Fig. 5.2. (a) Modulus and (b) Argument of the Stokes constant Uy in the Landau—Zener
case. (Taken from Ref. [65] with permission.)

where the parameters e,fj,a,§,a2,b2, and f are the same as before (see
Egs. (5.9)—(5.11). In the NT-case b2 = 1(—1) corresponds to the bottom
(top) of the upper (lower) adiabatic potential (see Fig. 2.1(b)).

The reduced scattering matrix S{; can be defined in the same way
as before (see Eq. (5.12)). The physical meaning of the matrix elements
is quite different from the LZ-type, though. The off-diagonal (diagonal)
elements represent transmission (reflection). From the solutions of Eq. (5.7)
the function A;(k)(j = 1,2) are obtained by Eq. (5.56) and

Ay(k) = 2iexp {—i (‘;253 — b%ﬂ %}. (5.58)

The reduced scattreing matrix is defined by

Aq(oc0) r [A1(—00)
(i) =5 (i) (559
It is interesting to note that the apparent small differences in ¢(&) of
Egs. (5.8) and (5.57) between the LZ- and NT-cases make a big differ-
ence not only mathematically but also physically. The physical differences
are rather obvious, as was pointed out already in Chapter 2, and the math-
ematical differences will be shown later.

As in the LZ-case, Zhu and Nakamura successfully derived not only
quantum mechanically ezact but also new semiclassical compact expressions
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of SR; [65,67,68]. The exact solutions are given as follows:

1 1 U
SR = — 5.60
NT 1+ U1U2 <U2 1 ) ( )
with
QIm(Ul)
Uy=—7"7"""=. 5.61
2 |U1|2 _ 1 ( )

The overall transmission probability P;s and the nonadiabatic transition
probability p for one passage of the crossing point are given by

4(Im Uy)?
P _ R 2 — . 2
12 = |(Sn)21l (|UL]2 = 1) + 4(ImU )2 (562
.2
- 2sin”(arg Uy ) . forb2>1 (5.63)
2sin”(arg Uy) + p%/[2(1 — p)]
and
p=1—|0h ford®>1, (5.64)

where Uj(a?,b?) is also a complex quantity (Stokes constant) given by an
infinite series [65]. It should be noted that p has the physical meaning of
nonadiabatic transition for one passage of crossing point only at energies
higher than the bottom of the upper adiabatic potential. In the same way as
in the LZ-type, the reduced scattering matrix can be proved to satisfy the
symmetry relations: (SRp)11 = (S{1)22 and (SRp)12 = (SB1)a1. It should
be noted that Eq. (5.63) has also the similar form as that in the semiclassical
theory (see Eq. (3.35)); but this is quantum mechanically exact. It should
also be noted that the same notations U; and p as in the LZ-type are used,
but they are naturally different. It is further noted that Eq. (5.62) is valid
at any energy, but Eq. (5.63) is valid only at b*> > 1. It is very interesting
to note that complete reflection (P2 = 0) occurs when

argUy =1Im, (1=0,1,...). (5.65)

is satisfied. This suggests an interesting theoretical possibility of molecular
switching and control of molecular processes [71-73]. Although the infinite
series for U; are quite complicated, they have provided us with a unique
opportunity to investigate and improve the validity of various semiclassical
solutions.
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J,] argU,

T | @ lﬁ:o.s
e_5 az=10.0 | |
-4 0 b2 4-4 0 b2

(a) (b)

Fig. 5.3. (a) Modulus ad (b) Argument of the Stokes constant Ui in the NT-case.
(Taken from Ref. [65] with permission.)

The exact analytical expression of the Stokes constant U; is given by
Egs. (5.30)—(5.55) in the same way as in the LZ-type. Only difference is that
we have to insert the following expressions for @y, @1, and ()2 into these
equations:

1 .
Qo = §b2(9a2)*1/3e”/3, (5.66)
Q1=+ (5.67)
1 — 37 .
1 .
Qo = (1= b%)(9a%)~/52m/2, (5.68)

Some numerical values are presented in Fig. 5.3 for |U;| and argU; as a
function of b? for some values of a?.

5.2. Complete Semiclassical Solutions of General Curve
Crossing Problems

On the basis of the exact analytical solutions of linear potential models
obtained in the previous section, we can derive compact and yet accu-
rate analytical solutions for the linear potential models [66-68, 74], and
furthermore practically useful compact expressions of scattering matrices
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for general two-state curve crossing problems can be finally derived [75-77].
These are available for both LZ (Landau—Zener) and NT (Nonadiabatic
Tunneling) cases of general curved potentials, whatever the coupling
strength and the energy are. These do not require any sophisticated calculus
such as complex contour integrals like in Eq. (3.26) and complicated spe-
cial functions, and thus are very convenient even for general non-specialist
users. Furthermore, the compact and accurate formulas have been derived
for the Landau—Zener transition probability p. These are as simple as, and
yet far better than the famous Landau—Zener formula péoz) of Eq. (3.4).
They are simply expressed in terms of the basic parameters a? and b? (see
Egs. (3.18) and (5.10)) for E > Ex (E > E}) in the LZ(NT) case (see
Fig. 2.1), but are still applicable to general curved potentials. At E < Ex
in the LZ-case another compact and accurate formula has been obtained
for the Landau—Zener transition probability. At ¥ < Fj in the NT-case the
compact and accurate expression has been derived for the overall nonadia-
batic tunneling (transmission) probability. It should also be noted that all
necessary phases are expressed in simple and compact forms.

Finally, the basic parameters a®> and b> can be re-expressed only in
terms of the corresponding adiabatic potentials; thus non-unique diabati-
zation procedure is not required anymore, when only adiabatic potentials
are available. These expressions actually give better results than the origi-
nal definitions in terms of the diabatic potentials. Thus the theory does not
require any information about the non-adiabatic couplings. This new semi-
classical theory of very nice character outlined above is summarized in this
section. This presents a complete set of solutions for the general two-state
curve crossing problems after more than 60 years since the pioneering works
done by Landau [1], Zener [2] and Stueckelberg [3]. The final recommended
formulas are summarized in Appendix A. Some empirical corrections which
are not given here are introduced there so that readers can apply them
directly even to any extreme cases, although the original formulas given
here are already good enough and work well in a wide range of energy and
coupling strength.

5.2.1. Landau—Zener (LZ) type

As was described in Section 5.1.1, once we know the Stokes constant Uy,
then we can obtain the reduced scattering matrix for the two-state problem
(see Eq. (5.15)). In order to derive the approximate expression of Uy, we
need to know, first of all, the distribution of the four transition points in
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the complex z-plane. The transition points are zero points of the following
quartic polynomial, i.e. the coefficient of the basic differential equation (see
Eq. (5.8)):
B, 4 »2\> 1
P 2a—2z2 —igz+ () + — =0. (5.69)

The four zero points ¢; (j = 1 — 4) are given as follows:

t12 =z +1y, t34=Fr2— 1Y, (5.70)
where
s o b 1
T =Yy + Pl + @ (z1 > 0), (5.71)
2 _ .2 b2 1 2, 1 2
x5 =1y +a7_% (z3: real), (5.72)

and y is a positive solution (there is only one) of

gl L. 1 _g (5.73)
a? 4at 4a* ' '
The distribution of the transition points is shown in Figs. 5.4 and 5.5. The
boundary between the regions (a) and (b) in Fig. 5.5 is

a’ = E\/buiﬂ/lwbui%?] : (5.74)

Next, we consider the two limiting cases in order to derive compact ana-
lytical expressions of Uy. The first is the case that the two pairs of transition
points (t1,t4) and (to,t3) are well isolated from each other along the real
axis and can be treated separately. Roughly speaking, this corresponds to

i
I
|
i

Fig. 5.4. Distribution of transition points in the LZ-case. (a) 3 < 0, (a/) #2 = 0, (b) 23 >
0, - - -: Stokes line, : anti-Stokes line. (Taken from Ref. [65] with permission.)
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a2
A
a) a) b)
1
T
: ) . .
-1 1 - b’

Fig. 5.5. Regions of I% < 0 and CC% > 0 in the (a2, b2) plane corresponding to the cases
(a) and (b) of Fig. 5.4. (Taken from Ref. [65] with permission.)

b2 > 1 in both LZ and NT-cases. The connection matrix L which connects
the coefficients of the asymptotic solutions at z — £oo and is directly
related to scattering matrix can be well approximed by

L = FFyFs, (5.75)

where F; (j = 1,2) are obtained from the Weber equation with Fy(F»)
corresponding to Re(z) < 0 (> 0) (see Eq. (4.43)), and Fj represents the
connection between the two pairs of transition points and is given by

e 0
Fy = 0 v |’ (5.76)

P = /gp q**(2)dz (5.77)

—x0

1 1
zo = 5 (21 +a2) = ﬁm (5.78)

a

where

and

From this procedure we can finally obtain the explicit expressions of U
(see Eq. (5.94)).

The second limiting case is that the two pairs (¢1,t2) and (¢3,t4) are well
separated along the imaginary axis which is a Stokes line. This corresponds
roughly to b? < —1 (see the case(a) in Figs. 5.4 and 5.5). The connection
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matrix G which connects the coefficients of the asymptotic solutions at

+7i/2

z — ooe can be well approximated as

G = HyHyH,, (5.79)

where H; (j = 1,2) are again obtained from the Weber equation with
H, (Hj) corresponding to Imz < 0 (> 0) (see Eq. (4.46)), and Hj repre-
sents the connection between the two pairs and is given by

e~ 0
Hy = . (5.80)
0 ez(b

P = / N q"*(2)dz. (5.81)

1y

where

It should be noted that the above connection is made on the Stokes line
and that one-half of the Stokes constants are assigned onto the Stokes
line according to Jeffreys [61]. The above procedure leads to the explicit
approximate expressionists of Uy in this limiting case (see Egs. (5.108) and
(5.109)).

The first limiting case has been treated by using basically the same idea
by many authors [4-8, 11-14]; but the present analysis is most accurate
and thus can give much better results. In the treatments before, ¢; and
t4, and also to and t3, were assumed to be erroneously symmetric with
respect to the real axis, for instance. The second limiting case has never
been treated properly before. The formulas obtained in the above analysis
can cover very wide range of a? and b? due to the careful analysis, and can
be easily modified to cover practically the whole range of a® and b?.

The reduced scattering matrix in the adiabatic representation is given
by (cf. Eq. (5.15))

—2i0 _
iy = (L ftee v : (5.82)
_U2 (1 — U1*U2)€2io

where U, is defined by Eq. (5.16). The phase o is given below in the sub-
sections. The elastic scattering phases are

R
7\ = lim l / ki(R)dR — ki(R)R + % (5.83)

t1
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and

R
n® [ / ks(R)AR — ks(R)R + ~| | (5.84)

4

= lim
R—o0

where ¢; is the turning point on the adiabatic potential E;(R), (do not
confuse with the zero points of Eq. (5.70)) (see Fig. 2.1(a)). The reduced
scattering matrix elements are explicitly given as follows:

(Slljz(a))ll = [pzn + (1 —pZN)e%/JZN]e_%”ZN, (5.85)
(Slljz(a))% = [pzn + (1 — pan)e” 2V2N]e?ioen (5.86)

and
(Si{z(a))m = (SEZ(G))m = —%/Mm V7N, (5.87)

where pzx is the Landau—Zener transition probability defined by Eq. (5.64)
and
wZN = arg(Ul). (5.88)

The basic diabatic parameters a? and b? defined by Eqgs. (3.18) and (5.10)
can be re-expressed in terms of the adiabatic potentials as given below and
thus non-unique diabatization procedure is not required anymore [76].

h2
a?=+/d*> -1 (5.89)

WIS = T2 [Ey(Ro) — Ei(Ry)]

and
2 —E — [E5(Ro) + E1(Ro)]/2
b=V T R — B (R0 2 (5:90)
with
2 = E0”) - B(T)[By(13") — By (1)) (5.90)

[E2(Ro) — E1(Ro)]? ’

where Ry is the position at which Es(R) — E1(R) becomes minimum (see
Fig. 2.1(a)),

Ex(T{") = By (T”) = Ex (5.92)
and

Bx = 5 [Ba(Ro) + Er(Ro)). (5.93)
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The formulas thus obtained are two sets: one is valid at £ > Ex and
the other at F < Ex. These are explicitly presented in the following sub-
subsections, although the final recommended formulas which contain empir-
ical corrections and work well in any region of coupling strength and energy
are summarized in Appendix A. As given above, the parameters a2, b% and
d? are well estimated from the adiabatic potentials with use of the refer-
ence points Tj(o) ( = 1,2) [76]; the adiabatic phases, however, are found
to be better estimated with use of the reference point Ry which represents
the minimum energy separation between the two adiabatic potentials [77].
The expressions given below are those based on this improvement. Only the
final results are given in the following subsections. The derivation of these

expressions can be found in the original references.

52.1.1. E > Ex (b*>0)

From the connection matrices the Stokes constant U is simply given as

1 12

Uy = (pZN — 1) etz (5.94)

with

T 2 1/2

_ S S 5.95
pZN eXp [ 4ab <1 + m) ‘| i ( )

and
YzN = ozN + Ps, (5.96)

where
) 1) 1) 1)

g5 = — 2 4 2N ln< fTN>—argr(i er>—Z. (5.97)

The famous Landau—Zener formula is equal to

s
Pl =exp (— 17 ) (5.98)

and the formula (5.95) is as simple as, but yet far better than this.

Figure 3.2 demonstrates this fact. Since the exact p can be numerically
calculated only in the linear potential model, Fig. 3.2 is the result for that
model. The formula (5.95), however, can work well for general curved poten-
tials, since nonadiabatic transition is very much well localized at the avoided
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crossing point. The phase integrals ozn and dzn are explicitly expressed as

RU R(J
O7ZN :0'()+/ kl(R)dR—/ kQ(R)dR (599)
tl t2
and
R, \/57.‘. F
dzn = 0g = Im k1(R) — ko(R)dR ~ = —"*__ (5.100
ZN 0 o [ 1( ) 2( )] 4@F3_+FE ( )
where
R, \/iﬂ' F
oo = Re ki(R) — ka(R)]dR ~ —_—, 5.101
o=Re [ (R ~ k(IR > R T o)

Fy = \/ (O +7)? + 72 £ (0% +m)

V= 4 (2 = ), (5.0
= 0.9vVd? — 1, (5.103)

2
y = 7\1/? (5.104)

and Ry is the position of minimum energy separation between the two
adiabatic potentials and is found to be better as the reference point [77]
than the turning points at the crossing energy which were used previously
in Ref. [76].

These expressions might look messy at a glance, but actually do not
involve any complex calculus and complicated special functions; and they
are very convenient for practical applications. The essential points in deriv-
ing these expressions are as follows: The linear potential approximation was
applied to the complex phase integral, but was minimized by introducing
the real reference points Ry instead of Rx (see Eq. (3.26) and Fig. 2.1(a)).
The final expressions of ozn and dzn are obtained by applying the simple
three-point quadrature to the integral. As before, the scattering matrix is
expressed as a product of the adiabatic propagation matrices P and the
nonadiabatic transition matrices Ix and Ox (see Egs. (3.20)—(3.24)). The
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nonadiabatic transition matrix Iy is now given by

mei(ww—am) _\/meiao
Ix = . (5.105)

\/Mefiffo me*i@PZN*UZN)
The reduced scattering matrix SR can also be expressed as
LZ
S — rtp (5.106)
with
[ (VT Pt —VpaNeT (5.107)
“\ mmeen Tepmeritmeom )T

52.1.2. E< Ex (b®<0)

The Stokes constant in this case is expressed as

Re U; = cos(ozx) {\/B(O’ZN /m)ed2N — sin2(UZN)B(/)} (5.108)
O7N/T

and
e—20z2n
Im U; = sin(ozn) § B(ozn /7)€% —sin?(ozx) cos? (o7n) ————x
B(O’ZN /7‘(’)
1/2
+2cos?(ozN) — 1} , (5.109)
where
2 X 2X
= ———. 5.110

The Landau—Zener transition probability pzn and the phase ¥zn can
be explicitly given as

pzx = [1 + B(ozn/m)e?™ — sin?(ozx)] 7! (5.111)
and
Yzn = arg(Ur). (5.112)

This is the first result ever obtained for £ < Ex and works well over the
whole range of coupling strength, as is demonstrated in Fig. 3.2. As is easily
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conjectured, this probability includes the effects not only of the nonadia-
batic transition represented by ozn but also of the tunneling from turning
point to avoided crossing point represented by dzn. The phase integrals ozn
and dzn are explicitly given as follows:

O7ZN — Oo (5113)

and

R® R?

Sun :/ |k1(R)\dR—/ e (R)[dR + 6, (5.114)
ty ta

where g and g are given by Egs. (5.101) and (5.100). The reduced scat-

tering matrix Sf”z(a) is still expressed by Egs. (5.106) and (5.107) with the

various parameters given above.

5.2.1.3.  Numerical examples

In order to demonstrate the validity and usefulness of the formulas pre-
sented in this section, numerical examples are shown in Figs. 5.6 and 5.7
for the inelastic transition probability Pyy = |ST|? and the phase arg S,
respectively [9,76]. The potentials employed in atomic units are

Vi(z) = 1.5e" 10K _ 05, Vy(a) =e ®i1® (5.115)

and

— \/éK Voe—2.5:c2
VK +1

The coupling parameters Vj in Eq. (5.116) is varied so that the param-
eters a? defined by Eq. (3.18) covers the three regimes: 10.0 (weak), 1.0
(intermediate) and 0.1 (strong). The adiabatic approximation means that
a? and b? are estimated from adiabatic potentials by Eqgs. (5.89)—(5.91). It
should be noted that in these numerical calculations some empirical cor-

V(z) with K = 1.2, (5.116)

rections have been introduced in the expressions of probability and phase,
as is described in Appendix A, although these corrections play a role only
in the regime of very weak or very strong diabatic coupling and in the
very close vicinity of Ex. It should also be noted that the intermediate
coupling strength which appears in many practical cases of atomic and
molecular processes corresponds to a? ~ 1.0. The complex phases given
by Egs. (5.100)—(5.104) and (5.113)—(5.114) fail, however, in a very strong
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Fig. 5.6. Transition probability P2 = |S12|? versus energy in the LZ case for the
potential (5.115) and (5.116). - - -: exact, : semiclassical(adiabatic), - - -: semiclassical

(diabatic), (a) a?(dia) = 0.1, (b) a® = 1.0, (c¢) a® = 10.0. (Taken from Ref. [9] with
permission.)
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5.2.

E

0+

Fig. 5.6. (Continued).

The same as Fig. 5.6 except for arg S11.

Fig. 5.7.
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Fig. 5.7. (Continued).
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coupling regime, a? < 0.05. The remedy for this can also be obtained and
will be given in Appendix A.

5.2.2. Nonadiabatic Tunneling (NT) type

In the NT-case the situation is much more complicated than the LZ-case.
Egs. (5.71)—(5.73) are replaced by

= — - — 5.117
Ty Y + a2 agya ( )
b? 1
2 _ .2
=Y+ a2y (5.118)
and
b2 1 1
6 4 2
hall =0 5.119
Vo Sy Y 2 =0 ( )

where y > 0, but both % and 23 can be negative. The distribution of ¢;’s
is classified into six cases as shown in Fig. 5.8. The corresponding diagram
in (a?,b?) plane is shown in Fig. 5.9.

The reduced scattering matrix Skp given by Egs. (5.60) and (5.61) is
the one in the diabatic representation. In the adiabatic representation we

x$<o,x§<o,bzs-/§ Xi<0,X3»0, -Bsp*<1 Xi<0, X2>0,b%21

Fig. 5.8. Distribution of transition points in the NT-case. - - -: Stokes line,
Stokes line. (Taken from Ref. [65] with permission.)

: anti-
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+1 b

Fig. 5.9. Two-dimensional diagram in (a2,b2) plane to represent the various cases of
Fig. 5.8. (Taken from Ref. [65] with permission.)

have

. 1 PXZANE! UQeiAn
i) = e . _ : (5.120)

14+ U U, U262A12 PLZACH
where Us is given by Eq. (5.61) and the additional phases A;; are defined

below. The elastic scattering phases nﬁa) in the adiabatic representation are

defined as

R
(@ _ 1 . z
' = Jim (/X ki(R)dR — ki(R)R + 4> (5.121)
and
(@ f T
N :R1<1<n)1(2 —/X2 k:l(R)dR—i-kl(R)R—i—Z ; (5.122)

where the reference points X o are defined in each energy region. Another
interesting and useful achievement is that the basic diabatic parameters
a? and b? defied by Eq. (3.18) (see also Eq. (5.10)) can be re-expressed in
terms of the adiabatic potentials as (see Fig. 2.1(b))

2 (1 - 72)h2
Ry — R (Ey — Ey)

a (5.123)

and

E—(Ey+ E)/2

V= (Ey — Et)/2

(5.124)
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with
_ E, — Ey
EQ(R}, + Rt/2) — El(Rb + Rt/2)

ol (0<y<1). (5.125)

In the limiting case of R, = Ri(y — 1), the following formula should be
used for a? instead of Eq. (5.123):

2 _ WP(Ey — Ey)

a?=-—"2 17 5.126
(B, — B, (5.126)
where
d2E; () d*Es(x)
B - [} and Bl — [} . (5a27)
dx2 T=T¢ d$2 T=Tp

Another important matrix in the NT-case is the transfer matrix N which
connects the waves on the right side of the barrier to those on the left side.
This matrix is obtained from the reduced scattering matrix S{; as

1
N = —g— Nag = N
(Snt)ia 1)
_ (S8 e '
12 = —% and Na; = Nj5.
S (‘1))
(Snr )12

In the following three subsections the Stokes constant U; and other basic
quantities are presented. As in the LZ-case, the final recommended formulas
which contain empirical corrections and ready for practical applications
are summarized in Appendix A. Finally in Chapters 11-13, the interesting
unusual phenomenon of complete reflection will be further discussed. The
derivation of various quantities can be found in the original references.

52.2.1. E<E; (b®<-1)

The Stokes constant U; is expressed as

edzn

. 1 1/2 ,—dzn
Re U; = sin(202n) {4[B(UZN/7T)] et 4 [B(oax/m)]'/?

} (5.129)

and
/2
(Re Up)? 1 }1
m Uy = cos( UZN){Sin2(20ZN) cos?(ozN)
1 Re U;
B A
2sin(ozn) |cos(ozn) |’ e
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where
7 [6410(1—b~1)1/2]L/2
= 5.131
TN T q6alb] 1+ (1-b N2 (5.131)
o X 2X o—2X
and
£y
dozN = / |k1(R)|dR. (5.133)
tr
The additional phases A;; in Eq. (5.120) are given by
Alg = AH = AQQ = —20'ZN. (5134)

The reference points X;2 to define the elastic scattering phases
(Egs. (5.121) and (5.122)) are X; =t and Xy = tI (see Fig. 2.1(b)). The
overall transmission (nonadiabatic tunneling) probability Pjs is explicitly
expressed as (see Eq. (5.62))

B(O’ZN/T()G_262N
[1+ 3B(ozn/m)e298]2 4 B(ozx/m)e=20m
(5.135)

Pis = [(S3)aa]? =

The factor e~2%2N is nothing but the Gamov factor for tunneling, and the
function B(ozn/m) clearly indicates the effect of nonadiabatic coupling on
the tunneling.

5222, E;<E<E, (|*|<1)
The Stokes constant U; is given by
Uy = i[(1+ W?2)Y2e¢ —1)/w (5.136)

with

16 5 5 5
¢ = oyx +argD ( +iZN) -y <ZN> + 2 (5.137)
2 T s T T
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and
1 [~ 3y 1 1
W = m/g cos (3 - a2/3t BT TER a1/3t) dt,  (5.138)
where
RS
ozx = Im / ks (R)AR (5.139)
R
and

RV
R{*

Here jo% are the complex turning points on the adiabatic potential
E;(R). The quantities ozx and dzn can be further simplified [75] as shown
in Appendix A. The expression of W is also improved for practical use
by introducing empirical modifications (see Appendix A). The additional

phases A;; in Eq. (5.120) are

Ay = ozn, (5.141)
Ay = ogn — 208N (5.142)

and
Aoy = ozn + 208N (5.143)

with
ofN =~ (R~ Rl (R)(1 +2), (5.144)

where R;(Rp) is the position of the top (bottom) of the lower (upper)
adiabatic potential (see Fig. 2.1(b)). The reference points Xj o to define

n§a)’s of Egs. (5.121) and (5.122) are X; 2 = R;. The overall nonadiabatic

tunneling (transmission) probability is equal to
W2

L+ w2

Pry = |(Spi)an [ = (5.145)
5223. E>E, (b*>1)
We can obtain the following expression for the Stokes constant:

Uy = i(1 — pgn) Y/ 2e¥2y (5.146)
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where pzn is the Landau—Zener transition probability given by

1 2 1/2
bzN = €xXp ~Jab <1 +(1- b_4)1/2> (5.147)

and v¥zx is the phase corresponding to ¥rg of Eq. (3.36) and is given by
Yzn = ozn — ¢s(0zn) (5.148)
with
OzZN = ’Yz(TszT2R>- (5.149)

The phase integral v, and the Stokes phase correction ¢g are defined by
Egs. (3.37) and (3.27), respectively. The nonadiabatic transition parameter
dzn is the counter part of ozny at F < F; and is given by

7 {64 10[1 — b—4]1/2}1/2

T 16ab 14 [1-b 412 (5.150)

dzN

The Landau—Zener transition probability pyzy is as simple as the famous
Landau—Zener formula pioz) of Eq. (3.4) and yet much better than the latter.
It should be recalled that pioz) is expressed in terms of a? and b? as

0 s
pIEZ) = exp (—m). (5.151)

The additional phases A;; in Eq. (5.120) are

Ao = 7 (Ty, Ty, (5.152)

Ay = 2’}’2(T2Lv Ry) — 2051\1 (5.153)
and

Aoy = 272(Ry, TY) + 205N (5.154)
with

g = (Rb;Rt> {kl (Re) + k2(Ry) + % [lzl(f;t));k]:;g)b))] } .

(5.155)

The reference points X; 5 in the definition of n](-a) of Egs. (5.121) and (5.122)

are the same as in the case £y < F < E, ie.,, X1 2 = R;. The overall



5.2.  Complete Semiclassical Solutions of General Curve Crossing Problems 83

nonadiabatic tunneling (transmission) probability Pjo is equal to

4COS2 wZN
Pro = |S5V[? = :
12 = |21 4cos? zn + pan/(1 — pzx)

It should be noted that I-matrix for the NT-case can be defined only for
b > 1 (i.e., E > E}), and is given by
I VI =pznes  \/pzne’T
—pane 7N /T —pzne "9

Here it should be noted that the sign in off-diagonal elements is different
from the LZ-case. The [x-matrix is given in the same way as before as

1 VI —pzne'?s \/pZNeng
x = A .
—/Pane 70 /T = pgne %

The reduced scattering matrix derived before 1991, i.e. Egs. (3.32)—(3.35),
has essentially the same form as the new one here except that ¥zn, pzn
and oZN are improved.

(5.156)

(5.157)

(5.158)

5.2.2.4. Complete reflection

As is clear from Eq. (5.156), the transmission probability P becomes zero
when the following condition is satisfied:

1
Yan = 2(TE, TF) — ¢s = (e+ 2> 7, €=0,1,2,.... (5.159)

This is a very interesting phenomenon, because complete reflection of wave
occurs in a simple potential like the one shown in Fig. 2.1(b) at certain
discrete energies which satisfy Eq. (5.159). This phenomenon was proved
to exist quantum mechanically exactly by the theory outlined in Section 5.1
in the linear potential model [65]. This occurs at Im(U;) = 0. The condition
Eq. (5.159) is similar to the simple Bohr-Sommerfeld quantization condi-
tion with the extra correction term ¢g due to nonadiabatic coupling which
takes a value in the range (0,7/4).

This complete reflection phenomenon implies the following intriguing
possibilities [71-73]: (1) bound state in the continuum, (2) molecular switch-
ing of transmission in a periodic system, and (3) control of molecular pro-
cesses by lasers. These will be discussed in more detail in Chapters 11-13.
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5.2.2.5.  Numerical examples

In order to demonstrate the validity and usefulness of the formulas pre-
sented in this section, numerical examples are shown in Figs. 5.10 and 5.11.

These show the overall transmission probability Pia = |(SR1)12/? and
the phase arg(S;{(Ta))lg, respectively [75].

The potentials employed are given in atomic units by
Vi(z) = 0.5¢752,

Va(z) = 0.5e=375%, (5.160)

3 E .2
Vv e—2.om .
2\/§ 0

The coupling parameter Vj is varied so that the parameter a? defined
by Eq. (3.18) covers the three regimes: a? = 10.0 (weak), a®* = 1.0
(intermediate), and a?> = 0.1 (strong). The “adiabatic approximation”
means that a?

V(r) =

and b? are estimated from the adiabatic potentials by

T T LI B B 1 T T T
1+ i
Pl 2 f
0.5+ 1
I
F 1
ok s ] |
AT E‘b
I N WSS UOU A SN M | 1[ L1
0.5
E
(a)
Fig. 5.10. Transition probability versus energy in the NT-case for the potential (5.160).
-+ -: exact, : semiclassical (adiabatic), - - -: semiclassical (diabatic), (a) a?(dia) = 0.1,

(b) a?2 = 1.0, (c) a® = 10.0. (Taken from Ref. [9] with permission.)
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Fig. 5.10. (Continued).
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The same as Fig. 5.10 except for arg Si2. (Taken from Ref. [9] with

Fig. 5.11.

permission.)
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Fig. 5.11. (Continued)

Egs. (5.123)—(5.125). It should be noted that in these numerical examples
the final recommended formulas presented in Appendix A are employed.

5.3. Non-Curve-Crossing Case

5.3.1. Rosen—Zener—Demkov model

The simplest quantum mechanical model of noncrossing case is the fol-
lowing: the diabatic potentials are constant with Vo — V3 = A > 0
and the diabatic coupling is Voe #(E—Ex) where A = 2Vp, namely, at
R = Rx the diabatic coupling is equal to one-half of the diabatic poten-
tial energy difference A. Recently, Osherov and Voronin obtained the
quantum mechanically exact analytical solution for this model in terms
of the Meijer’s G-function [78,79]. In the adiabatic representation this
system presents a three-channel problem at F > V, > Vj, since there
is no repulsive wall at R <« Rx in the lower adiabatic potential.
They have obtained the analytical expression of 3 x 3 transition matrix.
Adding a repulsive potential wall at R <« Rx for the lower adiabatic
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channel and using the semiclassical idea of independent events of nona-
diabatic transition at Rx and adiabatic wave propagation elsewhere, they
finally derived the overall inelastic nonadiabatic transition probability P;o
as follows:

_ sinh(rk, /B) sinh(rky /3) sin® 7
cosh? (m(ky — k2)/206)[cosh® (m(ky + ko) /23) — sin® 7]

Pro . (5.161)

where k; = k; (R = 00) and 7 is the phase difference between the two adia-
batic potentials from the turning point to Ry, corresponding to Eq. (3.17).
At high collision energy we have

A
b= ke = oo, (5.162)

where v is the velocity. Then Eq. (5.161) leads to

Py ~ sech? (27};?1}) sin? o, (5.163)

which agrees with the Rosen—Zener-Demkov (RZD) formula Eq. (3.38) (see
also Eq. (3.46)).

5.3.2. Diabatically avoided crossing model

Another interesting non-curve-crossing problem is the following diabatically
avoided crossing model (see Fig. 5.12) [80]:

U + Veelel C
V= , (5.164)
C U — Veelel

where U, V,C, and « are certain constants. Although the model can be
solved exactly even for two different exponents, oy for x < 0 and ay for
x > 0, we restrict ourselves to the case a; = as. It is interesting to note
that a constant rotation by m/4 reduces the above problem to a half-cut
Rosen—Zener—Demkov model [78],

@=Ll o) e

where R(6) represents the rotation by angle 6. The adiabatic potentials are
the same as those of the RZD model and are given by (see Fig. 5.12)

u$, = U/ (Vealsh)2 1 C2, (5.166)
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Energy

Coordinate

Fig. 5.12. Diabatically avoided crossing model. Two diabatic potentials (thin lines) do
not intersect and have a constant diabatic coupling. Adiabatic potentials are shown in
bold. (Taken from Ref. [80] with permission.)

Introducing a new variable and the dimensionless parameters,

2u(E —U; )
z=-"1—e " and ¢ = % (1=1,2) (5.167)

with
Uy=U+C and U;=U-C, (5168)

it turns out that this model is one of those which can be solved exactly in
terms of the Meijer’s G-functions [79],
{a}>, (5.169)

o (-] oy

where a and b are sets of certain parameters. The four independent solu-
tions in the present problem are given analytically by

. 1[G 2 (b)) — (—1)" G (e 2|{b'})
V2 \ G (™72 (b)) + (—1) G (2T (b))
forr=-1,...,2, (5.170)

where
{b} = {bl’ b?a b37 b4}7

. _ (5.171)
bio=Fiq/2, bza=1/2F10q/2, {V'} = {b}gcq-
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The total wave function can be expanded as
(%) = Y v, (5.172)
b2 r=-1,0,1,2

Taking into account the asymptotic behaviour of the Meijer’s GG functions
at © — —oo (z = 00),

Gl </
GHi(el) ~ 0/,
)

G31(e*™z]-) ~ e [\ /p, (5.173)
Goi(e'™2]-) ~ e/ /p,
p=4zt/4,
and the boundary conditions, we have
Y1\ _
o) = aVl_1 4+ 8y forz <0 (5.174)
2
and
Y1\ _
o) = Y_1 + 6Ty + ¥y for x> 0. (5.175)
2

Here |a|?(|y|?) represents the transmission (reflection) coefficient. After
some manipulations (see [80]) we can obtain the following expressions for
« and v:

o = —isin(¢; + ¢o)e'(®27) (5.176)
and
v = —cos(p + ¢o)e'(P27%2) (5.177)
where ¢ and ¢, are defined by the following expressions:
¢1 = arg[GUV ()G () + GV )GV ()] (5.178)
and
¢y = arg[GTY ()G, (0) + GV, ()G, (b)), (5.179)
where

G (b) = GA (™ 2 |b) (5.180)
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and
(r) — d 40 ¢ 2mir

with zy = z (z = 0). Unfortunately, the quantities G(")(b) and Gf’")(b) can-
not be further simplified, because no analytical expressions are available
for G-functions at finite arguments. The semiclassical analysis of this dia-
batically avoided crossing problem can, however, be carried out with use of
the nonadiabatic transition matrix given by Eq. (3.40) and the adiabatic
propagation matrices, when the two transition points, i.e. the real parts
of the complex crossing points, are well separated from x = 0. The com-
plete reflection and complete transmission phenomena in this model will be
discussed in Chapter 11 by presenting numerical examples.

5.4. Exponential Potential Model: Unification
of the Landau—Zener and Rosen—Zener Models

As was discussed in Section 3.3, the exponential potential model presents
an interesting generalization of the Landau-Zener and the Rosen—Zener
models and thus is worthwhile to investigate more thoroughly. Actually the
model has attracted much attention recently. Osherov and Nakamura have
solved certain special cases quantum mechanically exactly in terms of the
Meijer’s G-functions [81,82]. The semiclassical solutions for more general
cases have also been obtained [79-82].

5.4.1. Model 1 — exact solution

The first example of quantum mechanically exactly solvable ones is as fol-
lows: The diabatic model potentials are given by

Vii(z) = Uy — Vie ™",
‘/22(I) = U2 — Vge_(m, (5.182)
‘/12(3?) = V21 (x) = Ve_o‘m,

where

ViVy =V?2 (5.183)
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and U; > Us; is assumed without losing generality. With use of the new
variable,

2m
h2a?

(Vi + Va)e e, (5.184)

z=—

we can transform the original coupled Schrédinger equations into the fol-
lowing fourth-order single differential equation:

[ﬁ(zd_b> mH (s —ans1)

() =0, (5.185)

n=1
where
b1 =iqa, by = —iqa, bz3=141iq, by=1—1iq, (5.186)
a1 =1+1iy, ay=1—7iv, (5.187)
g = “,f‘m (G=1,2,3), (5.188)
and

[Vig? + Vag
=y —2= =72 5.189
i+ Vs ( )

with Us = % This equation can be solved exactly in terms of the
Meijer’s G functions [79].

Let us first consider the attractive potential case, V; (j = 1,2) > 0. We
can obtain compact analytical expressions for the nonadiabatic transition
matrix Iy (see Eq. (3.52)). When E > Uy, there are four open channels
and the [x-matrix becomes a 4 x 4 matrix. For the definition of the channel
numbers, see Fig. 5.13.

Here we give the final expressions only for the nonadiabatic transition

probabilities p;; (= 0i;]?),

sinh(7 (g3 — 1)) sinh(7 (g2 + q1)) o—4ma (5.190)
) 7 :

P = (
sinh(7 (g3 + q1)) sinh(7 (g2 — q1))
(

sinh(m (g3 — q1)) sinh(27gs) sinh(27qy ) sinh(7 (g2 — ¢3))
sinh?(7 (g2 — 1)) sinh(7(gs + g2)) sinh (7 (g3 + q1))
X e~ 2ma2 2T (5.191)

P12 =
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Fig. 5.13. (a) Schematic diabatic (- - -) and adiabatic (——) crossing potentials in the

attractive case. The potential energies and the coordinate are scaled as v; = 2mV;/(h2a?)

and z = az, u1 =0, up = —5.0, and v; = 3.0 and (b) The same as Fig. 5.13(a) except
for the non-crossing case (u1 = 0, ug = —5.0, and v1 = 2.0). (Taken from Ref. [81] with

permission.)
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B 2sinh(7r(q3 —q1)) sinh(7 (g2 + ¢1)) sinh(27qy)

—2mq2—2mqy
= - - e , (5.192
P13 sinh(m (g3 + ¢q1)) sinh(7 (g2 — ¢1)) ( )

_ sinh(7(27qs)) sinh(7(g2 + ¢1)) sinh(27¢y ) sinh(7 (g2 — g3))
Sinhz(ﬂ((h + ¢3)) sinh(7 (g3 + ¢2)) sinh(7(g2 — 1))

~ 6—271'(]3—271'(117 (5193)
. . 2
Das = (S?nh(ﬂ-(Q2 - Q3)) S%nh(ﬂ-(qQ + Q1))> 6_27”12, (5194)
sinh(7 (g2 + ¢3)) sinh(7 (g2 — q1))
Do = 2sinh(27rq2) sinh(7 (g2 + ¢1)) sinh(7 (g2 — g3))
sinh(7(g2 + ¢3)) sinh(7 (g2 — q1))
% 627”13_27“12_27“11, (5.195)
Dot = sinh(2mgs) sinh(27gs) sinh(7w (g2 + ¢1)) sinh(7 (g3 — ¢1))
sinh?(7 (g2 + ¢3)) sinh(7 (g3 + q1)) sinh(7 (g2 — q1))
% 6271113727“127 (5196)
P33 = 64‘“’(113*%*41)7 (5.197)

. . S}
p44 - Sln}?(ﬂ-(qg — ql)) Slnh(ﬂ-(Q3 — Q2))62 " €4ﬂq37 (5198)
sinh(7(gs + q1)) sinh(7 (g3 + ¢2))

D = 2sinh(27rq3) sinh(7(gs — q1)) sinh(7(g2 — g3))
’ sinh(7(g2 + ¢3)) sinh(7(q1 + g3))

> e27rq3—27rtI1—27TQ2. (5199)

Semiclassically, p13 (=~ p24) represents the nonadiabatic transition probabil-
ity p for one passage of the transition region; and pi4 (=~ p23) corresponds
to 1 — p. It can be easily shown that the following simple expression holds
except near the threshold region:

sinh(m(gs — q1)) B0 Vi

_ ,—7(q2—q3)
=e —_— — .
P sinh(7(g2 — q1)) Vi+VWs

(5.200)

When U; > E > Us, the channel 1 is closed and ¢; should be replaced
by i¢; in the above expressions. Naturally, I1; = I;; = 0(j =1 —4). When
Us > E > U,, the channel 4 is also closed, and thus ;4 = I4; = 0(j = 1—4).
Accordingly, g3 should be further replaced by igs. When energy is further
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lower than Us, only channel 3 is open and ¢;(j = 1 — 3) should be replaced

The repulsive case in which V; and V5, are negative can also be solved
by the G-functions: In the three channel case (E > U;), we obtain the
following expressions:

_ [sinh(7(g2 + q1)) sinh(7 (g3 — q1)) ?
= sinh(m (g2 — q1)) sinh(m(g3 + q1)) (5200
p1g = S0(T(gs — @1)) sinh(2mgy) sinh(2mqy) sinh(r(ga — g3)) (5.202)
sinh? (m(g2 — g1)) sinh(7 (g3 + g2)) sinh(7 (g3 + q1)) 7
- sinh(27q ) sinh(27gs) sinh(7 (g2 + q1)) sinh(7 (g2 — ¢3)) (5.203)
sinh2(7r(q3 + 1)) sinh(7 (g2 + ¢3)) sinh(m (g2 — q1))
_ (sinh(7(g2 + q1)) sinh(7 (g2 — ¢3)) ?

P2z = (sinh(?r((b + q3)) sinh(m (g2 — lh))) ’ (5204
Doy = sinh(2mgs) sinh(2mgs) sinh(mw (g2 + ¢1)) sinh(7 (g3 — ¢1)) (5.205)
sinh?(m(qa + g3)) sinh(7 (g3 + q1)) sinh(7 (g2 — @1))

_ ((sinh(m(g3 — q1)) sinh(7 (g2 — ¢3)) ?
P33 = (sinh(?r((h + ¢3)) sinh(m (g2 + %))) ' (5200

Semiclassically, p13 represents, as before, the nonadiabatic transition prob-
ability for one passage of the transition region, and is nicely given by the
following formula except at the threshold:

sinh(m(g2 — 43)) Eooe V2
sinh(7(g2 — q1)) i+ Vo

p = e mas—a) (5.207)

Other probabilities can be nicely interpreted as follows:

p23 =1—p, ( )
pi = (1-p)*, (5.209)
piz = (1—p)p, (5.210)
P22 = p°, (5.211)

(5.212)

p33 = 0.
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Fig. 5.14. (a) Nonadiabatic transition probability p1;(j = 1 — 4) for the transition
from channel 1 to channel j in the case of Fig. 5.13(a). (b) The same as Fig. 5.14(a)
for p1; (j = 3,4) together with the corresponding approximations. (Taken from Ref. [81]
with permission.)

The expressions in the two-channel (U; > E > Us) and single-channel
(Us > E > Us) cases can be obtained in the same way as before. Some
numerical examples are shown in Figs. 5.14(a) and 5.14(b). Figure 5.14(a)
shows the exact results of pi;(j=1 — 4) for the attarctive case with
€1=0,e2= — 5.0, and e3 = — 3.0, where ¢; are dimensionless parameters
defined as €; = (2m/h?a?)U; and the abscissa is the dimensionless enegy
defined by €= (2m/h%a?)E. The interesting quantum mechanical thresh-
old effects can be seen at € ~ 0. The complete reflection effect dies out very
quickly, however. At energies off the threshold region, only p13 and p14 sur-
vive. Figure 5.14(b) demonstrates the accuracy of the simple semiclassical
expressions given by Eq. (5.200). Except at the narrow threshold region,
they agree with the exact ones perfectly.
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Fig. 5.14. (Continued)

5.4.2. Model 2 — exact solution

Osherov and Nakamura solved also a two-state problem quantum mechan-
ically exactly for the following potential matrix [82]:

. U Ve oz
V)= , (5.213)
Ve ot U'2 + ‘/'26—2a1'

where U; > Us and V5 > 0. It should be noted that the exponent of the
second diabatic potential is two times of that of the diabatic coupling. The
potentials are shown in Fig. 5.15. The lower adiabatic potential tends to a
constant Us in the limit x — —oo, which is called channel 3. This problem
can be solved again in terms of the Meijer’s G-functions.

Only the final expressions of transition probabilities are given here.

[ cosh(m(q1 + q2)/2) sinh(7 (g3 — q1)/2) 2
P11 = (sinh(w(ql + ¢3)/2) cosh(m(ga — ql)/Q)) J (5.214)
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Fig. 5.15. Diabatic (dash line) and adiabatic (solid line) potentials. The energies and
coordinate are scaled as u = 2mU/(h%a?) and z = az. The dimensionless energy param-
eters are uj = 0.0, uz = —2.0, and v = v/3. (Taken from Ref. [82] with permission.)

P = sinh(mq; ) sinh(mgz) sinh(7 (g3 — q1)/2) cosh(m(q2 — q3)/2) (5.215)
cosh®(m (g2 — q1)/2) cosh(m (g2 + gs)/2) sinh (7 (g1 — ¢3)/2)’

1y = Smh(ra)) sinh(rgs) fOS};(W(qz —3)/2) coshimlar +62)/2) 5 016
cosh(m(ga + g3)/2) sinh” (7 (g1 + ¢3)/2) cosh(r (g2 — q1)/2)

_ (cosh(r(q1 + g2)/2) cosh(m (g2 — g5)/2) \*
P22 = (Cosh('/r(q2 + q3)/2) cosh(m(g2 — q1)/2)> ) (5.217)
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sinh(7mgz) sinh(7gs) sinh(m (g3 — ¢1)/2) cosh(m(q1 + ¢2)/2)

e cosh®(m (g2 + g3)/2) sinh(m (g1 + g3)/2) cosh(m (g2 — q1)/2)’ (5.218)
_ (sinh(7 (g3 — q1)/2) cosh(m (g2 — q3)/2) 2
P33z = (sinh(w((h + q3)/2) cosh(m (g2 + %)/2)) ) (5.219)
where
4= W (j=1-3). (5.220)

In the special case of V5 = 0, we have the Rosen—Zener case and

s Vas0o —r(aitaz) sinh(mq) cosh(m(q1 + g2)/2)
cosh(m(q2 — q1)/2)

which coincides with the exact solution obtained by Osherov and Voronin
[78]. It can be easily seen that

(5.221)

Eq. (5.221) = [1 + e™(@=90)]71(] — ¢7272)(] 4 ¢~ "1 F42))
= pro(1l — e 272)(1 4 e "B Fa2)) (5.222)

where pryz is the Rosen—Zener probability and the residual two factors rep-
resent the quantum mechanical threshold effect. In the same way as before,
we can obtain the accurate semiclassical expressions as follows:

1y o enlaias)/20S0(T(2 — 43)/2)
cosh(m(q2 — q1)/2)’

pii~(1-p)? p~(1-pp, (5.223)
P22 ~p°, pa~1-p, ps3~0.
It is interesting to note that cosh-function appears instead of sinh in

Eq. (5.221).

5.4.3. Model 3 — semuiclassical solution

The generalization of the potential matrix given by Eq. (5.182) without
the restriction of Eq. (5.183) can be made in the semiclassical approxima-
tion [83,84]. For simplicity we consider first the attractive potential case,
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i.e. V1 > V5 >0 and V > 0. Thus the two potentials are open at x — —oo.

First we introduce the following dimensionless quantities:

[E,Uy,U2, V, V1, Vo] < %[E,Ul,UQ,V, 1, Vo]
T <= .
Then the coupled differential equations are given by
Y (z) + (U1 = Vie™ = E)i(x) + Ve "a(x) = 0,
—pi(z) + (Uy — Vae™ — E)pa(z) + Ve “1h1(z) = 0.

Further introducing the new variable and parameters,

P =AVe 2,

VE=A4E-U), p*=4FE-U,),

and

=

/8]:‘ )

=

and using the transformations,

¥;(p) = / pFj(p)Zo(pp)dp [Bessel transformation]
c

and
f1(p)
F = ,
1(p) p/2(p? — a1)(p? — az)

we obtain

d>  1+4p?  pt —dep® + A

7.9 + a 2(2 2 fl (p) = 07

dp 4 p*(p? —a1)(p? —az)
where

(Br+ B2) /4 + (Bip® + Por?)
1+ 4p?

)

(B1B2 —1)(1 4 40?)
1+ 4p2

A:

)

(5.224)

(5.225)

(5.226)

(5.227)

(5.228)

(5.229)

(5.230)

(5.231)

(5.232)

(5.233)



5.4. Exponential Potential Model 101

_ 2 1/2
aro = %(51 + 52) F {(ﬁlfr“) + 1} , (5.234)

2

d d
Pt z— + 22+ 07| Z,(2) = 0. 2
z dz2+zdz—|—z —‘rl/:l (2)=0 (5.235)

The function Fy(p) is simply obtained from Fj(p) by
Fy(p) = sgn(V) (61 — p*) F1(p)- (5.236)

The integral contour C' should be chosen so that the following conditions
are satisfied:

dZ;,
F; "= =1,3
.7( ) dp c 0 (n’ 9 )7
d n
P c

Fiy(p)p"Zivlc =0 (n=0,2).

Under the conditions of 2,12 > 1, we can simplify Eq. (5.231) as

2
[(ZDQ + Po(p)] fi(p) =0, (5.238)

where

_ 2 (P2 - 01)(192 —c2)
Po(p) = p 27— an) (7 —a2) (5.239)
with
1 2/ 2 2/ 2\2 v? 1z

C1,2:§(ﬂ1 + Bov? /) F | (81 — Barv® /1) /4+E . (5.240)

Now, we apply the WKB approximation to Eq. (5.231) and use Hl(f) (pp),
the second kind of Hankel function, for Z,(pp). Then we have

Fi(p) ~ expli [* v/ Podp]

~ (5.241)
PY2(p? — a1)(p? — az) Py
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and

¥1(p) / It d (5.242)
1(p) ~ D, 5.242
c (2 — ar)(p? — as) (p2p? + v2)V/AR !

where

swo = [ VRG- [ VTEAEE G2

The integral contour C' is taken as shown in Fig. 5.16 in the attractive case.
In order to evaluate Eq. (5.242) we use the saddle-point method. The
details of the derivation are not provided here, but the final expressions of
the asymptotic behavior of the wave functions are given as
—iv

1[11 (SC) lj;) A1 p

NoR (5.244)

L3

‘/_C] \/_31 A./Ez \/_a2 Re p

Fig. 5.16. The integral contour C to define the wave function ¢1. (Taken from Ref. [83]
with permission.)
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—i\/azp
Yi(a) "7 B S — Yz (5.245)
al/*p1/2
o) =3 AQPW, (5.246)
where
_ L’ —ido _N\i6—1_—m6y I'(1-9)
Aq ﬁe (ag —a1)” e T =0, T(1 —dy)’ (5.247)
. -1 102 —762/2
e ) iv/2 (a) e
B =1L a ay £ 5.248
! \/ﬁ(ﬁm) > \p) TO-d) (5.248)
Ay = %e_’"sﬁmsﬂ sinh(mdq )T (i0)e~t¢oFidn(4r) (5.249)
v
¢o =v —vin(2v). (5.250)
The parameters d1,d2 and § are given by
51 = %(1 + cos(2go)), (5.251)
5y = %(1 — c0s(290)), (5.252)
5:61+52:“;”, (5.253)
cos(2go) = (B — 52)/2 (5.254)

VI+ (B — )% /4

The nonadiabatic transition probability p for one passage of the transition
region is finally obtained as

2 .
_ _ns,Sinh(7dy)
= ey (525

$2(c0) _ Y1(o0)
$1(—00) P1(—00)/ cos(2go)

The parameters 1, d2 and ¢ given by Egs. (5.251)—(5.253) are actually
defined more generally by the following contour integrals:

/\/ Ddp (=1,2) (5.256)

P =

] 2m
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4 Imp

Fig. 5.17. The integral contours L1 and Lo to define §; and d2. (Taken from Ref. [83]
with permission.)

and
1
6=01+0d = 5(/1, - V), (5257)

where the contours L; are defined in Fig. 5.17. The expressions given
in Eq. (5.251)-(5.253) are actually the high energy approximation
(v2/p? — 1) to the above general definition.

Equation (5.255) has the similar form as that obtained before in the
Nikitin’s model (see Eq. (3.53)) and in the special exponential model (see
Eq. (5.207)). The present formula gives a generalization, and the parameter
correspondence is as follows:

01 <> £ — &, [Nikitin model] <» g3 — q1  [special case] (5.258)
dy <+ &, [Nikitin model] <+ g» — g3 [special case], '
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Our next task is to derive expressions for the dynamical phases ¢ and
1, which are defined as the phases of the nonadiabatic transition matrix
elements in the adiabatic representation as (cf. Eq. (3.52)),

; VI=pe®  — /e

X = , -
\/f)ew VI —pe i

This matrix represents the nonadiabatic transition amplitude for one pas-

sage of the transition region. In order to obtain these phases we utilize the

exact solutions in the special case (V1Va2 = V?2) [81]. Using the semiclassi-
cal expressions of phases along the adiabatic potentials and the exact total

(5.259)

phases in the special case, we can finally obtain the following formulas for

¢ and :

¢ =7(d2) —~(9), (5.260)
and
_ 5, V-5
v =7(81)—v() —2 [/ + ) In G vn (5.261)
where
Y(X)=XIn(X) — X —arg'(iX). (5.262)

The parameters d; and d2 here are those obtained from Egs. (5.251)—(5.253)
under the condition ViV, = V2, and thus the above formulas for the
dynamical phases can be generalized with use of the general definition of
Eq. (5.256). The functionality of Eqgs. (5.260) and (5.261) is the same as
that of Nikitin’s formulas (cf. Egs. (3.54) and (3.55)), but the present the-
ory is naturally more general than the latter because of the generalization
of the parameters. If we take a limit § — oo or d2 — 0, then we can obtain
the Landau—Zener formula. In the limit J; = J2, on the other hand, we can
cover the Rosen—Zener theory (see Eq. (3.39)).
The parameters §; and d2 can be actually further generalized as

5y = %Im (/; ki (2)dz — /j kg(ff)d;t) (5.263)

52: 111’11(
s

/ Y () — kg(:b)]d:b), (5.264)
Re(xy)
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where x;(j = 1,2) are the complex turning points and z, is the complex
crossing point. Then the final expressions of p and the dynamical phases
obtained above are free from the parameters of the original exponential
potential models.

In the repulsive potential case, the above formulas for §; and > cannot
be used, because the turning points become real and can be moved to the
reference point Re(z,) without affecting the imaginary part. This would
imply d; = d2, which is not correct. Even in the attractive case, the above
expression of §; is not convenient, because analytical property around the
complex turning point is required despite the fact that the nonadiabatic
transition occurs locally around the crossing region. These defects can be
removed by considering the following symmetry of the problem [84]. For a
given set of repulsive potentials with V; » < 0, we define the corresponding
attractive potentials by changing the constants V; and V5 to —V; and — V5.
This change of sign is formally equivalent to

Vii(z) = Vii(oo) — [Vii(x) — Vii(00)], (5.265)

namely the potentilas are inverted around the respective asymptotic enery
levels. Then we have

(51 llm {
™

1Im{/ kéa)(m)dxf/ k%a)(x)dx}, (5.267)

n 2 Z1

/ T O @) - kg‘”(:c)]dx}, (5.266)

Re(zy)

02

where kéa) (z)(j = 1,2) denotes the local adiabatic momenta obtained from
the attractive potentials defined above. Equation (5.267) is not useful for
practical applications, since this contains the complex turning points and
requires the global analytical structure of the potential matrix elements.
Actually, we can choose the two generalized parameters expressed in terms
of contour integrals, d; given in Eq. (5.266) and d2 expressed as

62 = 1Im{
s

where k](-r) (x)(j = 1,2) are the local adiabatic momenta of the original

/ D @) — kD (x)}dx}, (5.268)

Re(zx)

jth repulsive adiabatic potentials, and x, is the corresponding complex
crossing point. Similarly, in the case of attractive potentials, we can use
Eq. (5.264) for 65 and Eq. (5.268) for d; instead of Eq. (5.263). In this case
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k§r)(x)(j =1,2) in Eq. (5.268) are the local momenta corresponding to the
repulsive potentials obtained from the original attractive ones according to
the transformation given in Eq. (5.265). Some numerical examples in com-
parison with the exact numerical solutions of coupled differential equations
are given in Figs. 5.18 and 5.19.

1.0
0.8

0.6

Probability

0.4

0.2

0.0
0 200 400 600 800 1000

02
3
E 0.0
[=™
‘E’“ -02
£ .04
«
<
v los
-0.8 !
0 200 400 600 800 1000
Energy
(c)

Fig. 5.18. Accuracy of the reduced semiclassical S®-matrix in the case of model poten-
tial with V3 = =30, Vo = —40, V = 20, U; = 0 and Uz = —15 (an example of large
asymptotic energy separation). (a) P = |SR,(E)2, (b) ® = arg{SE (E)/SRK(E)}/m,
(c) ¥ = arg{SR (E)SR (E)}/m. (Taken from Ref. [84] with permission.)
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Scattering Phase
[l
=)
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%
S

0 200 400 600 800 1000
Energy

(e)

Fig. 5.18. (Continued)

Starting with the model given by Eq. (5.182) and employing the com-
plex phase-integral method explained in sec. 5.2, we can take a bit differ-
ent procedure to derive semiclassical expressions of the reduced scattering
matrix for a general case covering crossing and non-crossing two-state prob-
lems [85,86]. First we note the following relation:

d(zo) = 1+ Va/ V4, (5.269)

where V7 and V, are the parameters in Eq.(5.182) | z¢ is the real part of
the complex crossing point, and d(z) is defined as

4V122(l")
[Vir(z) — Vaz(2)]*

Here 0(z) is the well known rotation angle of the diabatic-to-adiabatic trans-
formation. This parameter d covers both crossing and non-crossing cases:
the Landau—Zener (Rosen—Zener) model corresponds to d = oo (d = 2).
Further noting Equations (5.258) and (5.268 ), and using the phase-integral
method in the high energy approximation in which the turning points can

d(z) =1+ tan®[20(z)] = 1 + (5.270)
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Fig. 5.19. The same as Fig. 5.18 for the potential with V; = —0.1, Vo = —0.1002,
V =0.005, U; = 0 and Uz = —0.1. (An example of almost parallel potentials with small
asymptotic energy separation). (Taken from Ref. [84] with permission.)

Scattering Phase
(=3
o

be assumed to be well separated from the complex crossing point, we can
derive the following expressions for the nonadiabatic transition probability
p and the phase 1:

_ smh[(d — 1)52]\/}

sinh(d§ZN) exp(fézN), (5271)
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Fig. 5.19. (Continued)
and
. é X
v =ozn +argD [z(d - 1)ZN] —argD (ZZN>
T T

—(d- 1)‘SZTN In(d—1) — (d — 2)5ZTN (m (‘SZWN> - 1>. (5.272)

The Stokes constant U; and the reduced scattering matrix SF(® have the
same expressions as before given by Egs. (5.94) and (5.82). These expres-
sions are for the classically allowed case.

For the classically forbidden case we can derive the following expressions
for the Stokes constant U;. The reduced scattering matrix is the same as
above.

U1 = UQ exp(—iaZN) (5273)

with

Uy = F[(i(;if/zg/ﬂ V=T exp [5ZN —(d- 1)02?1\[ In(d — 1)

(- 2)UZTN (m("ZTN) - 1)} . (5.274)
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It should be noted that the terminology “nonadiabatic tunneling” used
in Ref. [85,86] means the classically forbidden case, not the nonadiabatic
tunneling type.

5.5. Mathematical Implications

The mathematical method used in Section 5.1 to derive the exact expres-
sions of the Stokes constants for the differential equation Eq. (5.19) with
the quartic polynomial coefficient function ¢(z) can also be applied to the
same differential equation with the following three kinds of coefficient func-
tions [64]:

3
(i) q(z) = Zajzj with ag =0, (5.275)
§=0
N-2 4
(ii) q(2) = agny 122N+ Z a;z’, (5.276)
Jj=—00
N-1 4
(iil) q(2) = agn 2N + Z a;z’, (5.277)
j=—00

where z is a complex variable, a; are complex coeflicients and N is an
arbitrary positive integer. According to Hinton [69], the following transfor-
mation is introduced:

p(z) = 27 M/ () (5:278)
and
(= oo, 20

where M is the highest positive order of ¢(z), i.e. ¢(z) — aprz™ at |z| — .
Then the differential equation for u(¢) is

d2
dT?u(C) +Q(¢Qu(¢) =0, (5.280)
where

1 qz)—apuzM B (M + 2)? —427(M+2)
4 daprzM 64ans ’

(5.281)
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There are M + 2 Stokes lines in the complex z-plane in the asymptotic
region and all of these coincide with the z-axis in the complex (-plane. The
Stokes constants U;(j = 1, M +2) in the z-plane and those T (j = 1, M +2)
in the (-plane are connected in simple relations, and the exact expressions
for T; can be obtained by generalizing the coupled wave integral equa-
tions method devised by Hinton [69] (see Ref. [64]). This means that new
special functions, in principle, could be constructed, corresponding to the
differential equations which have the four kinds of coefficient functions (the
above three cases and the quartic polynomial case discussed in Section 5.1),
although the expressions of the Stokes constants have rather complicated
forms of series expansions. Below, skipping the mathematical derivations,
only the final expressions of Stokes constants are given for the above three
cases.

5.5.1. Case (i)

The distribution of the Stokes lines is shown in Fig. 5.20. The relations
between U; and Tj are simply

Uy =Ty, (j=1-5), (5.282)

and Tj are related with each other by

Ti41(Qo, Q2) = Ti(w'Qo,w’Q2) fori=1—4, (5.283)
where
1
QO =-7+ 48/05 + ch/d + % (5.284)
and
w=e "3, (5.285)

The Stokes constant 77 is given by

Z Z 10@0 —~ niQ‘:”i 5)/5) exp(i’ﬂ'(n —S5— 5)/5)7

5s=0n=0 ( (
(5.286)
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where

= Y B,

n+m=s
W =
Fnts5 = Z 6 Wéqv
qg+s=n

w _ 5 @ (1)
ﬂn—&—l__m Z B])+1aq+1a

ptg=n
n—1
B =Y B kTk(di,ds),
K=0

lz_

U Positive
2 7 direction

Negative
direction

&

g : 8 \
4 Positive

direction

10,11

(b)
Fig. 5.20. Stokes (- - -) and anti-Stokes (
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(5.287)

(5.288)

(5.289)

(5.290)

) lines in the asymptotic region. ~r~rv:

branch cut, and arg {( = 3arg(z + 7/2). (Taken from Ref. [64] with permission.)
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n—1
Bg):() == Z Bn—KTK(_d17 _dQ)a

K=0
K
B (10d, )3~ K (10dy /3)K—n
Torc(dy o) = ), OB —K) Bn— K)I(K —n)!
n=[K/2]
K
Tog+1(dy,d2) = Z OBn+1-K)
n=[(K—1)/3]

(10d1)3n+1—K(10d2/3)K—n

Bn+1— K)I(K —n)

di = —Q2, dy = —Q5,
Bn = Up + On,
Vap = 07

2n
Zng (Umv2n+27m + P2n+1

Vant1 = (2n+5)/5 — 2u1

0j(j=1-4,2n) =0,
o5 = 4Qo /5,
o7 = 6Q2/5,

o9 = 2Q00s + 8Q5 /5,

o11 = 2Qo07 + 2Q203,

Oon+1 = 2Q002n—3 + 2Q202,—5 + 2Q¢02, 7,

P1:2Q0Q2+0217 P]:O (3223476)7 P3:Q%+2Q87

Ps =2Q:Q%, Pr=Qg.

(5.291)

(5.292)

(5.293)

(5.294)
(5.295)

(5.296)

(5.297)

(5.298)
(5.299)
(5.300)
(5.301)
(5.302)

(5.303)

(5.304)
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5.5.2. Case (ii)

The Stokes lines in the asymptotic region are shown in Fig. 5.21. The rela-
tions among the Stokes constants are simply given by

Uj=T; (j=1,...,2N+1)

5.305)
Tj+1(Q1,Qa, . ..) = Tj(w?* VD Qw2 N+2Q,, . . ), (
where
w = e ™/ (2N+1) (5.306)
and
QO =-7+ 3 Qug AU, (5:307)
n=1
Positive
8 — 2r
N 4N+2
(a)
s
5 g \ Positive
1 4
ToTo s Tos To T Toy
2 3
6 7,
N2 AN e

Fig. 5.21. Stokes (- - -) and anti-Stokes ( ) lines in the asymptotic region. ~r~r:
branch cut, and arg { = (N + 1/2) arg z + /2. (Taken from Ref. [64] with permission.)
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The Stokes constant 77 is given by

eim(—(2N+145)/(2N+1))

0N (S 0
T, = 2%@20 (qzo Bygr1Pq ) T[(2N +1+s)/(2N + 1))’

where

(2)

g VAL S o,
n
n—m-+1

n s—1
o= 35 (Lm0 ) s

s=1 \q=0

T[(2N +n)/(2N + 1)) n—-s
“TI2N +s)/eN + 1)) <2N—|— 1)’

V=0, (j=1,...,2N),

1 (for X =0,1,2,...)
1(X) = :
0 (otherwise)

)

n—1
B =B, + Y B Tu(di,da,....dy),
s=1
n—1
BP =B, +Y B, Tu(~di,~ds,....dy),
s=1
2N +1
dy = 20,212
@ 2n—1
. O[m(2N — 1) — s

TZS(dlaan"'udN): Z
m=[s/(2N—1)]

% Z dp, - dp,,

ni+nz+---+nem=m+s

(2m)!

(5.308)

(5.309)

(5.310)

(5.311)

(5.312)

(5.313)

(5.314)

(5.315)

(5.316)
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s—1
Om2N —1) —s+ N
Tos—1(dy,da,...,dN) = Z [m( o +)1)' ]
m=[(s—N)/(2N~-1)] :
X Z dn1dn2 e dnszr“ (5317)

nitnz+--+n2mp1=m+s

B,=v, forl<n<2N+2,
B, = vy, for N+2<mn, (5.318)

Bopy1 = vopy1 +0p_n for N+1<n,

2s
2N +2s
V2s ( > + Z UmU2s+1—m — 07

2N +1
m=1
2s5+1
2N +2s+1
V2s+1 (_2N—|—1) + mZ:1 VmV2s42-m + Psyn+1 = 0,
vi — vy + Pyyq =0, (5.319)
2(N +m)
[ S for 1 <m < N,
Q ON 11 orl1 <m<
0 form=N +1,
n—N-—1

= 5.320
7 > 2Quom-n-n for N+2<m<2N 41, (5:320)

n=1

N

Z 2Qn0m_N_n  for 2N +2 < m,
n=1
and
QnN+1 for s= N +1,
s—N—1
Pe=9Qi+ Y QuQi-n-m for N+2<s<3n,  (5321)
m=1

Qs for 3N +1 < s.
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5.5.3. Case (iii)

The Stokes line distribution is shown in Fig. 5.22, and the relations among
the Stokes constants are given by

92 —2Q1
Usny1 = Ton41 {Si\/QQN] )

(5.322)
5 2Q:
Uant2 = Tony2 {32\/@1\/] ,
o - - Positive
N 4N+4
(a)
9
. JAN+4,4N45
.5 8 \Posmve
1 4
Tl Tons Tl Tone
2 3

.6 7

Fig. 5.22. Stokes (- - -) and anti-Stokes ( ) line in the asymptotic region. ~r~r:
branch cut, arg { = (N + 1) arg(z + 7/2). (Taken from Ref. [64] with permission.)
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and

Ton+1(Q1,Q2,...) = Ton (Qrw™N T, QowN+2 .. )i

Ton+2(Q1,Q2,...) = Ton11(QiwN T QawN T2 ) 2mi01,

where

(5.323)

QQ) = — + 3 Qug(NHm/OvED, (5.324)

n=1

Finally, the Stokes constant 77 is given by

_ . imy = 1 e—im[(N+n+1)/(N +1)]
Ty = —2mie Z(Z P+1ﬁ()> v+ (N+n+1)/(N+1)]

p+q=n
(5.325)
where
N+1 @ )
B = —— > Bhagl, (5.326)
p+g=n—1
=3 (5w e
s=0 \p+q=s
I'(—v+ (N +n+1)/(N+1)) <n—s> (5.327)
I'(—v(N+s+1)/(N+1)) N+1 '
V=0 (j=12...,N), (5.328)
v =2Q1, (5.329)
n—1
Bfll) =B, + Z ansTs(dh d27 R 7dN)a (5330)
s=1
n—1
By(lQ) = B, + Z Bn—sTs(_dh _d27 B _dN)a (5331)
s=1

S

1
To(dy,dy,....dy) = > —O(mN =)
m=[s/N]

X Z dnl dnz e dnm, (5332)
ni+ng+--+n,=s
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N+1

dp = —2Qn+1 — (5.333)
Un for 1 <n <N +1,
B=n= (5.334)
Up+0opn_n_1 for N+2<mn,
N +m
~ 11 forl<m<N-+1
Qm ( N + 1 ) or <m< + ,
m—N-—1
Om = Z 2Qn0'm*N—n for N +2 g m S IN + 2’ (5335)
n=1
N+1
Z ZQnUmfofru for 2N +3 S m,
n=1
v, = ZZL;lQ Um'l}n+1_m + PTL+N+1
"N+ /(N+1) - 20
vy = Pr+s
2T INT/(N+1) - 20
vf = v+ Prya =0, (5.336)
and
s—N-—1
Qs + Z QmQs—N-m for N +2<s <3N +2,
. m=1 (5.337)

Qs for 3N +3 < s.



Chapter 6

Basic Two-State Theory for
Time-Dependent Processes

Time-dependent processes naturally obey the time-dependent Schrodinger
equations, and there are two types of time dependencies. One is an approx-
imation to the time-independent quantum mechanical scattering problems:
namely, a certain time-dependence is a priori assumed for the adiabatic
parameter R(t). The most typical example is a high energy approxima-
tion of atomic collision processes in which the nuclear motion is assumed
to obey a certain a priori given classical trajectory of R(t). The other is
an intrinsically time dependent problem: namely, quantum mechanical pro-
cesses in a certain time-dependent external field. This becomes more and
more important nowadays because of the remarkable progress of laser tech-
nology. Laser intensity and frequency can now be designed as a function of
time. Namely, laser pulses with respect to the intensity and frequency can
be tailored as designed. Processes induced by the time-dependence of the
external field are nothing but the time-dependent nonadiabatic processes.
The external field can also be any other such as electric and magnetic fields,
of course. Generally speaking, the time-dependent theory is easier than
the time-independent theory, simply because the Schrédinger equation of
the former is the first order differential equation compared to the second
order of the time-independent case. Present status of the basic theories of
the two-state time-dependent nonadiabatic transition is summarized in this
chapter.

6.1. Exact Solution of Quadratic Potential Problem

The famous Landau—Zener formula, Eq. (3.4), is the exact solution of the
linear potential model in which the diabatic potentials are linear functions
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Fig. 6.1. (a) Schematic crossing quadratic potentials. (b) Schematic non-crossing
quadratic potentials. (Taken from Ref. [87] with permission.)
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of time and the diabatic coupling is constant. This was solved by Zener [2].
This cannot present an exact solution, however, for the linear potential
model in the coordinate space, as was explained in the previous chapter.
The formula works well at high energies, where the turning points are well
separated from the crossing points, i.e. transition point. However, when
the energy becomes lower and the turning points come close to the crossing
point, then the theory breaks down, because the two crossing points, one on
the way-in and the other on the way out, cannot be treated independently
(see Figs. 2.1(a) and 6.1). This corresponds to a two-closely-lying-crossing-
point problem in the time-dependent formalism. Furthermore, when the
energy is lower than the crossing point, no real crossing appears even in
the diabatic representation and the Landau—Zener formula does not work
at all. All these cases were solved, however, by Zhu and Nakamura, as is
described in the previous chapter. This suggests that we can formulate a
new time-dependent theory which can solve all these cases [87].

Let us start with the two coupled time-dependent Schrédinger equa-
tions for a quadratic potential model in which the diabatic potentials are
quadratic functions of time and the diabatic coupling is constant.

€1(t \%
nd(G0) TONT (G0, o)
dt \Ca(t) Vo o é(t)) \Ca(t)
where 1} is a constant diabatic coupling and é; (¢) and éx(t) are the quadrat-

ically time-dependent potentials given by

é(t) = ant® + p1,

. ) (6.2)
() = az(t —7)* + B
Introducing the dimensionless variables,

2V0 a7y
=— |[t+ — 6.3
=20 (e 2, (63
Ae(r) = ar? = 8, (6.4)

(011 — Ozz)h2
== 2 6.5
o= LR (65)

and

B = (ﬁz 4 e ) : (6.6)

a; — Q2

2V
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we have

(o)
0 Lo [t [ st o)
e [—z’ /T AE(T)dT] 0 e(n)/’

where ¢; = Cjexplt [ "e;dt]. Tt is clearly seen that this problem can be
described completely by the two parameters a and (. The parameter o can
be assumed to be positive without loss of generality. The positive (negative)
[ corresponds to the crossing (non-crossing) case. The negative case is called
“diabatically avoided crossing.”

Now we try to obtain the properties and exact solutions of the transition
matrix of this problem. First we introduce the evolution operator F(z, zp)

(o) = e (). o)

where z is a complex variable, the real part of which is 7. It can be shown

(6.7)

which satisfies

from Eq. (6.7) that F\(z, zo) satisfies the following properties:

det F(z,29) =1 (6.9)

F(z,zo):<? ;)F*(z,zo)(_(l) ;) (6.10)

The transition matrix T® is defined by

(Cl(oo)> — TR <C1(—OO)) , (6.11)
c2(00) c2(—00)
and satisfies TR = F(0o, —00). The overall transition probability Po is

equal to |T5|2. The transition amplitude 7% naturally satisfies the unitarity
and the following properties:

TR = (T8)* and TR =T = pure imaginary . (6.12)
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In order to derive analytical expression of TR we first transform Eq. (6.7)
into the following single second order differential equation:

dij(; e (6.13)
where
w(r) = e1(r) exp [—; /T Ae(T)dT] (6.14)
and
1(7) = SAe(r) + 2acrP + 2 = L a4 dart g2 (619)

It is interesting to note that Eq. (6.13) has exactly the same form as
Eq. (5.7) with the correspondence:

a> <= a and V<= 3. (6.16)

This indicates that the present time-dependent quadratic potential model
can be solved in the same way as that of the Landau—Zener type time-
independent linear potential model and that the transition matrix 7% cor-
responds to the reduced scattering matrix ST in the time-independent
problem. Furthermore, 3 > 0(8 < 0) corresponds to b*> > 0(b*> < 0).
This is exactly what was explained above. It is interesting to note that the
NT (nonadiabatic tunneling) case does not appear in the time-dependent
problem. In the NT-case the wave bifurcates into tunneling and reflection
portions and the process cannot be described by a single time dependence.

The derivation of TR required in the present discussion is the same as
that of the LZ-case described in Section 5.1.1. Finally the transition matrix

TR is given by
14+ U,U -U.
TR = ( a : ) (6.17)
—Us 1—-UjUs

with

2iImU1

Up=+—r,
2T I UL

(6.18)

where Uy and Us are the corresponding Stokes constants which can be given
by the expressions in Section 5.1.1 with the appropriate replacements of
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parameters corresponding to Eq. (6.16). The nonadiabatic transition prob-
ability Pio is as usual given by

1

Prz = 4p(1 — p)sin®(arg Uy) with p = [EaAR

(6.19)

The exact expression of the Stokes constant U; is given before (Egs. (5.30)
and (5.34)).

6.2. Semiclassical Solution in General Case

The above discussion together with the contents of Section 5.2 suggests us
that we can derive compact and accurate semiclassical formulas for the two-
state quadratic potential model and also for such a more general case that
has the same analytical structure as that of the quadratic potential model.
The transition matrix 7" which is equivalent to the scattering matrix in the
time-independent scheme can also be expressed as a product of propagation
matrices and nonadiabatic transition matrices as in Eq. (3.20).

6.2.1. Two-crossing case: 3 > 0 (see Fig. 6.1(a))

This corresponds to the case of £ > Ex in the time-independent Landau—
Zener type. The overall transition matrix from A to B is given by

T = Ppx,Ix,Px,x,Ix, Px, 4, (6.20)

where the nonadiabatic transition matrix /x and the adiabatic propagation
matrix Ppa are given by

/T = ei¢s _ eiUo
Iy = P P R (6.21)
/e me—ws
i [P
exp {25/ AE(t)dt] 0
Ppy = ta .t (6.22)
0 exp [%/tA AE(t)dt]

Here AE(t) > 0 is the adiabatic energy difference, Fa(t) — E1(¢), and the
matrix indixes 1 and 2 correspond to the state suffix. The other parame-
ters (p and ¢g) are the same as before given in Section 5.2.1.1. The basic
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parameters a?> and b? are replaced by o and 3 according to the corre-
spondence given by Eq. (6.16). When the two avoided crossings are well
separated, these parameters can be estimated at each avoided crossing by

e 029

and
B=- d21(§§j§> (6.24)

with
Vo= 5 (Blto) ~ Bi(10)) (6.25)

and
2 1)~ BB — By (1) 020

[E2(to) — E1(to)]? ’

where ¢ is the real position at which FE5(t) — E1(t) becomes minimum,
and tp(t;) is the bottom (top) of the potential E2(t)(E1(t)). When the two
avoided crossings are not well separated, it is better to fit the curve of
AE(t) by a quartic polynomial and then the two parameters are given by
the following expressions:

12\/(AEy — AE)(AEy + AB,,)

‘- (AE,)32, ’ (627
_ V(AEym — AE,)(AEy + AE,,)
8= AL (6.28)
with
1
AE,, = 5[AE(tg,;H) +AE))], (6.29)
AEy = AE(ty), (6.30)
and
1 _
tm = 5t +157), (6.31)

2
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where i) are the positions at which AE(t) = Es(t) — E1(t) becomes

minimum, and t,; is the position at which AE becomes maximum. The
quantities o9 and § in the time-independent formulation defined by the
integral of k1(R) — ka2 R) from Ry to R. (see Egs. (3.26), (5.99)—(5.101))
are replaced by

t

N % AE(t)dt, (6.32)
to

where ¢, represents the complex adiabatic crossing point corresponding to
the minimum position ¢ty which is either tgff ) or t(_) in the case of the
above quartic polynomial. When AFE is symmetric, then t,(qf ) give the same
results. When the two crossings are far apart from each other, then they are
treated separately as mentioned above. With og and ¢ given by Eq. (6.32),
and with the expression of the Stokes constant U; given before, we can
obtain an accurate formula for the transition matrix. However, as in the
time-independent case, we can use the quadratic potential model and avoid
the complex calculus in Eq. (6.32) to obtain compact explicit expressions
for o9 and §. The best usage of the quadratic potential approximation
is equivalent to the best usage of the linear potential approximation in
the time-independent framework; and thus op and ¢ are finally given by
Egs. (5.100)—(5.104), where a?, b%, and d? should naturally be replaced by
a, 3, and d? given above.

Now, the reason why AFE(t)/2 appears in the propagation matrix may
be understood as follows. First of all, it should be noted that the time-
dependent coupled equations always depend only on the energy difference
(see Eq. (6.7)). If we transform the original coupled equations in the diabatic
representation, Eq. (6.1), into the adiabatic representation, then we have

ind (dﬂt)) _ E1<_t> 0 (dl(ﬂ)’ (6.33)
dt \dz(t) -6 By(t)) \d2(?)
where d;(t) (j = 1,2) and E;(¢t) (j = 1,2) are the coeflicients and the adi-
abatic energies, respectively, and 6 represents the nonadiabatic coupling
which is a time-derivative of the transformation angle 6 given by (see
Egs.(3.12) and (3.13))

o — ltan1< 2Vo ) . (6.34)

2 € — €1

Since the nonadiabatic coupling is very much localized at the avoided cross-
ing tx, at t < txy — 0 the matrix in the right hand side of Eq. (6.33) is
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diagonal and the solution is simply given by the adiabatic propagation,

d;(t) = d; (t = 0) exp [—; /0 t Ej(t)dt] . (6.35)

This is true also for ¢ > tx + 0. Thus, in general, we can have the following
adiabatic propagation formula for ¢ > tx starting from ¢ = 0,

(dl(t)> e {—; ; El(t)dt] 0

¢
da(t) 0 exp —%/ Es(t)dt
tx
i [t
exp {_h/ El(t)dt} 0
x Ix 0 tx
0 exp [—h EQ(t)dt:|
0

t=0)
. OQ, (6.36)

where I'x represents the nonadiabatic transition matrix at ¢t x. The adiabatic
energies F o(t) are, as usual, given by

1 1
The first common term can be factored out and thus finally the integral
5% | AE(t)dt remains in the phase parts.

6.2.2. Diabatically avoided crossing case: 3 < 0
(see Fig. 6.1(b))

As was explained above, with use of oy and § defined by the complex integral
Eq. (6.32) and the Stokes constant Uy given by Egs. (5.108) and (5.109), all
the necessary quantities to evaluate the transition matrix can be obtained
(see the beginning of Section 5.2.1). As in the previous section, we can avoid
the complex calculus and derive the compact explicit expressions for oy and
. From Eq. (6.32) we have

. 1 [ 1+c2)”2
d = dc . 6.38
ot 2va g (C—|ﬂ| ¢ (6:38)
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The integral range can be divided into (|3],0) and (0,%), and we have

) i 18] 1+C2 1/2 1 i 1+<—2 1/2
=g | (mc) w5z ), (cm) %, (6:39)
namely,
] B 1 [ 1+<2 1/2
and
1 18] 1+<2 1/2
= —— 6 . .
=5 ), (e) wo (640

The complex integral over (0,4) can be replaced by the simple quantities
as before; namely, o9 and dp can be replaced by Egs. (5.100) and (5.101),
respectively, where o and 3 should be used instead of a? and b2.

The parameters o and [ are obtained by fitting the portion of the
minimum of (AE)? by a quartic polynomial as

R2XY
"= k7 v (6.42)
8= -7 Zii = (6.43)
where
1 [a*
- — |2 (A 2 .
5 [ aE0r] (6.44)
d2
Y = |—(AE(t))? , .
0P| (6.45)
7= (ME()g. (6.46)

Below we give some numerical examples taken from Ref. [87]. In Ref. [87]
the expressions of oy and ¢ which are different from and less accurate than
those given above were used (see Eqgs. (3.14)—(3.16) in [87]). In the param-
eter ranges in these calculations, however, both expressions give essentially
the same results. It should also be noted that two terms are missing in
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Eq. (3.15) of [87] (see Egs. (3.2)—(3.4) of [76]). The first numerical example
is a simple two-state model given by

(A cosh(wt) + B Vo )

(6.47)
Vo —(Acosh(wt) + B)

The complex crossing point t, can be easily obtained as

. . 2
=20 _Bizvoi\/<_3i%) 1| 2w, (6.48)

w A A

The quantities og and § can be calculated easily from the complex integral
with use of the complex zero closest to the real axis. The numerical results
are shown in Figs. 6.2(a) and 6.2(b), which correspond to A/V, = 1.0 and
A/Vy = 5.0, respectively. The semiclassical theory works well even in the
region B/Vy > —A/V, where the diabatic curves do not cross.

The second example is a LASIN (laser assisted surface ion neutraliza-
tion) process, in which the neutralization of an ion by a collision with solid
surface is enhanced by a laser with frequency 7. This process is described
by the following differential equations [88],

_d (et [ E2(D) 9(t) a(t)
Tt (m(ﬂ) a ( g(t)  Ei(t) +Fm> (cQ(t)) (6.49)

Bu(t) = %[q te— /R FIV), (6.50)
Ex(t) = %[61 + €2 + w? +4V2(t)], (6.51)

with

 Wowf(At)
V(t) = Vof(At) = Vocosh™(\t), (6.53)

where w = €3 — €; > 0 is the energy defect between the ionic state of the
surface and the atomic state, V' (t) and Wy f(At) represent the interaction
between the two states €; and €5, and the interaction with the laser field,



132 Chapter 6. Basic Two-State Theory for Time-Dependent Processes

08
0.6
o
a 04
2
E
=
2
g 02
%
0
0.2
0 0.5 1 1.5 2 25 3
-BIV,
(a)
I
08
- 06
2
E
=
2
e 04
%
02
0
2 3 4 5 6 T 8 9 16
-B/IV,
(b)
Fig. 6.2. Transition probability in the case of hyperbolic cosine potential [Ae(rT) =
2A/Vp cosh 7+2B/Vp] against B/Vp. —: exact numerical result, open circle: semiclassical

theory. (a) A/Vo = 1.0, (b) A/Vy =5.0. (Taken from Ref. [87] with permission.)
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respectively. The adiabatic state E;(t) without laser field is dressed with
one photon absorption to Ej(t) + An. The adiabatic states we finally need
are obtained by further diagonalizing the matrix in Eq. (6.49). Introducing
the dimensionless parameters,

hn hw 2V Wo
X=X = — = — = — E=— 6.54
) r QV() ) q 2VO ) v )\ ) 2‘/0 ) ( )
we obtain the complex crossing point as
1 1 .
X.=In :I:\/m:l: x—q2_1 + 2nmi (n=0,1,2,...), (6.55)

where z is a solution of
ot 4+ (2F%¢? — 2r?)a® + (E*q* + 2E%¢%r? +r* — 2E2%¢*)2?
— (B*¢" +2E% + ¢*r*)z + E*'¢® = 0. (6.56)

By appropriately choosing the solution X, closest to the real axis and eval-
uating oo and §, the LASIN probability can be calculated as a function of r
which represents the laser frequency. Although in Ref. [88] only the weak
laser intensity, o ~ 1074, is considered, here we consider a strong intensity,
a ~ 0.7, in order to demonstrate the validity of the present semiclassi-
cal theory. The results are shown in comparison with the exact numerical
results in Fig. 6.3 for the parameters £ = 0.25, ¢ = 0.2923, and v = 23.585
(cf. Ref. [88]). As is seen, the theory works well.

Let us next discuss about the neutrino conversion in matter. The MSW
effect was proposed by Mikheyev, Smirnov and Wolfenstein in order to solve
the solar neutrino problem that the intensity of the solar neutrino does not
agree with that of the standard solar model [89,90]. When electron neu-
trinos pass through an inhomogeneous matter, they interact with electrons
to get extra potential and thus their “diabatic” energy changes as a func-
tion of electron density. The other neutrinos, for instance muon neutrino,
are not affected by electrons. Thus we have a curve crossing picture as is
shown in Fig. 2.3 and electron neutrinos produced in the center of the sun
can be converted to muon neutrinos when they pass through the crossing
region which is called the region of resonance electron density. If this kind
of conversion really occurs, this guarantees that neutrino has a finite mass
and gives a big influence on the standard theory of elementary particles.
This conversion problem has been discussed in terms of the nonadiabatic
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Fig. 6.3. LASIN probability versus dimensionless photon energy r. v = 23.585, ¢ =
0.29225, and E = 0.25. r > 1.04183 corresponds to the diabatically avoided crossing
region. —: numerical exact result, o: semiclassical theory. (Taken from Thesis of Y.
Teranishi with permission.)

Resonance radius

Fig. 6.4. Schematic diagram for the production of neutrinos.

transition due to curve crossing basically with use of the Landau—Zener
formula (see for instance [91]). They treated the case that the neutrino
produced at A in Fig. 6.4 passes through the resonance radius twice just
like in the ordinary head-on collision. In this case it may be all right to use
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the Landau—Zener formula, but obviously it is not good when the neutrino
is produced at the position B or C. In the case of B the neutrino experi-
ences the closely lying two crossings and in the case of C it experiences the
diabatically avoided crossing. The theory presented in this chapter can be
directly applied to these problems.

The coupled differential equations we have to solve are [92]

o (%(t)) AR <<(t) — cos(20) sin(26) ) (%(t))v

dt \ (1) sin(26) —((t) + cos(20) ] \vu(t)
(6.57)
where 6 is the mixing angle in vacuum and ((t) is defined by
~ 2V2GpN,(t)
¢(t) = AL : (6.58)

Here G is the Fermi coupling constant, No(t) is the electron density at
time ¢. If we assume that the neutrino follows a straight line trajectory
with the velocity v, then we have

No(t) = Nyexp (—W—’—bz> , (6.59)

Tres

where b is the impact parameter and r,s is the resonance radius. Numerical
results are shown in Fig. 6.5, where the following parameter values are used:
sin?(20) = 0.01 and AE = dm?/E = 1072 eV2/MeV, where dm? is the
vacuum mass-squared splitting. The solid line is the result of the Landau—
Zener formula and naturally does not work well at b/r.es = 1. On the other

hand, the present theory (dash line) works very well in good agreement
with the exact numerical results (dots).

6.3. Other Exactly Solvable Models

As was discussed already in Chapter 3, the Landau—Zener theory presents
an exact solution of the linear potential model, i.e., two linear potentials
coupled by a constant interaction in the time-dependent framework (see
the discussions below Eq. (3.7)), and the Rosen—Zener theory is an exact
solution for the time-dependent problem of two constant potentials cou-
pled by a sec-hyperbolic function (see the discussions in Section 3.2). The
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semiclassical solutions in high energy approximation for various types of
exponential potential models discussed in Chapter 5 can also present exact
solutions of the corresponding time-dependent problems. In addition to
these there have been found some other time-dependent models which can
be solved exactly. One is a model of exponential potentials coupled by a
constant interaction [93] and the second is the two types of Demkov—Kunike
model in which tanhyp potentials are coupled by a constant or a sechyp
interaction [94,95]. Furthermore, Hioe and Carroll obtained exact analytical
solutions for a class of models which can be reduced to the hypergeometric
differential equation [96,97].
In the first case of exponential potentials coupled by a constant inter-
action, we solve the following coupled differential equations:

zi 1 ae Pt § ¥ 1 (6.60)
dt Co 5 _Oéefﬁt Y C2 ' ’
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Expressing ¢; in terms of ¢y from the second equation and inserting that
into the first equation, we obtain

d2

2 C2 + [V +iaBe ™ + (e P+ 6)?ca = 0. (6.61)
Introducing the new variables by z = 2i(a/B)e™?* and u(z) = 2'/?¢cy, we
can transform the above equation into

d? 1k (u?2—-1/4)
with

1 )

and

o= Z_”;W . (6.64)

The differential equation Eq. (6.62) is nothing but the Whittaker equation
and the two independent solutions are given by W, ,(z) and W_, ,(—z)
[98].

There are two types of Demkov—Kunike models. The first one is repre-
sented by the Hamiltonian matrix,

B alt) V()
= <v<t> —a<t>> o
with
at) = a + btanh (;) , V(t) = ¢ sech (;) , (6.66)

where a, b, T', and c are arbitrary constants. Inserting this Hamiltonian into
Eq. (6.1) with é;2)(t) = +(—)a(t) and Vp = V/(¢) and taking into account
that the diabatic coupling V'(¢) is time-dependent, we obtain

d2C1 1 t dCl
2 tanh [ =) =2
az T (T) dt

e (5) v ()] v (5) o o

—0. (6.67)
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(tanh (;) + 1) (6.68)

c1 = ZfiT(afb)/Q(Z _ 1)1’T(a+b)/2u(z) , (669)

Using the transformations

z =

DN =

and

it can be easily shown that u(z) satisfies the hypergeometric equation. The
desired solution which satisfies the initial condition,

c(t=—-00) =1, et =—00) =0, (6.70)
is given by

e1(2) = 42 iT@0/2(1 _ ,)iT(a+b)/2

x F (iT[b+ VB2 = il — V2 = e; % —iT(a - b);z) 7
(6.71)

where F(a,b;c;z) is the hypergeometric function. Finally, the transition
probability P for the transition 1 — 2 is expressed as

sinh 7T (b4++v/b? — ¢?) sinh 7T(b — v/b? — ¢?)
cosh T (a+b) cosh T (a — b)

cosh 7T (a++vb? — ¢?) cosh 7T (a — Vb? — ¢?)
cosh 7T (a+b) cosh T (a — b)

(a > b: non-crossing case)

P=

(a < b: crossing case)

(6.72)

In the second case of the Demkov—Kunike model, the Hamiltonian of
Eq. (6.65) is given by

o) = a + btanh (;) (6.73)
and
V(L) =, (6.74)

where ¢ is a constant. Now we use the substitution of Eq. (6.68) and

c1 = ziE"'T/Z(z — 1)iE“T/2v(z) (6.75)
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with
E, =+/(a—b)?+c2, E.=+(a+b)2+c2, (6.76)

then v(z) satisfies the hypergeometric equation. In this model the adiabatic
potentials are different from the diabatic ones at ¢ — +oo and the initial
condition has to be set in the adiabatic representation in which ¢; and ¢
are mixed. The coefficient ¢y is obtained from ¢; by
ide; (a4 btanh(t/T)
- ¢

Cg=————

== ; . (6.77)

Finally, the nonadiabatic transition probability P is given by

Sinh[rT(E, — Eo + 2b)/2] sinh[rT(E, — E. + 2b)/2]
P= - . . (6.78)
sinh(nTE,) sinh(7TE.)

As was mentioned before, the theory of time-dependent nonadiabatic
transitions has gained renewed significance because of its importance in
optics activated by a remarkable progress in recent laser technology. In the
basic two-state coupled equations given by Eq. (6.1), the diagonal terms,
€1(2)(t) are as usual the unperturbed energy levels and the off-diagonal
term Vp(t), which is generally time-dependent, represents the laser-system
interaction and is given in the semiclassical representation of the light field
by

t

Vo(t) = dE(t) cos ( /

— 00

w(t)dt) , (6.79)

where d, E(t), and w(t) are, respectively, the dipole moment, the square
root of the field intensity, and the laser frequency. Making the following
transformations:

er(t) = by (1) exp B /_ toow(t)dt] ,

oo (6.80)
ea(t) = bo(t) exp {—; / w(t)dt} ,

— 00

and applying the so called rotating-wave approximation [27] in which terms
containing the rapidly oscillating factors are neglected, we have

) -5 (0 )0
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with

0=""" (6.82)
and

A=w)—w, (6.83)

where wyq is the transition frequency between the two unperturbed states,
and Q and A are referred to as the Rabi frequency and the detuning. Further
transforming Eq. (6.81) by

b2y (t) = 102 (t) exp {+(); / t Adt], (6.84)

—0o0

we obtain finally

G R [ G R

where A and B represent the Rabi frequency Q and the detuning A, respec-
tively. Elimination of a(t) from the above equation leads to the second
order differential equation,

. .\ 2
d? - A\ d A

Then we introduce the following variable transformation from ¢ to z:
z=2z(t)>0 (6.87)
subject to the restrictions,
£2>0, z(—00)=0, z(c0)=1. (6.88)

This transformation changes Eq. (6.86) to

SN\ 2
d? 1[d Z -] d A
— —|—=In(—= B| — — =0. 6.89
dz2a1+z[dtn(,4>+’ }dz“1++<2z> “ (6.89)
This equation can be compared with the hypergeometric differential
equation,
d? c—(a+b+1)z d ab

@al + W@Cﬁ — mﬂq = O, (690)
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where a, b, and ¢ are arbitrary constants. Equation (6.89) can be cast into
the hypergeometric equation, if the following relations are satisfied:

d. 2 .. c—(a+b+1)z
G pip - TS (6.91)
and
A\ 4dab
(z) D (6.92)
If we take
. 2(1—=2)
Z= ) (6.93)
_ald-2)"?
A== TORE (6.94)
and
5 1Bz+7y
B= A TERE (6.95)

then the above conditions are satisfied and we can obtain the final analytical
solution under the initial conditions |a;(—oc0)| = 1 and az(—00) = 0 as

a1(t) = F(a*,b*, c*, 2) (6.96)

and

(—ab)l/2

iod ZAFla—c+1,b—c+1,2—¢2), (6.97)
—c

as (t) =

where F(a,b,c,2) is the hypergeometric function and the constants a,b,
and c are given in terms of the parameters «, §, and v by

1

a= g[(oﬂ - V2 —ig), (6.98)
b= o-[~(0” — )%~ if] (6.99)

and
CZ%H%, (6.100)
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Finally, the transition probabilities at ¢ = co are given by
la1(00)|? = sech 7 sech(B + )
1 1
X {sinh2 (25 + ’y) + cos? {2(a2 - 62)1/2} } (6.101)
and

lag(00)|? = sech 7 sech(B + )

X {sinh2 (g) + sin? [;(aQ - 62)1/2} } (6.102)

It should be noted that the constant « is equal to the total area of the pulse

amplitude,
A= / Adt

_ g/“ (-2

T J oo h(z)
1
- g/ V21— )7 V20y = g (6.103)
T Jo

The function h(z) is an arbitrary function and this solution can cover quite
a wide class of models. For h(z) = (nw)~ (B2 + v), w = constant, the
present model reduces to the one solved by Bambini and Berman [99],
which includes the Rosen—Zener case as a special case with 5 = 0. For
h(z) = constant, the model covers the case considered by Hioe [100].

Hioe and Carroll [97] further considered the case that the function h(z)
and the variable z are given by

2= L[+ f(g0) (6:104)

and
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where ¢(t) is an arbitrary function, ¢ is an arbitrary constant, and the f(g)
is a function to be determined. From Egs. (6.93)—(6.95), we obtain

1df 1 L0
2dg = {4(1 —f )} ; (6.106)
N 1/2-6
A=2400 {31 - oo} (6.107)
and
_1 L (B+29) 4+ Bf(g(t))
= 29 (U = Plon) (6105
It is interesting to see some simple special cases of §.
(i) Case I: § = 0.
We have
1
f = tanh {2g(t)} , (6.109)
A= %g(t)sech [;g(t)] (6.110)
and
B= 217Tg(t){ﬁ+2'y+ﬁtanh [;g(t)]}, (6.111)

where the arbitrary function g(t) should satify g(fo00) = +o00 and is chosen
to be 0 at t = 0. This case covers the models mentioned above in the
previous paragraph.
(ii) Case II: § = —1/2.

For the arbitrary function g(¢) which satisfies g(+o00) = 00, we have
g

f= 16+ 272" (6.112)
. 4o . 1
A= ?g(t)m (6.113)
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and
= 71r(16+gg(2tzt))1/2 ﬂ+27+(16+6§§2))1/2 (6.114)
If we take g(t) o< t, then A gives the Lorentzian pulse.
(iii) Case III: § = 1/2.
In this case, we have
f =sin[g(t)], (6.115)
A=4) (6.116)
T
and
4 0t) 42y + Bsinfy(t)] 61

m cos[g(t)]

The function g(t) should satisfy g(£oo) = +7/2. This case can represent a
square pulse, a Gaussian pulse, and an exponential pulse [97].



Chapter 7

Two-State Problems

In Chapter 5 the new theories for both curve-crossing and non-curve-
crossing types of nonadiabatic transitions are presented. These theories
describe the most basic parts of variety of dynamic processes involv-
ing nonadiabatic transitions, namely they present nonadiabatic transition
amplitude matrices at the transition points; thus by combining with the
other basic processes such as adiabatic wave propagation, wave reflection
at turning point, and quantum mechanical tunneling, they can describe var-
ious physical processes such as inelastic scattering, elastic scattering with
resonances, predissociation, and perturbed bound states. The recipe how
to deal with these processes are presented in this chapter.

7.1. Diagrammatic Technique

As was frequently mentioned before, the various dynamic processes can
be decomposed into sequential basic events such as wave propagation and
nonadiabatic transition. The conceivable basic elements (or events) are
(1) wave propagation along adiabatic potential without any transition,
(2) wave reflection at turning point, (3) single potential barrier penetration
and reflection, (4) nonadiabatic transition at crossing point, (5) nonadia-
batic tunneling at the energy lower than the bottom of the upper adiabatic
potential, and (6) non-crossing type of nonadiabatic transition. These can
be expressed by the diagrams depicted in Figs. 7.1-7.5.

145
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En(R)
b

Fig. 7.1. Diagram for wave propagation from a to b along the potential E,(R). (Taken
from Ref. [9] with permission.)

En(R)

Fig. 7.2. Diagram for wave reflection at the turning point 7. (Taken from Ref. [9] with
permission.)

EAR)

Fig. 7.3. Diagram for single-potential barrier penetration and reflection. (Taken from
Ref. [9] with permission.)

When we write the semiclassical wave function on the adiabatic poten-
tial E,(R) as

Yn(R) ~ =V/o(R:a)+ V"R : a) (7.1)

with

R
Co) — H .
P (R:a) = VWCXP iZ/a kn(R)dR|, (7.2)

the connections of the coefficients are given as follows for each basic element.
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U"‘Z V"2
—_— I
U"1 V"‘I

UI|2

sk _’_\Q \:’&E
O U: Q(R)
¥} V4 A
‘ VN EL(R)

Fig. 7.4. Diagram for nonadiabatic transition. (Taken from Ref. [9] with permission.)

1 ]
V' _.ﬁ \/
' v x4 U
—_— \vl —_—
7N

V—"r:_ Uu KA

-

V" Ull

En(R)

Fig. 7.5. Diagram for nonadiabatic tunneling. (Taken from Ref. [9] with permission.)

(1) Wave propagation (see Fig. 7.1):

ei'yn(a,b) 0
_ =PV, b, 7.3
u 0 eii'}/n(aﬂb) V b (a < ) ( )

where 7, (a,b) is defined by Eq. (3.33), V is a column vector with compo-
nents V' and V", and U is the similar vector which represents the wave

function with b as a reference point. This gives the shift of reference point
from a to b.
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(2) Wave reflection at turning point (Fig. 7.2):

VY= (e”;/‘* e_iﬂ) (ﬁ) _ Q(ﬁ) (7.4)

where A simply represents the wave amplitude. When the turning point is
on the right side, the signs of mi/4 should be interchanged. If we eliminate
the amplitude A, then we have V' = exp(in/2)V".

(3) Single potential barrier penetration and reflection (Fig. 7.3):

(V14 e 2meeTi® ie” e
U=MYV= < jeTe m€i¢> ) (7.5)
where
1 b
—7/ |k(R)|dR for E < E;
™ a
€= (7.6)
1 R_
T Ry
I
¢ =argD <2 + ze) —elnle| + ¢, (7.7)

Ry are the complex turning points and E; represents the energy of the
barrier top. This matrix connects the waves on the right side of the barrier
to those on the left side.

(4) Nonadiabatic transition at crossing point (Fig. 7.4):

The matrices Ix and Ox = I (transpose of Ix) introduced before take
care of this transition by

Uu =1xv’ and V' =O0xU, (7.8)

where V' is a column vector with components V' and VJ, and the
other vectors have the similar meanings. At £ < FEx in the LZ-case
we have

V' = QSR@y, (7.9)

where S®(@) is the reduced scattering matrix in the adiabatic representation
given by Egs. (5.85)—(5.87).
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(5) Nonadiabatic tunneling at E < E,, (Fig. 7.5):
The coefficient vector of wave function is given by

U=QNQV, (7.10)

where N is a transfer matrix defined by Eq. (5.128) from the reduced scat-
tering matrix S™(%) which is defined by Eq. (5.120) with the various quan-
tities given in Section 5.2.2.

(6) Rosen—Zener-Demkov and exponential potential models (Fig. 7.4):

We need Ix and Ox matrices which are given in Sections 3.2 and 5.4.
The reference point Ry is taken to be Re R,.

Various kinds of dynamic processes involving curve crossings can now be
diagrammatically expressed by assembling the basic elements given above
and can be described by combining the appropriate matrices [7,9,12,101].
Examples are given below.

It should further be noted that the adiabatic state representation is
much better than the diabatic representation and can be used uniformly
whatever the coupling strength is. The diabatic representation is usually
easier to use, but works well only when the diabatic coupling is weak.
In the examples below, basic physical quantities such as scattering matri-
ces, scattering phase shifts, resonance widths, and eigenvalues are explicitly
expressed in terms of the nonadiabatic transition matrices derived before
without relying on the wavefunctions directly. When we need wavefunctions,
we can use Eq. (7.1) with the coefficients V,! and V. obtained appro-
priately from the diagarammatic technique. For the quantitative applica-
tions, however, it should be noted that the wave functions ¥ of Eq. (7.2)
are not accurate at turning points where they actually diverge and thus
they should be replaced by more accurate ones such as those obtained in
the uniform semiclassical approximation [5,12]. All the effects of nonadi-
abatic transitions can be properly included in the wave functions through
the coefficients V,,. This treatment would also be useful for analyzing the
transient time-evolution of a system under a certain non-stationary initial
condition.

7.2. Inelastic Scattering

As was already discussed in Chapter 3, the inelastic scattering processes
depicted in Fig. 2.1(a) for LZ-type and in Fig. 7.6 for NT-type can be
directly described in terms of the nonadiabatic transition matrices I and
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Fig. 7.6. Schematic adiabatic potentials for inelastic scattering.

O = I' or by the reduced scattering matrices S®. The two potentials E; (R)
and E;(R) are the functions of the radial scattering coordinate R and nat-
urally, the energy F is assumed to be higher than the asymptotic value of
the upper potential Fy (R = 00).

In the Landau—Zener case, the total scattering matrix is given by

Son = (STa ) expli(ni™ + 0], nom =1,2, (7.11)

where the reduced scattering matrix is given by Egs. (5.85)—(5.87) and
the elastic scattering phases 77](-“) (j = 1,2) are defined by Egs. (5.83) and
(5.84). When the energy F is higher than the crossing point Ex, then the

scattering matrix can be rewritten as (see Eq. (3.20))
S = PooXOXPXTXIXPXOO, (712)

where the matrices P represent the adiabatic wave propagation and are
defined by Egs. (3.21) and (3.22) with Rx = Ry (minimum energy sep-
aration) and the matrix Ix is given by Eq. (5.105). In the NT-case, the
total scattering matrix is given by the same equation (7.11) with X = R,
and the various basic quantities, pzn, ¢s, 0g, given by those defined in Sec-
tion 5.2.2.3. The diagrams shown in Fig. 7.7 are helpful to understand the
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© -

[ < —— ¢
< +
+4 IX « — e
E = Ey E < Ex

Fig. 7.7. Diagrams corresponding to Fig. 7.6. In the LZ-case at £ < Ex, the reduced
scattering matrix ST is used. In the NT-case this is applicable only to E > E2(c0).
(Taken from Ref. [76] with permission.)

physical meaning of the expression Eq. (7.12), as was explained in the pre-
vious section.

It should be noted again that the above equations are defined in the
adiabatic state representation which is generally better than the diabatic
state representation, as was pointed out before.

In the case of the Rosen—Zener-Demkov type non-curve-crossing and
the exponential potential models, Ix-matrix should be simply replaced by
the one given by Eq. (3.40) or by Eq. (5.259), respectively.

7.3. Elastic Scattering with Resonances
and Predissociation

The potential schemes and the corresponding diagrams are depicted in
Figs. 7.8 and 7.9.

In the LZ-case the elastic scattering phase shift 7 is obtained with the
help of the diagram as

1 S S(Pxm,)3
n= 77(0) + - arg Sut ciet(S( XT20)22 ) (7.13)
2 14 S22(Pxy )32
where
0 — / [ (R) = b (o0)JdR = ki (00)X + 7. (7.14)
X

. PrxS®M9)Pry = —iOxPxrxIx FE > Ex,
- : (7.15)

SR(a) E<Ex
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E; (R)
T/ E

t t,
AN :
t° N E_ E
t\ tT———"T,
E,(R)
(a)
E,(R)
T t* tr/ E
Rb
Rt
T_ /\ .
t; t;
E,(R)
(b)

Fig. 7.8. Schematic adiabatic potentials for elastic scattering with resonance.
(a) LZ-case and (b) NT-case.
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SR

Y

A
o
|
ol

Fig. 7.9. Diagrams corresponding to Fig. 7.8. (Taken from Refs. [75] and [76] with
permission.)

Ry FE>Fx,
X = (7.16)
12 E < Ex
T =t (7.17)
and
Ty =Ty, (7.18)

where T is the right turning point on the upper potential (see Fig. 7.8(a)).
The reduced scattering matrix ST(®) is the same as before.
In the NT-case (see Figs. 7.8(b) and 7.9(b)), we have

R(a 1 R(a
n=n"+arg 512( )~ 5 18 522( )

R(a
1— |55

1 R(a) T

—— = —tan [’yl(thtll) + —arg Sy + } }, (7.19)
R(a

1+ (55| 2 4

+ arctan {
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where t{ = R, when E > E;. The reduced scattering matrix S in the
adiabatic representation is given by Eq. (5.120). It should be noted that
the index 1 (2) of this reduced scattering matrix does not correspond to
the state number but to the left (right) side of the barrier of the lower
adiabatic potential. At E > Ej, Eq. (7.19) can be rewritten as

) m 1
—Z—i—far

> (7.20)

n=n"

Si1 — |S|(Pxyx )22
1 — Sop(Px1yx)22 |

where Ty = t;r (right turning point on the upper potential), X = R}, and
S = OxPxrxIx (7.21)

with Ty = t] (see Fig. 7.8(b)).
As is seen above, when a resonance exists, the elastic phase shift can be
generally expressed as follows:

1N = Npg + arctan[P tan @], (7.22)

where npg is the background phase which is a slowly varying function of
energy and the second arctan term represents the resonance. The quantities
P and @ in this term are appropriate functions of energy E. In the vicinity
of resonance, the phase shift can be expressed as

r/2
1 >~ Npg + arctan |:Er — E} , (7.23)

where I and E, represent the resonance width and the resonance position,
respectively. Comparing the two equations, Egs. (7.22) and (7.23), we can
easily obtain the equation for E, as

Q(E,) = <n + ;) m forn=0,1,2,... (7.24)

Expanding Q(E) around E = E, as

Q(E)=Q(E,) + [d?ngq . (E—E.)+---, (7.25)
we obtain
I =2P [dC;(EE)];T (7.26)
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Corresponding to the various cases discussed above, i.e. the LZ and NT-
cases, the appropriate expressions should be inserted into P and Q.

7.4. Perturbed Bound States

When the two potentials are energetically closed at R — oo (see Figs. 7.10
and 7.11), we have bound state problems whose eigenvalues are perturbed
by the nonadiabatic coupling.

In the LZ-case, using the above diagrammatic technique, we can obtain
the following secular equation,

det[iSPxr,x — 1] = 0, (7.27)
where
N PrxS™MDPry = —iOxPxrxIx E > Ex
S = , (7.28)
SR(a) E < Ex
Ry FE>FEx
= , (7.29)
t4+ E < FEx
T=rt4, (7.30)
To =Ty, (7.31)

and S®(®) is the reduced scattering matrix defined by Eqs. (5.85)(5.87).
In the NT-case, we obtain the following secular equation,

> (Jij = o) =0 (7.32)

j=1
with

where t; =t, = R; when I > F;, and

Lo (@, 5) = G €xp {i(l 26,.0) [’yl(a, b) + ﬂ } (7.34)
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E{(R) E»(R)

k /\ )
VAV
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Fig. 7.10. Schematic adiabatic potentials for perturbed bound states. (a) LZ-case and
(b) NT-case.
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Fig. 7.11. Diagrams corresponding to Fig. 7.10. (Taken from Refs. [75] and [76] with
permission.)

When E > FEj, the secular equation can be rewritten as
|Ox Px1yxIxPx7,x — 1| =0 (7.35)

with T) = (T} ,t]) and T, = (T, ,t5) (see Figs. 7.11(a)).

7.5. Time-Dependent Periodic Crossing Problems

When two diabatic states cross many times as a function of time ¢, the
transition probability naturally changes periodically. This kind of process
can be treated without difficulty with use of the two-state theory presented
in Section 6.2. For instance, when crossing points are well separated from
each other as in Fig. 7.12(a), the overall transition matrix T" is given by

T=0xXIxXOxX---, (7.36)

where Iy and Ox = I% are defined by Eq. (6.21) and X is the same as
P-matrix defined by Eq. (6.22).
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A A A > ——> >

X O0X1Xx0 X1
(a)

\/\/\;

>t P C—r— 5

X TR X TR X
(b)

VAYVEAS

> -

Pu—y
X TR X TR X

(c)
Fig. 7.12. (a) Schematic time-dependent periodic potentials in the case that avoided
crossings are well separated. : adiabatic, - - -: diabatic. (Taken from Thesis of Y.

Teranishi with permission.) (b) The same as Fig. 7.12(a) in the case of closely lying
avoided crossings. (c¢) The same as Fig. 7.12(a) in the case of diabatic avoided crossings.

vy

When the two crossings are located close to each other or the two dia-
batic potentials are diabatically avoided as in Fig. 7.12(b) or 7.12(c), the
overall effect of the nonadiabatic transitions there can be described by the
transition matrix 7% which is equivalent to the reduced scattering matrix in
the time-independent scheme and the overall transition matrix 7" is given by

T=TRXTRX ..., (7.37)

where X denotes the adiabatic propagation matrix as in Eq. (6.22) from the
right-side avoided crossing point (real part of the complex crossing point)
to the left-side of the next transition region. The Stokes constant and other
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Fig. 7.13. Transition probability as a function of time in the case of Ae(r) =
2A/Vysin(r) + 2B/Vp with A/Vh = 15.0. The region B/Vy > A/Vh corresponds
to the non-crossing regime. : exact numerical result, - - -: semiclassical theory.
(a) B/Vh = 0.0, (b) B/Vph = 18.0. (Taken from Ref. [87] with permission.)
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necessary quantities to define 7% are given in Section 6.2.2. Numerical
examples are presented in Figs. 7.13, where the diabatic potential energy
difference is given by

2A 2B

Aet) = —2 22
«(t) Vo sin(wt) * Vo'

(7.38)
and Vj is the constant diabatic coupling. As is seen in this figure, the
semiclassical theory works very well even in the non-crossing region B/V, >
A/Vy, where the Landau-Zener theory does not work at all. This kind
of periodic crossing case appears frequently in the problems of periodic
external field such as the Zener tunneling [29, 102-104].

7.6. Time-Dependent Nonlinear Equations Related
to Bose—Einstein Condensate Problems

Recently, as is well known, the Bose-Einstein condensation problem has
attracted much attention. Here, the theoretical aspect of nonadiabatic
transition associated with molecular formation is briefly touched upon. In
the studies of photoassociation of a Bose-Einstein condensate, the follow-
ing semiclassical nonlinear time-dependent differential equations describ-
ing atomic and molecular condensates as classical fields has been derived
[105,106]:

,da2 U(t)

= explid(t)]a?, (7.39)

i
dt

= U(t) exp[—id(t)]aqas,

where a; (az) is the atomic (molecular) state amplitude, 6(¢) is the phase
modulation function (dd(t)/dt is the corresponding frequency detuning),
U(t) is the laser field amplitude, and a; is the complex conjugate of a;. The
initial conditions considered here are |a;(—00)|?> = 1 and |az(—00)|*> = 0.
The conservation of the number of particles provides the normalization
condition: |a;|? 4+ 2|az|?> = 1. The molecular state formation probability
is given by p(t) = |az(t)|?. This probability p(t) obeys the following third
order differential equation [107]:

6tt Ut 2 2 Ut Ut
pttt_<6t+2U pit + |0 +4U=(1 - 3p) — U t+U

5 U, U2 /s U,
(Bl 5 (5 H)awemeo oo
t
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where the subscript means the differentiation. In the case of constant field
amplitude, U = Uy = constant, which we will consider here, the above
equation is simplified as

Updys

(1—8p+12p?) =0. (7.41)
20,

1)
Dett — %ptt + [67 4+ 4U§ (1 — 3p)]pe +
t

In the simplest case of Rabi problem, §; = §y = constant (constant detun-
ing), Eq.(7.41) takes the form

Pt + [58 + 4U3(1 —3p)]p: = 0. (7.42)

This equation can be readily solved under the initial condition at ¢t = ¢y to
be [108]

p(t) = plan[\/]ZUo(t — to);m] (7.43)

with sn(x) is the Jacobi elliptic function and

1 [ &2 1/ &6 S| D1
=X +1)Fy/= (L +1) ==, m==. 44
P12 2 <4U3 ) \/4 (4U§ ) 4’ P2 (7:44)

In the weak interaction regime, U2 — 0(m ~ 0), we have slightly perturbed

sinusoidal oscillation. On the other hand, in the strong interaction limit,
U2 — 0o (m — 1), we have

(7.45)

1 _
p= §tanh2 [Uo(tto)] .

V2

Next, let us consider the Landau—Zener model, U(t) = Uy = constant
and § = dpt2. From Eq. (7.41) we have

A
Pt = B AP A ML= 3p)lpi + (1= 8p+120%) =0, (7.46)
where the Landau—Zener parameter \ is defined as
U2
A=-L. (7.47)
do

The above third order differential equation can be shown to be equivalent
to the following Volterra type integral equation:

b0 =310 -0 [ Ktope) - i@)ds, (149
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where

K(t,z) = [C5(t) — Cs(x)] cos(d(x)) + [Ss(t) — Ss(x)] sin(d(x)), (7.49)

F(t) = C3(t) + S3(t) (7.50)

Cl81s(t) = [ eosfonlo@)iz = [ [;wm (,/if)] 7a)

Here C[S](z) is the Fresnel function defined as

C[S|(z) = /09«’ cos|sin] (gﬁ) d¢. (7.52)

In the weak interaction regime A < 1, Eq. (7.48) can be solved in a form of
converging series by taking an appropriate first order term. The detailed dis-
cussion is not provided here. The reader should refer to the reference [107].
The final asymptotic transition probability is given as follows:

p(+00) ~ PLZ(A) (1 + iPLz@)) (7.53)
with
Prz(M) =1 — exp(—7\). (7.54)

The strong interaction regime A > 1 is much more difficult. Eq. (7.48)
is solved by substituting p(t) = po(t) + u(t), where po(t) is given by [109]

1 2
po(t)zf-l-ft t+\/t2+% for t < /A/2 (7.55)
6 9\ 2
1 A
po(t) = 3 for ¢ > \/; (7.56)

These first order solutions pg(t) are the particular solutions of the last

and

two terms of Eq.(7.41) which are supposed to be dominant in the strong
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2 4 b

Fig. 7.14. The time evolution of the molecular formation probability in the case of
A = 5. 1(solid line):numerical solution of the original equation, 2(dash line):limit solutions
given by Egs. (7.55) and (7.56), 3:final asymptotic value. The best analytical solution (not
given in the text) is shown by the dotted line which is raised up in order to distinguish

from the exact result. (Taken from Ref. [109] with permission.)

interaction limit. The solution of u(t) is rather complicated and its detailed
discussion is not given here. The final asymptotic transition probability is

given as [109]
Prz(A/2) 4
~——" 21— —Pz(\2)]. 7.57
plo0) ~ L Fuz(\/?) (757)
Interestingly, the final molecular formation probability is related to the
linear Landau-Zener formula with the parameter A replaced by A/2.
Fig. 7.14 demonstrates the numerical accuracy of the formulas obtained

above.

7.7. 'Wave Packet Dynamics in a Linearly Chirped

Laser Field

Recently, wave packet dynamics is getting popular to study various chemical
dynamics. Especially, in the case of chemical dynamics in a time-dependent
laser field the method is inevitable to investigate the dynamics. This is an
intrinsically multi-variable problem, since the molecular states are spatial
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coordinate-dependent and the laser is time-dependent. Since no analytical
theory is available for this kind of problem, the wave packet dynamics is
treated fully numerically. It is thus highly desirable to develop analytical
theories for such a problem which depends on time t and spatial coordinate
x, even for any simple cases. Here a simple analytical solution is derived
for a problem consisting of two z-dependent linear potentials coupled by a
linearly chirped time-dependent laser field [110]. Since nonadiabatic tran-
sitions are localized at the corresponding crossing points, the formula is
applicable whenever the z-dependent potentials can be regarded as locally
linear in the transition region.
The basic equations treated here are

2 92
zhaa—\f = {2};1881:2 + V(x,t)} U (7.58)
with
W::($;> (7.59)
and
_ Fz e(t)pcos[ [y w(t)dt]
Via,t) = (e(t),ucos[ Iy wit)di] ng ) ’ (7.60)

where m is the mass, p is the transition dipole moment, and F; > Fj is
assumed. Assuming that the laser frequency w is not very low and that the
time-dependencies of w and € are relatively weak, namely,

d
’T<%‘€P<6WMT:%M, (7.61)

#
dt dt

we can use the Floquet theorem [25,27] (see Chapter 13 also). Expanding
the total wave function ¥ as

U= ZCI)(") (x,Q) exp[—inwt] with Q = {e,w}, (7.62)

dividing the time derivative into two terms as

0 0 .0
T (at)ﬂ + Qaiﬂ’ (7.63)
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and taking an average of the equations with respect to ¢t over the laser
period T', we can finally obtain the following coupled equations:

L0 K 82 e(t)p
o h? 9% e(t)p
( ha 2 o a2 FQQ? — ﬁw( )> ‘PQ = — B) q)l, (765)
where
Oy (z,t) = "= (2,Q) By(x,t) = "V (2, Q). (7.66)

Here ®(=1) is the one-photon dressed state [25,27] and the derivative with
respect to ) is rewritten as the time derivative. Next, we use the high
energy approximation. Putting ®,(j = 1,2) as

®; = exp (—hEt \/2mE ) i (7.67)

neglecting the second derivatives of v; with respect to x, and introducing
the new variables £ = x + vt and n = & — vt with v = hk/m, then we have
the following equations:

(z’h; + %(é + n)) vy = —6“[(5_4—2)/(2”)]% (7.68)
(g + 6+ )+ il = )/ (20)] ) =~ LLEZE

(7.69)

Now, we consider the case of linearly chirped laser, ¢(t) = constant and
w(t) = at + B, and the dipole moment p is assumed to be constant. The
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coupled equations Egs. (7.68) and (7.69) can be transformed to the Weber
equation,

d?U 1 . 22
CZZQ+|:2—’L(5—4:|U—O, (770)
where
)
U(z;€) = exp (2h /[a+r] + b_;,_}dn) Y2, (7.71)
a_\1/2 b_
_ (2= = /4
z ( W ) (77 a_> e (7.72)
and
(ep/2)?
§ = .
4hvia_ (7.73)
with
1 ha
=x— (Fo—F £ — 7.74
ax =+ ( p- R £ ) (7.74)
and
¢ ha\ BB
by =F>= L+ F, + — —. 7.75
z=F (P2 +—— ) F 5 (7.75)
Under the initial condition,
Yo i 0, 1 2o ¢1(z) normalized wave packet, (7.76)

the nonadiabatic transition probability p, corresponding to the probability
that the system stays on the diabatic state ¢, at ¢ — +o0, is given by

p= [ r(en - o). (7.7)
From the asymptotic form of the Weber function, we finally have
p = exp(—2md), (7.78)
where § given by Eq. (7.73) is rewritten as

_ (ep))?
5= W Iy e (7.79)
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This formula is very interesting: without the chirping it is equal to the
well known Landau—Zener formula and the effect of the chirping appears in
the denominator in the natural way. No account of the initial wave packet
shape dependence is taken in this formula, but by numerical calculations
this formula has been found to work relatively well except for the case of
low energy and sharp (in x-space) wave packet (see the numerical results
of [110)).
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Chapter 8

Effects of Coupling to Phonons
and Quantum Devices

8.1. Effects of Coupling to Phonons

As was mentioned in Introduction, nonadiabatic transitions due to curve-
crossings play important roles in condensed matter also. In this case, effects
of dissipation and fluctuation should be taken into account. Theoretical
studies have been carried out only for the time-dependent Landau—Zener
model. Here analytical as well as numerical studies done by Kayanuma
and his collaborators are summarized Refs. [111-115]. The Hamiltonian to
describe the problem is written as [115]

H(t) = Ha(t) + Hpn + Hi, (8.1)
with
He(t) = %vt(\1><ll — 12)(2]) + J(11)E2[ + [2){1]), (8.2)
Hpn(t) =Y wiblby (8.3)
and k
Hy(t) = ;Zk:akwk(bwbl)(l)(ll — 12)(2]), (8.4)

where v is the rate of the change of energy, ay represents the coupling to the
kth phonon mode of frequency wy, and bz and by, are the creation and anni-
hilation operators of the kth phonon. The Hamiltonian Hq)(t) represents
the electronic system composed of the two states |1) and |2) which depend
linearly on time ¢ and couple to each other by J, Hyy is the Hamiltonian

169
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of the phonon environment, and Hj represents the interaction between the
electronic system and the phonons. Here we are interested in the transition
probability P which represents a transition from the initial diabatic elec-
tronic state |1) at ¢ = —oo to the final diabatic state |2) at ¢ = co. Some
important parameters to describe the system are introduced. Because of the
Gaussian character of the linear electron-phonon interaction, the dynamics
of this quantum dissipation system can be specified by the spectral density
function ¢(w) defined by

o(w) = Z aqwi(ng + 1)d(w — wi) + nid(w + wy)], (8.5)
k
where

1

ewk/kBT _ 1' (8'6)

ne =

The relaxation energy AFE and the amplitude of energy fluctuation D are
defined by

AE = /_ " () Ldw (8.7)
and
D2 = [ " p(w)dw. (8.8)

The dimensionless coupling constant S and the representative phonon
energy w are introduced as,

§=3 a2, (8.9)
k

and
AFE = So. (8.10)

The whole transition process can be characterized by the degree of coher-
ence which is measured by the ratio of 7p, and 7¢,, where 7, ~ D!
represents the fluctuation time scale and 7, ~ J/|v| represents the nona-
diabatic transition time. When 7,;, < 1/@, the relative phase memory is
completely lost within the short time scale ~ 7. When 7,, 2 1/@, the
phase relaxation is incomplete. Kayanuma and Nakayama used the formal
perturbation expansion with respect to the diabatic coupling strength .J?
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and obtained analytical formulas in the following limiting cases. Only the
final results are summarized.

(1) The case of rapid passage (Tpn > Tir):

This corresponds to the large velocity |v| and the coherence is preserved.
Thus the Landau—Zener formula is recovered,

P="Pg=1-c 27/l (8.11)

(2) The case of slow passage (Tt >> Tpn):

In this case the coherence is always interrupted in the time-interval 7,
and the system makes transitions between |1) and |2), while the relaxation
toward the equilibrium is occurring within the respective electronic state.

First, we consider the case that the energy dissipation is negligible,
AFE — 0. In the case of high temperature limit with small coupling to
phonon, the following result is obtained:

1
P=Psp={l- e 4w/ ly, (8.12)
It should be noted that in the limit J2/|v| — oo,

Psp — % (813)
This indicates that the strong decoherence reduces the whole transition
process to diffusion-like so that the electronic states are equally populated
after the slow passage.
Next, let us consider the effect of the finite energy dissipation. In the
case of weak coupling and high temperature, we have

pP= %{1%*4“2/'”'}, (8.14)

which recovers the formula Eq. (8.12). In the limit of strong coupling at
low temperature, on the other hand, the value of P strongly depends on
the sign of v. For positive v, we have

Py =1—e 277/l = p ;. (8.15)

This gives an interesting result that in both limits of rapid and slow passages
the Landau—Zener formula is recovered (see Egs. (8.11) and (8.12)). When
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the velocity v is negative, namely the initial state is the upper one, then
the probability P becomes

Po={1—e 27 /lhe=2m /Il = Py, (1 — Pry). (8.16)

Interestingly, this means that the transition occurs twice at t = +AFE/v.

(3) The case of energy fluctuation alone:

The Gaussian stochastic fluctuation of the energy levels with the ampli-
tude D is treated as an environmental perturbation. The probability P
generally lies in between the two limits, namely, Psp < P < Pz [112,113].
In the limit of large amplitude fluctuation, P agrees with Psp as it should.

Some numerical studies in comparison with the above analytical for-
mulas are shown below [115]. The numerical calculations were carried out
with use of the interaction mode model by separating out the phonon modes
into system mode and reservoir modes [116]. The following dimensionless
parameters are introduced: J = J/©,0 = v/@? ik = k)@, T = kgT/w,
and D = D/@. Figure 8.1 shows Py (circle) and P_(diamond) against 1/|v|
for a fixed value of J?/|v| = 0.2 at T = 0 with S = 10.0 and & = 0.2.
The values of P,z and Pz(1 — Pryz) are also shown. In the rapid passage

1 T i T T T
$=10.0
o8t T=0 .
ﬂ-ac; Prz
hd . o0 ° . °
A 06 | ' oo o |
g : ~ *
o) xk=0.2 *
. p—] 2
= I°/vI=0.2
w04l i
: -
e *
= 02 (R4 4 ¢ . . .
. Py 7(1-Pr7)
0 L 1 L L L
0.0001 0.001 0.01 0.1 1 10 100

1/l

Fig. 8.1. The transition rate Py (circle) and P_(diamond) as a function of ||~! for
a fixed value of J2/|v| in the zero temperature, strong coupling case. The predicted
values by the formulas, Prz, and Prz(1 — Prz) are shown by dashed lines. (Taken from
Ref. [115] with permission.)
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limit, P, = P_ = Py is attained as discussed above. As the speed of
passage decreases, both P, and P_ deviate from Pry to lower values by
the same amount. As |v| decreases further, P, takes a minimum value at
an intermediate value of 1/|v| and then increases again to approach to Pz
in the slow passage limit, consistently with the formula Eq. (8.15). On the
other hand, P_ decreases dramatically from Py to Prz(1 — Prz) as |v]
decreases.

The dependence on S of Py and P_ at zero temperature is shown in
Fig. 8.2 for a fixed value of J = 0.5 in the slow passage, |v| = 1.25. It is
remarkable that P, is essentially independent of S and is given by Prz,
but P_ is reduced strongly by the coupling with phonons even in the weak
coupling region.

Figure 8.3 shows the time variation of Py(t) and P_(t) in the high
temperature weak coupling limit for T = 10.0,D = 1.0,J = 0.5, = 0.2,
and |9] = 1.0. The transition rate is almost independent of the sign of
v and is strongly reduced from Ppy. The dependence of P, and P_ on
J?|v| is shown in Fig. 8.4 for J = 0.5 and & = 0.2. The coupling constant
S and the temperature T are chosen so that the fluctuation dominance

1 1 1 T T 1
T=0
O o8} x=0.2 1
= Pz
m 06“. ® 000 00 ° . 7=0.5 o-
I I71=1.25
v
§ 04} o ]
c
S Yoo 000,
Y . * ’
Prz(1-Pr7)
0 [ 1 1 1 ]
0 2 4 6 8 10

S

Fig. 8.2. The transition rate Py (circle) and P (diamond) as a function of S in the zero
temperature, slow passage case for fixed values of J,|v| and k. The values of Prz and
Pr7(1 — PLy) are given by dashed lines. (Taken from Ref. [115] with permission.)
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Fig. 8.3. The time-dependent probability py(t) (solid line) and p_(¢t) (dashed line) in
the case of high temperature, weak coupling. (Taken from Ref. [115] with permission.)
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Fig. 8.4. The transition rate P (circle) and P (diamond) in the case of high temper-
ature, weak coupling. The results for D = 0.5 and D = 1.0 are shown by solid and open
symbols, respectively. (Taken from Ref. [115] with permission.)
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condition, AE — 0 and kgT — oo with D = finite, is satisfied: S =
0.0499, T = 10.0 for D = 1.0 and S = 0.0249, T = 5.0 for D = 0.5. As
noted before, P generally lies in between Psp and Py except for small
deviations.

Kayanuma also considered the effects of fluctuation of the off-diagonal
diabatic coupling J? [114]. He employed the following Hamiltonian,

1
H(t) = Sot(|1)(1] = [2)(2]) + 9() (1) (2] + [2)(2)), (8.17)
where the Markoffian—Gaussian fluctuation is assumed for g(t),
(g(t)g(t')) = J2e= 111, (8.18)

Here (- - -} denotes the expectation value and 7 represents the decay constant
of the fluctuation correlation. In the slow fluctuation limit (y = 0), the
probability P is given by

P=Pygp=1- {1 + <W> }1/2. (8.19)

|v]

In the rapid fluctuation limit (y = 00), on the other hand, we have
1 —4n 72 |v|
P = PRF = 5{1 — € } (820)

Figure 8.5 shows the numerical results of P against J2/|v| for various values
of 7, /7c(= Jv/|v|), where 7, = 1/ represents the rapidity of the fluctua-
tion. The probability P changes continuously from P = Psp to P = Prp
as the parameter 7, /TC increases.

The dissipative Landau—Zener problem with the diagonal bath-system
coupling, in which the bath causes energy fluctuation of the diabatic states
but does not induce transitions between them, has been studied by Saito
et al. at zero temperature [117]. They have proved that the final transition
probability is given by the standard Landau—Zener probability of the iso-
lated two-state problem, whatever the nature of the environment is and no
matter how strong the coupling is.
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1.0

T4/ Te= 0

J%|v]

Fig. 8.5. Transition probability from |1) to |2) versus J?2/|v| for various values of T¢r/7c
(= Jv/|v]). The case of 7¢r/7c = 0 and oo correspond to P = Psgp and P = PRy,
respectively. (Taken from Ref. [114] with permission.)

8.2. Quantum Devices

The time-dependent Landau—Zener type two-level problem has attracted
much attention recently in connection to the quantum devices such as quan-
tum dots, superconducting circuits, Josephson-junction devices, and inter-
ferometry [34,35,118]. These are attracting much attention, because they
exhibit fundamental quantum mechanical phenomena on macroscopic scale
and also can be considered as possible candidates to operate as quantum
bits (qubits) in the quantum information processing. The corresponding
two-state models are usually driven by a periodic time-dependent external
field, in which the coupled two diabatic states have a sequence of potential
curve crossings. The basic theories explained so far in the previous chapters
and also in the next Chapter 9 can be utilized. Here a double-dot system
coupled to two leads [119] and the Landau-Zener-Stiickelberg interferome-
try [35] are explained as examples.
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The total Hamiltonian of the double-dot system related to transport
phenomenon is given as [119]

H=Hr+Hpq+ Hyot (8.21)
with

Hyp = Z ZekCL’kCa,hHLd = Z(W,kclT,kcl + Vr,kc;k@ + h.c.),
a=l,r k k

(8.22)

where Hy,, Hyos and Hp g are the Hamiltonian of the lead, the double-dot
system, and the interaction between them, respectively. The suffices a = [, r
specify the left or right lead and k indicates the state of the lead. The system
Hamiltonian Hyg,; is taken to be

H(t)aor = e1(t)cler + eacheyry(cles + hoc.), (8.23)
where €5 is constant and the time-dependence of € (t) is assumed to be
€1(t) = ea + Asin(wt). (8.24)

The coupling is assumed to be symmetric, energy-independent, and corre-
sponds to the wide band limit. Thus we have

To(e) = 2772 |Vak|?0(e — ex) =T. (8.25)
k

Numerical solutions are carried out to obtain the time-averaged overall cur-
rent <.J> as a function of w. The results are shown in Fig. 8.6. Figure 8.6(b)
corresponds to a weak coupling case and the current shows a non-monotonic
behavior. This is the reflection of the quantum mechanical interference
effect and the peak of the current corresponds to the complete electron
transfer from one dot to the other. When the coupling becomes strong,
this non-monotonic behavior disappears. The leads just play a role of
dissipation.

The second example is the Landau-Zener-Stiieckelberg (LZS) interfer-
ometry [35]. When a two-level system is subject to a periodic driving exter-
nal field and experiences a sequence of potential curve crossings, the phase
accumulated between transitions naturally causes constructive or destruc-
tive interference. This phenomenon is referred to as LZS interferometry and
is realized even experimentally nowadays by using superconducting circuits.



178

Chapter 8. Effects of Coupling to Phonons and Quantum Devices

(a)

&
A
. /’lR
H,
v
& (1)
0.0014 : : : :
(b) I=0.1y 0.0008 (C) =y
0.0012} . 0.0007 { .
0.001} : 0.0006
() o00008] + Lo | 0.0005}
. 0.0004 | -
0.0006 } - 1 00003
0.0004 | . 1 00002t
0.0002} 0.0001 |

0 —— 0 —
0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
w [

Fig. 8.6. (a) Schematic picture of the system composed of a double-dot and two leads.
(b) Average current as a function of w for the weak coupling case I' = 0.1v. The param-
eters used are: pr = €1(0) + 1.2meV, p; = €1(0) + 1.0meV, and €1(t) = Asin(wt) with
A = 1.47meV and ez = 1.33meV. (c¢) The same as (a) for the strong coupling I' = ~.
(Taken from Ref. [119] with permission.)

The basic Hamiltonian is again the simplest time-dependent Landau—Zener
model described as
) e(t)

H(t)=—-0, — —0,

5 5 (8.26)

where o, . are the Pauli matrices. The energy €(¢) is a tunable control
parameter and is assumed in the same way as above as

e(t) = o + Asin(wt). (8.27)

In the case of n—period oscillations, namely 2n times crossings, the overall
transition probability P from the initial ground state to the upper state
can be analytically expressed. This is actually the same as that derived
in Ref. [120] and is discussed in Section 13.2 of Chapter 13 of this book
(see Eq. (13.35)). If we take time-averaging for n > 1 and assume the slow
passage case prz < 1, then we obtain

sin? ¢

P =2p(1-p) ey (8.28)
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Fig. 8.7. Slow-driving Landau-Zener-Stiieckelberg interferometry for Aw < 62. The
time averaged upper level occupation probability P; as a function of the energy bias ¢g
and the driving amplitude A. The grah is calculated with Eq.(8.28) for w/é = 0.32. The
inclined lines mark the region of the validity of the theory:eg < A, which means that the
system experiences avoided crossings. The vertical dashed line shows the alteration of
the excitation maxima and minima. (Taken from Ref. [35] with permission.)

The interference structure calculated based on this equation is shown in
Fig. 8.7. It should be noted that Eq. (B.5) and Eq. (B.9) in Ref. [35] are
the same as Eq. (13.35) and Eq. (8.28) mentioned above, respectively. The
other cases such as the first passage limit, the case with de-coherence taken
into account, and some experimental realizations are discussed in Ref. [35].
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Chapter 9

Multi-Channel Problems

So far we have discussed various types of two-state or two-channel prob-
lems and demonstrated that once the basic accurate two-state theory is
prepared, three different types of physical problems, inelastic scattering,
elastic scattering with resonances and perturbed bound states, can be uni-
formly formulated with use of the theory. However, physical and chemical
processes in realty naturally require us to deal with various types of multi-
dimensional and/or multi-channel problems. In this chapter, we will con-
sider one-dimensional multi-channel problems which contain many curve
crossings in both time-independent and time-dependent schemes. First,
some exactly solvable models will be introduced briefly. Since they are very
limited, however, main efforts will be paid to explain how the basic two-
state theories presented in previous chapters can be employed to analyze
multi-channel problems.

9.1. Exactly Solvable Models

9.1.1. Time-independent case

As can be easily understood, it is very difficult to solve analytically exactly
any multi-channel problems. This is especially true for time-independent
case The only potential curve system exactly solved so far is the so called
Demkov—Osherov model [121]. In this model, one slanted level with the
slope a crosses many horizontal levels n (n = 1,2,3,...,N) with the
level dependent constant coupling h,, (see Fig. 9.1). The subspace com-
posed of the horizontal levels is assumed to be diagonalized. Namely, the
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Fig. 9.1. Crossings of many horizontal states with a slanted state. (Taken from Ref. [121]
with permission.)

corresponding Schrédinger equation is

(ij;+v>@—o (9.1)
with
Yo
(1
N (9.2)
YN
and

(654 h1 hg

by A 0 e e .
V= . (9.3)
e 0 Ay eee e e

Using the same complex contour integral method as that for the time-
dependent case described in the next subsection, Demkov and Osherov
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solved this problem exactly and obtained the following results for the overall
transition probabilities P;; for the transition 7 — j:

P =0 forn>m,

Py =0 form>n',

Poor =0,

an = (1 - pn)pn-‘rl s 'pnopno—l te 'pm+1(1 - pm)

(9-4)
(9-5)
Py =0, (9.6)
(9-7)
(9-8)
(9-9)

Poo = p1- - ProPng - - P15

where n,m > 1, p, represents the Landau-Zener transition probability
between the slant level and the nth horizontal level,

pn = e~ 2mhu /o (9.10)

and the totel energy E is assumed to be in between \,, and A,,4+1. The
primed state n’ indicates the state n on the right side of the crossing region
(see Fig. 9.1). The above results can be easily understood in terms of the
semiclassical idea of nonadiabatic transition at avoided crossing and adia-
batic wave propagation along adiabatic potential. It is interesting to note
that there appear no phase terms in the above results. This is easily under-
stood, because for any one of the above transitions there is only one possible
path connecting initial and final states and no phase interference occurs. It
should be noted, however, that the above result is quantum mechanically
exact for any number N of the horizontal states and independent of the
spacing among the latter.

9.1.2. Time-dependent case

The time-dependent version of the above model, namely,

.0
= 7 —

(Ho + [h0) Bt(thol)|¥) 7%

[¥) (8>0), (9.11)

was solved by Demkov and Osherov with use of the contour integral [121],

| W) = /CG(E)wO)F(E)e*iEtdE, (9.12)
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where
0 h1
hi M\
Hy =
ha 0
and
G(E) =

Chapter 9.
ho
0
A2
(Hy— E)~ %

With use of the integration by parts, we obtain

F(B) =i

G(B)lwo)
N/ wo|G Yoy ©

exp l—

and

B (ol G(E")[%0)

[F(E) (40| G(E)vo)],

dE’

Multi-Channel Problems

(9.13)

(9.14)

(9.15)

i E
B / (¢ = O|G(E")[¢0)

/

—1Et

—1Et|dE

(9.16)

= 0. (9.17)

By evaluating the resolvent operator G(E) from Eq. (9.14), we can have

wolw) =N [ 1 918)
and
(Y |¥) = Nh,, / (A, — E)"'L(E)dE (9.19)
C
with
L(E) =[]\ — B)""n/P exp (Z;E; - z'Et). (9.20)

m

By appropriately choosing the contour C' to satisfy the initail condition at
t — —oo and Eq. (9.17), we can obtain the normalization constant N and
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finally explicit expressions for the various transition probabilities F;; for
the transition ¢ — j as follows:

Py =0 for 0 <m < n, (9.21)
Prn =0, (9.22)
Pom = (1 = pp)pnt1 - Pm—1(1 —=pm) form >mn, (9.23)
Pro = (1 = pp)Pn+1---PN- (9.24)

The physical picture of the above result is much clearer than the time-
independent case.

The above Demkov—-Osherov model was extended to the case that two
bands composed of an infinite number of equidistant states cross with each
other [122,123]. They analyzed the behaviour of adiabatic states against the
change of the diabatic coupling strength, and found a new kind of pseu-
docrossing named as “anti-diabatic states” which show saw-like behaviour
and lie halfway between the original adjacent diabatic states. Some impor-
tant features of time evolution of the system was also analyzed.

The other model which has been analytically exactly solved is the so
called bow-tie model, in which an arbitrary number N of linear time-
dependent diabatic potential curves cross at one point and only a particu-
lar horizontal curve among them has interactions with the others. Carroll
and Hioe first motivated the study by the applications to quantum optics
and derived exact solutions for the three-level case [124-126]. Later, Brun-
dobler and Elser noted that the method used by Carroll and Hioe can
be generalized to write the solutions in the form of complex contour inte-
grals for arbitrary number N of states [127]. The explicit expressions of
transition probabilities could not be obtained, however. Recently, Ostro-
vsky and Nakamura have succeeded to derive the exact compact analytical
solutions for arbitrary N [128]. The Hamiltonian matrix in the model is
given by

Hyp =0, Hj;=p8t, Hjo=Hy=V; (j#0),

(9.25)
Hj, =0 forj#0 and k#0,

where the states with positive slope 3; are labelled with positive subscripts
J in order of increasing (3;, and the states with negative 3; are labelled by
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negative indices j, the larger j corresponding to the larger |3;], i.e.,

B3 < Ba<Pa<Bo<PrL <P, (9.26)

The expansion coefficients c; of the total wave function in the above diabatic
representation satisfy the following coupled equations as usual:

.
CO Zv Cny L = Bjte; + Vico, (j #0). (9.27)

As in the Demkov—Osherov model, the Laplace transformation reduces this
system of equations to a single first order differential equation which is easily
solved and we can obtain the following contour-integral representations:

colt) = Ot / ‘h‘e—’th/?H( ut 5n> (9.28)

and
— 72u2/2 1 7u+ﬂﬂ i
r(t) = ~qv; [ e _uwjl;[( e Y
where
V2
hj = (2&) (9.30)
j

and @ is a certain normalization constant. By properly taking the contour
C in the complex wu-plane, we can finally obtain the expression of ¢ and
the transition probabilities P;; for the transition ¢ — j as

Py = [1 ~IIe- 1] pn] , (9.31)

n>0 n<0

POj: 70 = Hpn 1_p] (HZ%"‘HPn) (j>0)v (9'32)

n>j n>0 n<0

Poj: 70 = Hpn 1—])] (Hpn+Hpn> (j<0)7 (933)

n<j n>0 n<0
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Py= 11+ [Ipa|pi—=IIps| G>0), (9.34)

n>j n>j

P =[] pn <Hpn> (1-p)(1—pr) (j>0,k>0), (9.35)

n>j n>k

ij: Hpn <Hpn> 1_pJ 1_pk) (j>07k<0)7 (936)

n>j n<k
2

Py= 1+ (]]pn|pi—[Irn| G<o0), (9.37)

n<j n<j

P =[] pn <Hpn> 1=pj)1=p) (<0,k>0) (9:38)

n<j n<k

and

ij = H Pn (H pn) 1 _pk) (.] <0,k< O)’ (939)

n<g n<k
where p; is the Landau-Zener transition probability,
TV?
pj = e 2™l —exp| -2 |, (9.40)
1551

The physical interpretation of the above result has also been succesfully
obtained in terms of the multipath pairwise successive two-state transitions
[129]. Brundobler and Elser [127] put forward the hypothesis that for the
most general multi-level linear model, in which the Hamiltonian matrix is
given by

Hij = ﬁjtéij + Aij (941)

with arbirary constants 3; and A;;, the probability that the system remains
in the initial jth diabatic state is given by a simple formlua,

JJ*HG < ZWVJ%LO (9.42)
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provided that this state corresponds to the extremum (maximum or min-
imum) slope §;. This hypothesis is confirmed within the present model.
Indeed, if the O-state corresponds to the maximum or minimum slope
(namely, if all 3; < 0 or all 5; > 0), then we have from Eq. (9.31)

Poo =[] r2- (9.43)
n

If a certain jth state corresponds to the maximum or minimum slope, then

we have from Eq. (9.34) or Eq. (9.37)
Pj; =pj. (9.44)

The above hypothesis is obvious, of course, from the view point of the
semiclassical idea.

9.2. Semiclassical Theory of Time-Independent
Multi-Channel Problems

Since the exactly solvable models are very much limited, as is clear from the
previous section, it is inevitable to use some kind of approximate theories
to deal with general multi-channel problems. In this sense, the newly com-
pleted two-state semiclassical theory presented in Section 5.2 can present
not only physically meaningful interpretation of multi-channel problems,
but also a nice computational tool to calculate physical quantities such as
scattering matrix, resonance width and bound state energies. When avoided
crossings are well separated from each other, nonadiabatic transitions well
localized at each avoided crossing can be treated as in a pure two-state
problem. Even when some of avoided crossings come close together and
their nonadiabatic couplings overlap with each other, the present semiclas-
sical theory can still work surprisingly well. This is because the present
semiclassical theory can take multi-state coupling effects into consideration
by using adiabatic potentials and also the underlying analytical sturcture
of the two-state problem is most properly taken into account. Actually, the
important two parameters a? and b which are defined in terms of the two
adiabatic potential curves at one avoided crossing include all the interaction
information coming from the other neighbouring avoided crossings; namely
when two avoided crossings come close together, the corresponding a? and
b? change from the corresponding values when they are far apart. This is
simply because the adiabatic potentials are obtained by diagonalizing the
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whole multi-channel electronic Hamiltonian matrix. In the diabatic rep-
resentation the interactions among other states are completely neglected,
so that the theory cannot work better than in the adiabatic representa-
tion [130,131].

Since in the special Demkov—Osherov model [121] the overall transi-
tion probability can be expressed as a simple product of the Landau—Zener
formula, many people thought that phases may not be so important in
general. This is not correct, of course. For example, ocillation and res-
onance structure of overall nonadiabatic transition probabilities depend
on various phases strongly. The I-matrix propagation method developed
by Nakamura [8, 132] made an important step to properly take phases
into consideration. The present version of I-matrix propagation scheme
[131-134] enables us to deal with multi-channel curve crossing problems
more conveniently by absorbing all adiabatic phases between avoided cross-
ings into the redefined I-matrix. Generally speaking, the better the two-
state theory is, the more accurate results we can obtain for multi-channel
curve crossing problems. Even the effects of closed channels can be incor-
porated. Firstly here, the basic idea is explained by taking an example
shown in Fig. 9.2, which is a simple three-channel problem including both
open and closed channels. The diagrammatic technique explained before in
Section 7.1 is sometimes useful. The corresponding diagram is depicted in
Fig. 9.2(b) [8]. When closed channels are included, it is convenient to con-
struct the following y-matrix given below, in terms of which the S-matrix
is expressed as,

S = PooRO {Xoo - Xoc(ch - P;EUTRRO)ilxco}PRooov (945)

where the suffix o(c) means open (closed), and x,. represents the open
channel-closed channel block of the whole y-matrix, and so on.

The suffix T® represents the right-side, i.e. outer, turning point T.X,
and Ry is an appropriately chosen position larger than the right-most basic
element (diagram) and smaller than T® if the latter exists. Ry can be
taken to be either dependent on or independent of the channel number.
The matrices Pyr, = Pryoco and Pgr,rrp, are the same as those defined
by Eqgs. (3.21)-(3.22) except that the integration limits in Pg rrp, are
interchanged since Ry < Tp. Now, the matrix x in the case of Fig. 9.2 can
be simply expressed as

X = PCIROOCIP61CQOC2PéQTCQICZPélcQICIPCIRO’ (946)
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Fig. 9.2. (a) Model three-state potential curve diagram. (b) Diagram corresponding to
Fig. 9.2(a). (Taken from Ref. [9] with permission.)

where the matrices Pap, Ix and Ox (= IE(: transpose of Iy ) are the same
as before except that Iy and I are now 3 x 3 matrices having off-diagonal
elements only between the channels coupled by curve crossing. The matrices
P¢,c, and Py, ¢, are defined as

forn,m=1,2

Re,
Onm €XP [z / kn(R)dR
(9.47)

otherwise

Ty
O €XP |f/ ks(R)dR
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and

Roy 0
Onm €XP 22’/ kn(R)dR + 5 for n,m =1,

TL

n

[P (/Jz TCo ] nm —
Onm otherwise,
(9.48)

where the (3,3)-element of P{, ., can either be put in P/ pq, with the
exponent doubled.

In this formulation the effects of closed channels can be straightfor-
wardly incorporated into the S-matrix without difficulty. Resonances in
the scattering clearly correspond to the complex solutions of

det[XCC - PEOTRRO] =0. (949)

The above method can handle the general cases which involve tunnel-
ing and nonadiabatic tunneling, since the corresponding basic matrices are
available now. Below, the general framework will be presented in more
detail, in which the transitions considered can be either LZ- or NT-type.
Some numerical examples will be presented to demonstrate the accuracy
of the present theory. This general framework can be used for any type
of transitions other than LZ and NT as far as the corresponding I-matrix
is known. The Rosen—Zener type non-curve-crossing and the exponential
potential models are such examples.

9.2.1. General framework

The multi-channel WKB wave function can be defined almost anywhere
for both incoming and outgoing branches, and the internal reduced scat-
tering matrix can be defined at a certain finite distance R = Ry, where all
channels are energetically open. This is a connection matrix which connects
the coefficients associated with incoming WKB solutions to the coefficients
associated with outgoing WKB solutions. Then, we further propagate the
solutions to asymptotic region where the final S-matrix is defined. As is well
known, the exact quantum mechanical close-coupling calculations have to
be carried out far into the asymptotic region to obtain converged solutions.
In the semiclassical propagation method, however, we can terminate the
propagation at the position just beyond the outmost avoided crossing.

Let us assume that we consider a general multi-channel system which
contains totally m 4+ m states, in which n represents the number of
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asymptotically open channels and m is the number of closed channels
(see Fig. 9.3). Of course, n and m vary as the collision energy changes.

9.2.1.1. Case of no closed channel (m = 0)

In this case, all channels (n) are open, and the avoided crossings are assumed
to be distributed in the order,

Ry < Ry_1 <--- < Ry, (9.50)

where Ry represents the innermost avoided crossing and R; is the out-
ermost avoided crossing. Each avoided crossing at R; (i = 1,2,...,N) is
identified by the channel indices @ and 8 (o < § = 1,2,...,n), and the
n x n Ig,-matrix is given by

(IRi)aa = ‘[117 (IRl)OéB — 112; (9.51)

(IRi)Ba = 121, and (IRi)ﬁﬁ = 122 (952)

with the other elements

(R )y = 0uys (1,7) # (aa), (80), (aB), (Ba), (9-53)

where I11, I12, Io; and Iys are the matrix elements of the two-by-two
I-matrix defined in Eq. (5.107) for LZ-case and Eq. (5.157) for NT-case.
Final reduced scattering matrix can be expressed as

SR = (IRNIRN—l T IRl)t(IRNIRN—l T IRI)' (954)

When there are closed channels, i.e. m # 0, this matrix gives the internal
reduced scattering matrix y. We will always denote it as x in order to
distinguish from the final reduced scattering matrix S®.

9.2.1.2. Case of m # 0 at energies higher than the bottom
of the highest adiabatic potential

In this case m channels are closed, as is shown in Fig. 9.3(a). Although in
Fig. 9.3(a), we have chosen the NT-type avoided crossing at R = R; for
the highest one, it can be LZ-type or any other type as far as we know its
I-matrix. We first find y-matrix at R = Ry where all n + m channels are
open. Actually, x can be otained exactly in the same way as in Eq. (9.46),
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Fig. 9.3. Schematic (n + m)-state potential curves with n open and m closed channels. The turning points T, (@ = 1,2,...,n + m)
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energy lower than the bottom of Ey 4, (R). (Taken from Ref. [131] with permission.)
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but now it becomes (n+m) x (n4+m). It should be noted that this y-matrix
may now also include contributions from the other avoided crossings, if
any, lying in the region R > Ry. This means that R; does not have to be
a definite single value, but can designate different positions depending on
channels.

Let us write y-matrix as

| Xoo(n x n) ‘ Xoc(n X m)

X= Xeo(m X m) ‘ Xec(m x m) (9.55)

where o(c) means open (closed). Then, the final n x n reduced SR-matrix
can be found as

SR = Xoo — XocD_1Xc0 (956)

with

—1i20

Dy = dape 4+ [Xeclap (0, =1,2,...,m), (9.57)

where the additional adiabatic phase 6, in Eq. (9.57) represents the WKB
phase integral on the ath adiabatic potential,

tnta
0, = / : Kypio(R)AR, a=1,2,...,m, (9.58)
Tnia

which is an ordinary phase integral on a single adiabatic potential well.
The derivation of S®-matrix is essentially the same as that of the multi-
channel quantum defect theory [7, 135-137], and actually has been used in
the heavy particle scattering theory [71,138]. But now we have compact
analytical expressions for all elements.

Equation (9.56) indicates that resonance information is totally included
in the D-matrix given by Eq. (9.57), and actually the complex zeros of
det(D) provide positions and widths of resonances. It can be easily checked
that D-matrix goes to the correct adiabatic limit when all avoided crossings
turn to be adiabatic, a> — 0.

9.2.1.3. Case of m # 0 at energies lower than the bottom
of the highest adiabatic potential

Now we turn to the situation shown in Fig. 9.3(b) in which the highest
avoided crossing j is assumed to be NT-type and energy F is lower than
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the bottom of the highest adiabatic potential. The NT- and LZ-cases require
different approaches. In the case of LZ, we can still use the I-matrix, even
if energies are lower than the corresponding avoided crossing, and thus the
whole procedure is the same as in the previous subsection. But in the case
of NT, I-matrix no longer exsits at energies lower than the corresponding
avoided crossing, and we must use the transfer matrix N® obtained from
S in Eq. (5.120) by Eq. (5.128) for the reason that it represents the local
transmission phenomenon. This NR-matrix represents nonadiabatic tun-
neling through the avoided crossing j in Fig. 9.3(b), since the highest state
E,+m(R) is closed everywhere. Now the propagation scheme becomes a lit-
tle bit complicated because of this nonadiabatic tunneling process. We have
to classify avoided crossings into three regions: A, B and C' in Fig. 9.3(b);

Avoided crossings in A: R, < R;,
Avoided crossings in B: R; < R, < Ry,
and
Avoided crossings in C: Ry < Ry,

where « is a running index that covers all avoided crossing in the corre-
sponding region. Thus, we can define the I-matrices for these three regions
as

Ig =IryIRy .- IR, (9.59)
Ip=1Igr,_,  Ir, \Ir;,, " IRy, (9.60)

and
Ic =Ip, IR, IR, (9.61)

where Ry < Ry_1-- < R; < R;_4 <Rj71 <Rj+1"' <R}€+1 < Rp---<
Ry, and each Ir, (o # j) can be calculated in the same way as shown in
Egs. (9.51) and (9.52).

Let us define the internal (n+m—1) X (n+m—1) x-matrix at R < Ry
as

XY = (Ialg) (14l), (9.62)

where Ry > R; (Ro2 < Ry) is a certain position in the left (right) well of
Ep+m—1(R) (see Fig. 9.3(b)). Here we have combined Iz with 4, since the
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tunneling through j can commute with nonadiabatic transitions in region
B. Next we consider the WKB wave function %y, 4,m—1(R) in the region of
tunneling through the highest barrier (crossing j) from Rg; to Rpe, and
then we have the internal (n +m — 1) x (n +m — 1) y-matrix, x2:

(1] NER 1
2 _ [ Xamtm—1)""22X(n4m-1)8
Xag = Xag — Dy , (9.63)
ATR ,—i0
(2] _iNjie"
Xa(n—',—m—l) - TXa(n+m_1)7 (964)
(2] _ 12
X(ntm-1)8 = XB(n+m—1) (9.65)
(1] NR)2
(2] R X(n+m71)(n+m—1)( 13)
X(n+m—1)(n+m—1) - Nll - Db 5 (966)
where o, 5 =1,2,...(n+m — 2), and D, is given by
—i 1
Dy=e 20 + XETJ+m71)(n+m71)N2R2 (967)
with
ty
b= [ Knomoa(RR (9.68)
Trtm—1

which is the phase integral along the left well of FE,im,m_1(R)
(see Fig. 9.3(b)). NE, N& and NE are evaluated from Egs. (5.120) and
(5.128). The third step is to propagate the WKB wave functions to R ~ Ro3
where all avoided crossings in region C' contribute to give

Xoo(nx1) | Xoe(n x (m—1)) (9.69)

Bl — st 27, =
X5 =lox e = Xeo((m — 1) x 1) [ xee((m — 1) x (m — 1)) |

The final step is to propagate the WKB wave functions from Ry3 to R,
where the asymptotic region is reached, and we finally obtain SR-matrix
(n xn) as

SR = Xoo — XOCD_1XCO (970)
with

—1i26

Dog = bape™ " + [Xcclap, (a,0=1,2,...,m—1), (9.71)
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where the phase integrals along adiabatic potentials are defined by

tn+a
00 — / Knia(R)AR, (a=1,2,....,m—1). (9.72)
Tn+a
Note that
tng(m-1)
Hm,l = Ha = / Kn+(m,1)(R)dR, (973)
t

a

which is the phase integral on the right well along F,, 1 ,,,—1(R) in Fig. 9.3(b).
It should be noted that the turning points ¢, and ¢, in Fig. 9.3(b) must be
replaced by R;, when the energy is located in the gap of the top avoided
crossing j. Now, resonances come from the following two parts: one is from
the complex zeros of Dy, = 0 in Egs. (9.63)—(9.66) and the other from the
complex zeros of det D = 0 in Eq. (9.70). The great advantage of the present
semiclassical method is that the resonance part can be completely separated
from the other transition processes and thus can be easily analyzed. If
there is no open channel, the y-matrix contains only closed channel portion,
Xce, and det D = 0 becomes the secular determinant whose roots give the
solutions of the perturbed bound states.

When the energy further goes down, lower than the bottom of the adia-
batic potential F,,4,,—1(R) in Fig. 9.3(b), the present semiclassical theory
cannot take the highest, i.e. jth, crossing contribution into consideration.
However, when the energy is low enough, the nonadiabatic tunneling at j
almost coincides with single potential barrier tunneling. In that case we
can neglect adiabatic potential F,, 1., (R), or we can treat the effect of the
highest avoided crossing perturbatively. Then, the present I-matrix propa-
gation method can still be formulated in a similar way as above. In the way
presented here, the present semiclassical theory can deal with multi-channel
curve crossing problems without any restriction for energy and number of
channels, as far as all avoided crossings are relatively well separated from
each other.

9.2.2. Numerical example

Here, two examples are presented to demonstrate the accuracy of the
present semiclassical theory. First one is a model system of two Morse poten-
tials crossed with two repulsive exponential potentials [130,131]. The model
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potentials in diabatic representation are given by

Vi(R) = 0.037e~1:3(R=3.25) _ (034,
0.037e~1:3(F=3.25) _ () 012,

(9.74)
0.4057[1 — e~ 0-344(F=3)12 _ ()03,

(

Va(R
(
(

Vs

)

)
R)
Vi(R) = 0.4057[1 — ¢~ 0-344(1F=3)]12,
Coupling terms are given as

Vig(R) = Vig(R) = Va3(R) = Vau(R) = %‘6/2—3 (9.75)

Vi2(R) = Va4(R) = 0.

All quantities are in atomic units, and the reduced mass of the system is
chosen to be that of an oxygen molecule (m = 29377.3). This model system
was taken from some states of Oy and the coupling represents the spin-orbit
interaction among vibrational states of the oxygen molecule [139]. We have
chosen V;; = 0.002 at which any perturbation theory does not work at all,
as it is realized as the strong coupling regime [139].

Figure 9.4 shows adiabatic potential diagram with Vy = 0.002 from
which we estimate all effective coupling constants a? for four nonzero
coupling terms from Eq. (5.123) as:

Vo = 0.002 = (a2, a3,a3,a3) = (7.88,4.5,3.61,1.8). (9.76)

It should be noted that although the diabatic coupling constant V) is the
2 are very different
from crossing to crossing. Actually that 0.1 > a? > 10 corresponds to the

same, their corresponding effective coupling parameters a

most significant region for nonadiabatic transition, and in this region any
attempt to use perturbation method will fail. Figure 9.5 show an excellent
agreement between exact quantum results (Fig. 9.5(a)) and the present
semiclassical results (Fig. 9.5(b)) for a wide range of energy. Even very
detailed resonance sturctures are very well reproduced by the present semi-
classical theory.

The second model is composed of one Morse potential crossing with five
repulsive exponential potentials [131]. In the diabatic representation, this
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Fig. 9.4. Four-state potential diagram of Eqgs. (9.74) and (9.75) with Vo = 0.002.
Solid lines for adiabatic potentials E;(R) and dashed lines for diabatic potentials V;(R)
(i =1—4). (Taken from Ref. [135] with permission.)

is given by
Vj(R) = 0.037¢~ 138329 L (0 i =15,
Vs(R) = 0.4057[1 — e~ 0-344(F=3)] (9.77)
Vie= b, j=15,
where

Vio = —0.034, —0.012, +0.010, 4-0.032, 4-0.060 for j =1—5. (9.78)

Everything is expressed in atomic units and the reduced mass is taken
to be m = 29373.3. Figure 9.6 shows the potential system for V[ =
0.006. The numerical results for the ¢ — j transition probability P;; are
shown in Figs. 9.7 and 9.8 for Vj = 0.002 and V; = 0.006, respectively.
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Fig. 9.5. (a) Overall transition probability Pi2 against energy for the potential system given in Fig. 9.4. Quantum mechanically exact
numerical solution of coupled equations. (b) The same as Fig. 9.5(a) for the semiclassical theory in the adiabatic representation. The
starting energy and the energy step used in the calculations are exactly the same as those in Fig. 9.5(a). (Taken from Ref. [140] with
permission.)
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The corresponding effective coupling strengths are
Vo = 0.002 = (a2, a3,a3,a3,a?) = (21.8,11.8,6.48,3.66,1.78),

(9.79)
Vo = 0.006 = (a2, a2, a2, a2, a2) = (0.79,0.40,0.24,0.14,0.07),

where a? represents the parameter a? at the crossing between V;(R) (j = 1—
5) with V5(R). As is clearly seen from these figures, the semiclassical theory
(solid line) reproduces the exact quantum mechanical numerical results
(dotted line) very nicely.

POTENTIAL ENERGY

Fig. 9.6. Six-state potential diagram of Egs. (9.77) and (9.78) with V5 = 0.006. Solid
lines for adiabatic potentials F;(R) and dashed lines for diabatic potentials V;(R)
(i =1—6). (Taken from Ref. [131] with permission.)
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Potential energy

Potential energy

Fig. 9.9. Diabatic (dashed line) and full adiabatic (solid line) potentials in the case
of three-level problems of Eq. (9.80). The ordinate and abscissa are the scaled energy,
a;72 + B, and the scaled time, 7 = 2Vi2t/h, respectively. (a) Viz/Viz = 1.0, (b)
Vi3/Viz = 0.2. (Taken from Ref. [87] with permission.)
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9.3. Time-Dependent Problems

The matrix multiplication method explained in the previous section can be
easily extended to time-dependent multi-channel crossing problems. The
matrices Ix and Pga in Section 6.2, and T® and X in Section 7.5 become
N x N-matrices, where N is the number of channels. From the analysis
of the time-independent multi-channel curve crossing problems [130-133],
we can safely expect that this kind of two-by-two approximation works
well, because our basic two-state theory is very accurate. The matrix [x
(or TR) contains a 2 x 2 submatrix given by Eq. (6.21), representing a
transition at the relevant crossing; otherwise this matrix is diagonal. For the
evaluation of the basic parameters oy and ¢, the following three methods
are possible. The first and the most accurate one is to diagonalize the
whole N x N potential matrix to obtain fully adiabatic potentials and
then evaluate the complex contour integral given by Eq. (6.32) for each
relevant avoided crossing. This is quite difficult, unfortunately, because it
is practically very hard to find complex crossing points accurately, especially
when the number of states IV exceeds three. The simplest, yet still not bad
method is the two-by-two diabatic approach, in which only the relevant two
states are considered at each crossing. In the two-state case, it is, of course,
not difficult to evaluate the integral in Eq. (6.32). If the couplings at other
crossings are strong and affect the relevant crossing, however, this method
naturally breaks down. In this case, the adiabatic potentials obtained from
the relevant two diabatic states are different from those obtained by the
full diagonalization. The third method is to evaluate the parameters og
and § from fully adiabatic potentials on the real axis only (Egs. (5.100)—
(5.104)). See also the description below Eq. (6.32). This method can avoid
the annoying complex calculus and is quite convenient, being more accurate
than the two-by-two diabatic approach.
Here we take the following three-level problem as an example:

—a1t? +by Vip Viz
H = V12 a2t2 0 5 (980)
‘/13 0 a3t2 + b3

where V;; are constant couplings and ai,as,as,b1,b3 > 0. The dimen-
sionless parameters defined as «; = h%a;/8VY, B; = b;/2Viy are
taken to be a; = 0.05, ap = 0.061, a3 = 0.111, 8y = 1.66 and
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B3 = 1.0. Figure 9.9 depict the diabatic and adiabatic potentials for
(a) Vi3/Vi2 = 1.0 and Vi3/Vi2 = 0.2. Figures 9.10(a)-9.10(c) show the
results of the three methods mentioned above in comparison with the
exact results as a function of Vi3/Via. The method based on the com-
plex crossing points in the full adiabatic representation works very well
even in a strong coupling region (see Fig. 9.10(a)). The two-by-two dia-
batic method, on the other hand, does not work well in a strong cou-
pling region (see Fig. 9.10(b)). The third method, which employs the
parameters given by Egs. (5.100)—(5.104) with Egs. (6.23)-(6.31) evalu-
ated from the full adiabatic potentials on the real axis, gives much better
results than the two-by-two diabatic method, even though the required

0.8
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Fig. 9.10. Transition probabilities against the coupling strength Vi3/Vi2 in the case of
three-level problem given in Eq. (9.80). Solid line: Pi_,1 (exact), dash-dot line: Pj_s2
(exact), dotted line: P13 (exact), solid circle: P11 (semiclassical), solid rhomb: P;_,2
(semiclassical), solid triangle: P;_,3 (semiclassical). (a) The semiclassical theory is based
on the complex crossing points in the full adiabatic representation. (b) The semiclassi-
cal theory is based on the two-by-two diabatic approach. (¢) The semiclassical theory
is based on the parameters defined by Egs. (6.23)—(6.26). (Taken from Ref. [87] with
permission.)
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computational effort is not much at all. This method works well until the
full adiabatic potentials become flat (like in Fig. 9.9(a)) and the param-
eters cannot be estimated. Since the search of complex crossing points
becomes extremely difficult when the number of states exceeds three, the
third method based on Egs. (5.100)—(5.104) with Eqgs. (6.23)—(6.31) is
recommended.
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Chapter 10

Multi-Dimensional Problems

Since most of physical, chemical, and biological dynamic processes in
reality proceed in multi-dimensional configuration space, it is naturally very
important to develop useful methodologies to deal with multi-dimensional
processes [141]. Unfortunately, however, it is almost impossible to develop
any intrinsically multi-dimensional analytical theory and thus it is necessary
to figure out some useful approximate methods with the help of accurate
one-dimensional theories. There are two ways to do that: one is to reduce
any multi-dimensional problem to a one-dimensional multi-channel prob-
lem by expanding the total wave function in terms of appropriate internal
states, as usually done in the quantum mechanical numerical solutions of
Schrodinger equation. The second, which is more approximate but may be
practically more useful, is to use classical trajectories which define curvi-
linear one-dimensional space, and try to incorporate quantum mechanical
effects as much as possible. The ordinary multi-dimensional semiclassical
mechanics belong to this category [142-145]. The one-dimensional semiclas-
sical theories of nonadiabatic transitions discussed so far can be incorpo-
rated in both methods, in principle.

Nonadiabatic transitions in multi-dimensional space are typically exem-
plified in terms of crossings or avoided crossings among multi-dimensional
potential energy surfaces in real molecular systems [38, 43,49, 146, 147].
As in the one-dimensional case, dynamic processes occur most effectively
when these crossings or avoided crossings exist. When the system of our
interest is described by NN-independent variables, i.e. an N-dimensional
problem, the corresponding potential energy surfaces can have real cross-
ings of (N — 2)-dimension. This is called Neuman-Wigner non-crossing
rule and can be easily understood from Eq. (2.1). Suppose R is an

211
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N-dimensional vector. In order to have a real crossing, both V;(R) — Va(R)
and V(R) should be zero at the same time, unless the electronic symmetry of
the two states are different and V(R) = 0. Since the two conditions should
be satisfied at the same time, the potential surface crossing, if it exists,
should be of (N — 2)- or lower-dimension. In the case of one-dimension
N =1, no crossing is possible, and in the case of N = 2, real crossing only
at a point (conical intersection) is possible. In the following Section 10.1,
various schemes of crossing in multi-dimensional space are classified and
explained. In Sections 10.2 and 10.3, the above mentioned two ways of semi-
classical treatments are discussed. In Section 10.4 a nonadiabatic transition
state theory is formulated. This theory allows us to evaluate the nonadia-
batic reaction rate constant for the case that the transition state is created
by the coupling with an electronically excited state, namely by the conical
intersection. The Zhu—Nakamura formulas are incorporated into the theory
and thus improves the celebrated Marcus theory of electron transfer.

In this chapter only the formulations of various theories and some
numerical results for the corresponding model systems are provided. Practi-
cal applications to various realistic problems will be discussed in Chapter 14.

10.1. Classification of Surface Crossing

10.1.1. Crossing seam

This is the direct extension of one-dimensional avoided crossing. A typical
example of two-dimensional potential energy surfaces is shown in Fig. 10.1.
The diabatic surfaces cross with each other along a line called “seam”, and
the adiabatic surfaces never cross and have the shape of hyperbolic cylin-
der oriented along the seam. In the direction perpendicular to the seam,
we have the same situation as the one-dimensional avoided crossing case
and the nonadiabatic coupling has a sharp peak at the avoided crossing. In
the direction along the seam, the Rosen—Zener type transition occurs, but
it is much less effective. Practical examples can be found, for instance, in
Ref. [146]. The simplest basic model in the two-dimensional (x,y) space is
given by the following electronic Hamiltonian matrix in the diabatic repre-
sentation as a direct extension of the Landau—Zener model:

Hel( ) All' + Bly ‘/O (10 1)
xr,Y) = 9 .
Vo Aoz + Bay
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Fig. 10.1. Schematic view of an avoided crossing of the two-dimensional potential energy
surfaces. (Taken from Ref. [8] with permission.)

Fig. 10.2. Schematic view of a conical intersection of the two-dimensional potential
energy surfaces. (Taken from Ref. [8] with permission.)

where Ay ~ By and Vj are certain constants. The seam line between the
two diabatic surfaces is defined by the equation,

— A2 — Al .

10.1.2. Conical intersection

The conical intersection is schematically shown in Fig. 10.2. The adiabatic
surfaces are discontinuous at the crossing point (apex). The Jahn-Teller
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intersection is one of the typical examples [148-152]. This is a theoretical
concept, but is inevitable to understand mechanisms of chemical dynam-
ics such as photo-isomerization or more generally photochemistry (see, for
instance, the Refs. [146,147,151,153-155]). Its direct experimental probing
has also been made recently [156]. In all directions passing through the
apex, real curve crossing occurs and the nonadiabatic coupling has a delta
function peak there. Along lines passing nearby the apex, the ordinary one-
dimensional avoided crossing scheme holds. Because of the degeneracy at
the apex, the electronic wave functions of adiabatic states is not single-
valued, when the apex is encircled. Namely, the wave function does not
come back to the original value, taking the different sign after one loop of
the apex. In order to satisfy the single-valuedness of the total wave function,
an additional phase should be introduced. This problem was first analyzed
by Longuet-Higgins [157,158], and has been investigated by many other
authors [154,159-164]. The additional phase due to conical intersection is
called geometrical phase or Berry phase [154,162,165,166]. Because of this
additional effect, the nuclear wave functions in the adiabatic representation
should change sign across some cut containing the locus of conical intersec-
tion, and accordingly satisfy an additional boundary condition [162].

The simplest basic model of conical intersection in the two-dimensional
(z,y) space is given by

Ha g = (7Y, (10.3)
Cy Bz

where A ~ C are certain constants. The nonadiabatic coupling along the
direction z with coordinate y fixed at a constant y, is given by (see Eq. (3.6))

o B (A'/4Cy.)
ax‘ ¢1> T 1+ (Az/20y,)% (104)

713 = (2

where 17 o are the adiabatic electronic wave functions and A’ = A — B.

It should be noted that conical intersections of potential energy surfaces
play vital roles in various kinds of chemical dynamics, if not directly, but
indirectly in the midst of the processes [46,47]. It is thus crucial to grasp the
transition mechanisms there to comprehend the whole chemical dynamics.
A variety of molecular functions are also governed by the transitions at con-
ical intersections. One of the typical examples is photo-chromism in which a
molecule changes its structure by absorbing photons (photo-isomerization)
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and thus its color changes. The transformation efficiency is governed by
the nonadiabatic transitions at conical intersections. Once we understand
the transition mechanisms, we can think of controlling the transitions by
using appropriately designed external fields. These will be discussed in later
chapters. Considering the importance of conical intersections in chemical
dynamics, many algorithms have been proposed for detecting and opti-
mizing the intersection hyperlines such as the ADD(anharmonic downward
distortion) following method for finding the minimal energy intersection
points (see [167] and references therein) and the extended BP(branching
plane) method (see [168,169] and references therein).

10.1.3. Renner—Teller effect

In the case of doubly degenerate II electronic states of a linear triatomic
molecule belonging to the D, symmetry, the two adiabatic potentials
behave like in Fig. 10.3. They are continuous everywhere and tangentially
touch at a reference nuclear geometry corresponding to the linear conforma-
tion. This is sometimes called “glancing intersection.” The two-dimensional
basic model in the diabatic representation is given by [146,157,170]

(10.5)

Ax? + By? Czxy
H(z,y) = ( :

Czxy Bax? + Ay?

——

Fig. 10.3. Schematic view of a glancing intersection of the two-dimensional potential
energy surfaces. (Taken from Ref. [8] with permission.)
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where A ~ C are certain constants. The corresponding adiabatic surfaces
Ey(z,y) and Es(x,y) are given by

Ei(z,y) = B(2? +y?)

Es(z,y) = A(z? + 4?). (10.6)

In contrast to the Jahn-Teller case, there appears no discontinuity and
no sign change of the adiabatic wave functions takes place. The nonadi-
abatic coupling is zero along any straight line going through the origin.
Unfortunately, there is no basic analytical theory of nonadiabatic transi-
tion for this model, although a special case has been solved by Osherov and
Ushakov [171]. There have been carried out some numerical calculations
with use of the wave packet propagation method [172] based on the general
analysis of the non-relativistic spinless rovibronic Hamiltonian [173].

10.2. Reduction to One-Dimensional
Multi-Channel Problem

10.2.1. Linear Jahn—Teller problem

The two-dimensional linear Jahn—Teller problem originally discussed by
Longuet—Higgins [157] can be reduced to the following coupled equations
after separating the angular motion which introduces the half-integer angu-
lar momentum quantum number m (=1/2,3/2,...):

1d? m? m
leﬁl—l—(e—Q—P)wl: V2,

2 202
P p (10.7)
Ldis (MmN = My
2 dp? ¢ 22 P 272/)2 !
with
1
€= EF2FL2’
(10.8)

p= % w? +y?,
where p is the mass of the representative particle in the system, E is its
energy, and the adiabatic potentials felt by that particle is +=F/z2 + y2.
The half-integer of the angular momentum quantum number m is the reflec-
tion of the geometrical phase of conical intersection. In the Renner—Teller
problem the corresponding quantum number appears as an integer [157].
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This simple model can represent a realistic triatomic system composed of
three identical atoms in the 25 state [157]. It should be noted that all
parameters in the above equations are dimensionless.

As can be seen from Eq. (10.7), the nonadiabatic coupling is propor-

2 in the similar way to Coriolis coupling. Thus, as was explained

tional to p~
in Section 3.4, it is better to introduce the dynamical state (or generalized

adiabatic) representation, in which the dynamical states are given by

m?2 m2
W _m 2, M~
+(p) 202 p 4pt
(10.9)
m? , , m?
W_(p) = 22 p-+ Ipes

In this representation the new nonadiabatic coupling is localized in coordi-
nate space, and thus the semiclassical theory can be applied. The potentials
W, and W_ for m = 9/2 and m = 1/2 are shown Figs. 10.4(a) and 10.4(b).
As is clearly seen from these figures, resonance states are supported by the
upper potential W, (p) and the decay process presents an interesting sub-
ject. Actually, this problem has attracted much attention so far [174-181].

Since the originally two-dimensional problem is reduced to the one-
dimensional two-channel problem thanks to the symmetry of the problem,
we can apply the semiclassical theory of nonadiabatic transitions to this
problem [181]. The resonance positions €,, and widths T',, for n =0,1,2,...
are given by the following expressions:

1
0(en) = ¢r + (n + 2) m (10.10)
and
[ _ ol = VI—PL[d0—¢) o ol =V1- Py lden (10.11)
TUMeVI-RL de [ T1+VI-Pomdn T
with
T
e)= |  Ki(p)dp (10.12)
th
and

K (p) = \/2(e = Wa(p)). (10.13)
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The potential energy and coordinate are dimensionless as defined by Eq. (10.8). (b) The
same as Fig. 10.4(a) except that m = 1/2. (Taken from Ref. [181] with permission.)

The overall nonadiabatic transition probability P;, and the phase ¢r, are
defined by the following nonadiabatic transition matrix V:

A B_ V1= Pre? Pre't B_
( ) _ N( ) _ , | ( ) (10.14)
A+ By —/ Prer V1— PLe_QM)L By
where A_ and B_ (A; and B.y) represent the coefficients of the adia-
batic wave functions on the potential W_(p) for the outgoing and incoming
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portions, respectively (outgoing and incoming portions on W, (p)). The
nonadiabatic transitions are induced at p<Spmin, where pnin is the mini-
mum point of the upper potential W,.. The complex crossing points of the
potentials Wy are

1/3
o6 =i (3)

+ V3 | yma1/3
A = 2*21 (3) (10.15)
(£) _ [_VB i my\1/3
P2 _[ 2i2](2) '

The complex roots péi) are neglected, since the real part is negative. The

overall nonadiabatic transition matrix N defined by Eq. (10.14) is now
given by

N =01D1NyD1 11, (10.16)
where
m6i¢l _ pleifflo
I = ‘ Ve T (10.17)
\/]971671010 /T — pleﬂm
O, =1IT (transposed), (10.18)
VITBoe® e
Ny = , vho , (10.19)
\/ije—wo me—mo
and
t- T
exp (z/ K_(p)dp + Z> 0
Re p1 4
D, = ,
t T
0 exp | —i Ky (p)dp+i—
Rep1 4
(10.20)

Here Ny represents the overall nonadiabatic transition at pg, I;1(O1)
describes the transition at p; in the incoming (outgoing) segment, and Dy
corresponds to the adiabatic wave propagation between p; and tl+ (or t_).
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The overall nonadaiabtic transition probability P, and the phases ¢r, in
Eq. (10.14) are given by

P, = po+ (1= po)[4p1(1 — p1) sin®(o1 — ¢1 — ¢o)] (10.21)
and
__p18in(201 — ¢o) + (1 — p1) sin(2¢1 + ¢o)

tn(20L) = = con(@o1 = go) + (1= pr)cos(2pn + go)” 07

where

Rep1 Re p1

= K_(p)dp — K dp. 10.23
o1 010+/L (p)dp /t+ +(p)dp ( )

Interestingly, the nonadiabatic transitions at py and p; cannot be described
as the pure Landau—Zener or Rosen—Zener type of transitions, but in terms
of mixture. The probabilities py and p; are treated by the Rosen—Zener type
of theory, and the phases ¢g and ¢, should be treated by the Landau—Zener
type of theory (see Chapters 3 and 5) [181]. Namely,

1 .
Pi = 1o, ety (j=0,1), (10.24)
_ % (% _ % i\ .
;= - ln<7r) - argF(z7T 1 (j=0,1) (10.25)

and

Re p;

6= Inm { / [K(p)—mp)]dp} (j=01).  (10.26)

The numerical comparison between the exact solutions of the coupled
Schrodinger equations and the present semiclassical theory is presented in
Table 10.1 for m = 9/2. It can be easily seen that the agreement between
the two is very good, especially for energy levels, and that it becomes better
as the angular momentum m increases, although it is not shown here.
The level width shows an interesting behavior as a function of energy,
that is, it increases slowly up to a certain maximum and then decreases
very slowly. The semiclassical results reproduce this behavior. The exact
numerical solution was obtained by solving the coupled equations by the
R-matrix propagation method [182]. The details are given in Ref. [181].
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Table 10.1. The resonance energy and width for m = % “Exact” means the results
of exact numerical calculation. “Adiabatic” and “generalized adiabatic” represent the
results in the semiclassical approximation.

n Exact Adiabatic Generalized adiabatic
0 (4.64, 0.0062) (4.62, 0.0088) (4.65, 0.005)
1 (5.60, 0.0131) (5.60, 0.0154) (5.61, 0.0128)
2 (6.49, 0.0192) (6.50, 0.021) (6.50, 0.0202)
3 (7.33, 0.0242) (7.34, 0.0257) (7.33, 0.0267)
4 (8.12, 0.0287) (8.14, 0.0298) (8.12, 0.0323)
21 (18.51, 0.0577) (18.53, 0.0556) (18.47, 0.061)

174 (70.30, 0.0728)
258 (91.08, 0.0707)

(70.23, 0.0570)
(91.00, 0.0540)

(70.36, 0.0543)
(91.12, 0.0503)

The case of m = 1/2 requires a special treatment, because the lower
potential W_ diverges to negative infinity at p — 0 (see Eq. (10.9)). Poten-
tial curves in this case are shown Fig. 10.4(b) and exhibit the NT (nonadia-
batic tunneling) type. Thus we need the NT-type reduced scattering matrix
(S£ )11 (see Chapter 5 and Appendix A) given by

R _ p iP
(Syr)in = T+ (1 = p)eB@9) e (10.27)
with
p=e2, (10.28)

where ¢g(9) is the same as Eq. (10.25), o = 6 given in Eq. (10.12), and §
in Eq. (10.26), respectively. The phase ® in Eq. (10.27) can be, of course,
given explicitly, but it is not necessary here. By the same analysis as before
we can obtain the following formulas for the resonance energy and width:

1
O(en) = ds + (n+2) T n=01,2,... (10.29)
and
p [dlo—¢s)] ™" p lde,
n=2 =2———. 10.
2—p[ de 2—pmdn (10.30)

Table 10.2 shows a comparison between the numerical solution of the
coupled equations and the present semiclassical theory. The agreement is
satisfactorily good.
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Table 10.2. The same as Table 10.1, but for m = %

n Exact® Adiabatic Generalized adiabatic
0 (2.10, 0.238) (1.88, 0.228) (2.20, 0.231)
1 (3.44, 0.241) (3.27, 0.260) (3.54, 0.213)
2 (4.55, 0.236) (4.40, 0.240) (4.64, 0.200)
3 (5.54, 0.228) (5.40, 0.227) (5.62, 0.189)
4 (6.45, 0.226) (6.32, 0.216) (6.52, 0.181)
8 (9.60, 0.215) (9.48, 0.189) (9.65, 0.160)
301 o (100.23, 0.068) (100.4, 0.063)

2The exact result for n = 301 could not be obtained by the
present method because of a strong overlapping of resonances.

Before concluding this subsection, the following two things are better
noted: (1) Considering the fact that the combination of Landau-Zener and
Rosen—Zener type of theories are required, it would be interesting to investi-
gate the applicability of the theory of exponential potential model. (2) The
basic Egs. (10.7) in the case of m = 1/2 should probably be checked again,
because the potential W_(p) is negatively divergent at p — 0. Although
this is the critical case and does not lead to unphysical “fall of a particle to
center” [58], a certain small term positively proportional to p~2 might be
missing in the potential.

10.2.2. Electronically adiabatic chemical reaction

Next example we consider is an electronically adiabatic chemical reaction,
namely a reaction process on a single electronic potential energy surface.
For simplicity, first we consider the hypothetical collinear chemical reaction
of the symmetric triatomic system OHO. Three atoms are confined onto a
physically one-dimensional space (see Fig. 10.5) and the Hydrogen atom H
in the middle transfers between the two Oxygen atoms in this space. There
are two independent Jacobi coordinates and this presents a mathematically
two-dimensional problem. For convenience, we introduce the hyperspherical
coordinates (p, ¢) defined as,

1/4

(mo + mu)” psin ¢ (10.31)

(Qmo + mH)mH
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Fig. 10.5. Collinear conformation of the triatomic system OHO.

and

/4
(Qmo + mH)mH !
R = |20 T )i cos ¢, 10.32
(mO + mH)2 P (rb ( )
where mo (my) is the mass of Oxygen (Hydrogen). The hyperangle ¢ ranges
from 0 to ¢o = arctan([(2mo + mu)mu]*/?/mo). In terms of these coordi-
nates the Hamiltonian takes the form

H = K(p) + Haa(¢; p), (10.33)

where K (p) is the radial part of the total kinetic energy operator. As usual,
the angular eigenvalue problem is first solved at fixed values of the hyper-
radius p,

Haa®3" (65 p) = EL* (0) 25" (1 ), (10.34)

where g and u indicate the gerade and ungerade symmetry of the state ®,,.
The solution of Eq. (10.34) gives adiabatic radial potentials E9“(p), two
lowest of which are shown in Fig. 10.6.

Numerical calculations are carried out with use of the R-matrix propa-
gation method to evaluate the scattering phases d, and d,,, from which the
reaction probability below the threshold of vibrational excitation is given by

P(E) = sin®(6, — 6,). (10.35)

The numerical results of P(E) are plotted in Fig. 10.7 as a function of
energy [183]. There are nine Feshbach type resonances with the widths
1077 ~ 1078 a.u. due to the excited Ef(p) state and eight more much
sharper resonances due to the excited EY (p) state.

The resonance energies and widths (Fyes and T') are evaluated with use
of the Wigner formula for an isolated resonance [184], which in terms of the
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Fig. 10.6. Four lowest adiabatic potential curves as a function of hyperradius for the
O+HO reaction system. E:gt are the gerade states, EY are the ungerade states. (Taken
from Ref. [183] with permission.)

phase shift reads

. (10.36)

0a(E) = dnonres + arctan {Q(EEmS)]
with a@ = g or w. The width I" can be determined with ~1% accuracy. The
results are shown in Tables 10.3 and 10.4.

The resonance states supported by the excited potential curves E{"(p)
decay to the ground states by the nonadiabatic coupling between the two
curves. Although it is not evident from a glance at Fig. 10.6, both ger-
ade and ungerade potential curves have minima in the energy difference
and depict the Landau—Zener type of avoided crossing. Thus the Zhu—
Nakamura theory of nonadiabatic transition should be applicable. The reso-
nance energy and width, Er(;? and I',,, are given by Eqs. (10.10) and (10.11),
where P, ¢1,, and oy, are explicitly expressed as (see Section 5.2.1)

P, = 4psn (1 — pzn) sin? (Yzn), (10.37)
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Fig. 10.7. The exchange reaction probability versus energy. Sharp spikes represent
Feshbach resonances. Eight sharp and short spikes correspond to those due to the excited
ungerade state. The other nine spikes are due to the gerade state. See Tables 10.3
and 10.4. (Taken from Ref. 183 with permission.)

(1 — pzn) sin(2zn)
pzn + (1 — pzn) cos(2zn

oL = %arCtan ( )> — 07N (10.38)

and

oL = — (10.39)

0
3
The basic parameters a? and b* are evaluated from Egs. (5.89)—(5.91). In
the ungerade case, this cannot be done straightforwardly, unfortunately,
because the crossing energy B = (EY(po) +E"(po))/2 = —0.1524674 a.u.
is lower than the bottom of E* = —0.150031. Here we used the following
modification: First, the reference points % and 2% are defined by

Ei(2%)=E_(2°) = Ey = 29,2 (10.40)

with
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Table 10.3.

(see Fig. 10.6).

Chapter 10.

Multi-Dimensional Problems

The resonance energy and width (both in hartree) for the gerade symmetry

n Exact Semiclassical P,

0  [-0.1496736,0.64 x 10~8%]  [-0.1497188,0.52 x 1078  0.52 x 104
1 [-0.1490782,0.33 x 10~7]  [—0.1491480,0.31 x 10~7]  0.36 x 1073
2 [-0.1485321,0.76 x 10~7]  [—0.1485997,0.40 x 10~7]  0.48 x 1073
3 [-0.1480178,0.11 x 107%]  [-0.1480788,0.56 x 10~7]  0.69 x 103
4 [-0.1475367,0.12 x 107%]  [-0.1475935,0.66 x 10~7]  0.89 x 1073
5  [—0.1470988,0.11 x 1076]  [-0.1471504,0.71 x 10~7]  0.11 x 1072
6  [-0.1467117,0.89 x 10~7]  [-0.1467616,0.70 x 10~7]  0.12 x 10~
7 [-0.1463796,0.76 x 1077]  [-0.1464258,0.66 x 10~7]  0.13 x 1072
8  [-0.1461056,0.54 x 10~7]  [-0.1461463,0.58 x 10~7]  0.14 x 10~2

“Exact” means the results from Eq. (10.36). “Semiclassical” represents the
results from Egs. (10.10) and (10.11). Py, is the overall nonadiabatic transition
probability (Eq. (10.37)). Note that EY = —0.1486376 [au] and the effective
coupling constant a? = 0.0357 from Eq. (5.89).

Table 10.4. The same as Table 10.3 but for the ungerade symmetry (see Fig. 10.6).

n Exact Semiclassical Py,

0  [-0.1496364,0.30 x 10~1°]  [-0.1496874,0.15 x 10~1°]  0.14 x 10~
1 [~0.1489781,0.84 x 1079 [—~0.1490305,0.71 x 10~9] 0.71 x 10~
2 [~0.1483712,0.18 x 1079 [—0.1484242,0.18 x 10~9] 0.20 x 107°
3 [—0.1478200,0.30 x 10~9] [—0.1478727,0.34 x 1079 0.40 x 10~5
4 [—0.1473276,0.36 x 1079 [~0.1473792,0.51 x 1079] 0.69 x 107°
5 [—0.1468961,0.66 x 10~9] [—0.1469456,0.65 x 10=9]  0.10 x 10~4
6 [—0.1465266,0.76 x 10~9] [—0.1465733,0.74 x 10~7] 0.14 x 10~4
7 [—0.1462189,0.60 x 10~9] [~0.1462618,0.76 x 10=9]  0.17 x 10~4

Note that E¥ = —0.1524674 (au) and the effective couling constant a? = 0.0068
from Eq. (10.42) with a = 0.55.

where « is a certain constant in the range (—1,1). If we use the same
technique as before, we obtain

o [E-11tda? 12
CVi+a? 1+a? p(ef —a2%)2(Ey(po) — E-(po))

(10.42)
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5 [dZ—1E—(Ey(po) + E_(po))/2
VTR B ) - B ()2 (10.43)

2 (B4 (22 (—B_(22)][Ey (2) — B_(25)]
¢ [E+(/)0) —E_ (po)]2

It should be noted that in the case of two-state linear model the above
quantities do not depend on «. In the general case, the parameter a should
be chosen to be as close to zero as possible; and in the present ungerade
case it should be in the range 1 > o > 0.4, where 0.4 corresponds to Ey =
EY iiom- Here we have used a = 0.55 which corresponds to Ef = —0.148655
which is just above the second resonance position as in the gerade case.
Fortunately, the resonance positions are almost unchanged and the widths
change only within the factor two or so in this range. The results are shown
in Tables 10.3 for the gerade and 10.4 for the ungerade symmetry. As can
be seen from the tables, overall agreement between the semiclassical results
and the quantum mechanical numerical results is very good, indicating the
accuracy of the present semiclassical theory. Especially, it is remarkable
that such small widths as 107'% ~ 10~!! a.u. are well reproduced.

As can be understood from the analysis here, ordinary chemical reac-
tion on a single potential energy surface can be considered as vibrationally
nonadiabatic processes and can be analyzed by the semiclassical theory.
In Section 14.1 of Chapter 14, we will analyze realistic three-dimensional
electronically adiabatic chemical reactions by reducing to coupled one-
dimensional problems.

and

with

(10.44)

10.3. Semiclassical Propagation Method

Although the reduction of a multi-dimensional problem to a one-dimensional
multi-channel system is accurate as it is and the latter system can be
accurately treated by the one-dimensional semiclassical theories to some
extent, as demonstrated in the previous section and in Section 14.1 of Chap-
ter 14, this cannot be practical especially for high dimensional systems. It
is more appropriate to directly deal with the multi-dimensional dynam-
ics. Intrinsically multi-dimensional semiclassical mechanics is, however, a
mathematically very difficult subject and has not yet been established.
The theory developed by Maslov would be the best one [145,185], but it
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is still in a very primitive stage. However, there have been developed, not
completed yet though, some practically usable methodologies which utilize
classical trajectories and enable us to incorporate the semiclassical theo-
ries of nonadiabatic transitions into the formalism. In view of the impor-
tance of electronically nonadiabatic transitions in chemical physics, let
us consider here molecular processes accompanying electronic transitions.
Electronically nonadiabatic chemical reaction is one of the best examples.
Since classical trajectory defines a curvilinear one-dimensional space, we
can utilize the one-dimensional theories of nonadiabatic transitions on the
trajectory to deal with the electronically nonadiabatic transitions. Impor-
tant issues are how to use the classical trajectories to describe the multi-
dimensional dynamics and how much of quantum mechanical effects can be
incorporated. Examples of such semiclassical propagation schemes are TSH
(trajectory surface hopping) method [15, 186, 187], the semiclassical IVR
(initial value representation) method [188,189], and CFGA (cellular frozen
Gaussian approximation) method [190-192]. In the following subsections,
the above mentioned methods are described. Here, mainly the basic ideas
and formulations of the methods are explained, and their applications to
realistic systems will be demonstrated in Chapters 14 and 15.

10.3.1. Trajectory surface hopping method

The TSH method is nothing but an ordinary QCT (quasi-classical tra-
jectory) method without any incorporation of effects of phases, and the
reaction probabilities are simply evaluated from the relative number of
reactive trajectories with respect to the total number of trajectories.
Classical trajectories hop when they come to the region of nonadiabatic
transition, i.e. in the region of potential energy surface intersection. The
hopping probability is evaluated semiclassically there and the trajectory
really hops to the other potential energy surface, when that probability is
larger than the random number generated there. This method was first pro-
posed by Bjerre and Nikitin [186] and by Tully and Preston [15,193,194] (see
also [187]). The nonadiabatic transition probability was evaluated by the
Landau—Zener formula. The nonadiabatic transition probability is some-
times given by the numerical solution of time-dependent coupled differen-
tial equations [141,195,196]. Because of the simplicity of the method, this
is applicable to large realistic systems and actually has enjoyed wide appli-
cations [141,151,197]. Various modifications from the original version have
been made, especially by Tully [196] and by Truhlar and coworkers [198].
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There still remain, however, some crucial problems related to (1) definition
of classical trajectory, (2) localizability of the transition, (3) treatment of
classically forbidden transition in which the energy is lower than the energy
at potential surface crossing point, and (4) energy and angular momentum
conservation. In the case of numerical solution of time-dependent coupled
differential equations to calculate the transition probability, the diabatic
state representation is used because of the convenience of treating the dia-
batic coupling compared to the nonadiabatic derivative coupling. In this
case, however, a certain common trajectory should be introduced and its
physical justification is not necessarily clear. Besides, the transition is not
well localized and the method cannot be easily applied to systems with
dissipation. In the adiabatic state representation, on the other hand, clas-
sical trajectory runs on a single adiabatic potential energy surface until
it reaches the surface crossing region and the nonadiabatic transition is
well localized there. If one uses the Landau—Zener formula in the adiabatic
state representation, the method can be free from these problems. How-
ever, as is well known, the Landau—Zener formula does not work when the
energy is close to the potential surface crossing energy. Furthermore, the
most serious problem is that the classically forbidden transitions cannot be
treated by any one of these methods. It is well known that the Landau—
Zener formula cannot treat these transitions, but even the numerical solu-
tions of the time-dependent coupled differential equations and the widely
used fewest switches (TFSH-fewest switches trajectory surface hopping)
method [196] cannot properly take those classically forbidden transitions
into account.

The Zhu-Nakamura(ZN) formulas developed in Chapter 5 in the adi-
abatic state representation enable us to solve all the problems mentioned
above. Since the localizability of the transition holds well, we can run clas-
sical trajectories on a single adiabatic potential energy surface and thus
the effects of dissipation, if any, can be taken into account easily. A whole
chemical process can be divided into (i) propagation on a single adiabatic
potential energy surface and (ii) a localized nonadiabatic transition at the
position of the minimum potential energy separation. In the case of classi-
cally forbidden transition, Eq. (5.111), can be used for the Landau—Zener
type of transition, and Eq. (5.135) and Eq. (5.145) for the nonadiabatic
tunneling type of transitions. Finally, the fourth problem mentioned above,
namely, the energy and angular momentum conservation, can also be satis-
fied. The energy conservation is not a problem at all, as is usually done in
the ordinary QCT (quasi-classical trajectory) method. The only care that
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should be taken in the case of TSH is that the momentum component in
the direction of transition is changed by the amount corresponding to the
adiabatic potential energy difference. Since the classically forbidden transi-
tions are non-vertical transitions in which the position after the transition
is different from that before the transition, the total angular momentum
conservation is apparently violated. This violation can be remedied, if nec-
essary, by appropriately rotating the system. The detailed recipe is not
given here, but can be found in Ref. [199]. This generalized TSH method
is called as ZN-TSH method [46,47,199,200] and can now be applied to
realistic large chemical and biological systems.

The algorithms of the ZN-TSH method are summarized as follows.
(1) Transition position is detected along each classical trajectory, (2) direc-
tion of transition is determined there and the one-dimensional cut of the
potential energy surfaces is made along that direction, (3) judgment is
made whether the transition is the LZ type or NT type, and (4) the
transition probability is calculated by the appropriate ZN formula. The
transition position can be found by simply detecting the minimum energy
separation between the two adiabatic potential energies. The determination
of transition direction has the following options: (i) direction perpendicu-
lar to the crossing seam surface, if the seam surface can be well defined
in advance, (ii) direction of the nonadiabatic coupling vector, if it is avail-
able, (iii) direction estimated from the Hessian, the second derivatives of
adiabatic potentials. If the seam surface is well known, the method (i) is
the best. In general, however, the geometry of the seam surface cannot be
known in advance. If the nonadiabtic coupling vector is available, we can
employ the direction of that vector. However, this vector is not necessarily
available, in general, unfortunately. In such a case, the last choice is to take
the direction of the eigenvector of the only one nonzero eigenvalue of the
rank one Hessian matrix of the difference of the two adiabatic potential
energies. Since the computation of Hessian is actually more time consum-
ing compared to the nonadiabatic coupling vector, we can use the following
approximation. In the vicinity of conical intersection, the topology of the
potential energy surface can be described by the diabatic Hamiltonian in
the form

(%B_X_ —%A-X-)' (10.45)

0

79

Here A; and B; are some constants and X; = R; — R?, where R? repre-

sents the point of intersection. From this the direction (unit vector) of the
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nonadiabatic coupling vector is found as

(A; By, — BiAp) Xs. (10.46)

€; ~

o
Il w
_

On the other hand, we can use Eq. (10.45) to estimate the Hessian matrix
of the difference of the two adiabatic potential energy surfaces, AE(R). Up
to an irrelevant scaler factor, the result reads

2
;}Q@i ~ ;€. (10.47)
This equation determines a rank-1 matrix, and the eigenvector of its only
one non-zero eigenvalue gives the direction dictated by the nonadiabatic
coupling vector. Since the nonadiabatic transitions are expected to take
place in the vicinity of the conical intersection, the nonadiabatic transition
direction can be approximated by the above mentioned eigenvector. The
ZN-TSH method was applied to three-atomic systems and demonstrated to
work well in comparison with the quantum mechanically exact numerical
solutions [199,201]. Even in the threshold energy regions, the method works
nicely. The TSH method based on the LZ formula, on the other hand,
does not work well even at relatively high energies. The ZN-TSH method
can now be applied to large chemical and biological systems. The numerical
applications to real systems will be discussed in Chapter 14.

There are nonadiabatic transitions other than those at conical inter-
sections. They are (i) the transitions due to Coriolis coupling, (ii) Rosen—
Zener type non-crossing transitions, and (iii) those of the Renner—Teller
glancing intersection. The Coriolis coupling problem can be treated by the
ZN-theory in the dynamical-state representation (see Section 3.4 of Chap-
ter 3). The classically allowed transitions between two non-crossing type
of potentials can be dealt with by employing the Rosen—Zener formula
or an appropriate exponential model (see Sections 5.3 and 5.4 of Chap-
ter 5). The other cases have to be treated numerically. Mil'nikov et. al.
developed a nonadiabatic transition operator method which can provide
the corresponding transition amplitude by solving one-dimensional coupled
equations numerically [202].

It should be noted that another important quantum mechanical effect,
namely, quantum mechanical tunneling, can also be incorporated into the
ZN-TSH method. In order to do this, we first have to find caustics along
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each trajectory. The caustics is equivalent to the turning point in one-
dimensional case and represents the boundary between classically allowed
and forbidden regions from which a tunneling trajectory emanates. Find-
ing caustics is not trivial at all in multi-dimensional space, but can now
be carried out by solving the following Riccati type non-linear differential
equation [46,203]:

dA

P —Hyy— HjppA— AHp, — AH,, A (10.48)
with A the matrix defined as
Op;(t) ..
i = , (,7)=1,2,...,N, 10.49

where p and ¢ represent the momentum and coordinate and Hyg(o, f =
p,q) are the matrices of the second derivatives with respect to @ and g of
the classical Hamiltonian taken along the classical trajectory. Along the
classical trajectory, the inverse of the matrix A becomes zero at caus-
tics, by which the caustics can be easily detected. Once the caustics are
detected, we run an appropriate tunneling classical trajectory from there
on the upside down potential energy surface. Since it is a bit too much
to run tunneling trajectories at every caustics, it is desirable to have an
a-priori knowledge about the important tunneling regions. Besides, we can
neglect the contribution from such trajectories that give too large action or
too small tunneling probability. Further detailed discussions are not given
here and should be found in Refs. [46,47,200,203]. Finally, the quantization
problem of the quasi-classical trajectory (QCT) method is briefly touched
upon. In this method, quantized initial states are usually used to run clas-
sical trajectories, but the final quantization is approximated simply by bin-
ning the trajectories. Bonnet and his coworkers proposed a nice method
to improve the conventional binning procedure and succeeded in obtaining
quantitatively good state resolved probabilities (see Ref. [204] and refer-
ences therein). Incorporation of the nonadiabatic transition and tunneling
effects into this QCT method, as discussed above, would be interesting and
practically useful.

10.3.2. Semiclassical initial value representation method

The classical S—matrix theory developed by Miller [142,143] is a nice semi-
classical theory which takes into account the effects of phases and quan-
tization conditions of final as well as initial internal states, and enables
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us to evaluate the transition amplitude by summing up the amplitudes
along all the trajectories that satisfy the double-ended quantization con-
ditions. The effects of nonadiabatic transition and tunneling can be taken
into account by analytically continuing the double-ended trajectories into
the complex coordinate space in the region of surface crossing and also
in the tunneling region [205]. This detour into the complex plane gives a
complex action to the S—matrix. The imaginary part of this action pro-
vides the corresponding nonadiabatic transition or tunneling probability.
In spite of the conceptual beauty, however, this theory turned out to be
very cumbersome and time-consuming because of the necessity of searching
for the double-ended trajectories and handling the full complex trajectories
in the complicated branching patterns. In order to remedy a part of the
drawbacks, Kormonicki et al. proposed a decoupling scheme in which the
evaluation of electronic transition is decoupled from the trajectory calcu-
lations [206]. The electronic transition is evaluated by the local complex
integral, Eq. (3.26), with the nonadiabatic transition probability given by
Eq. (3.25). This method saves a lot of troublesome matters, but still suf-
fers from some problems. As is well recognized now, Eq. (3.25) cannot be
used at energies lower than the crossing point. They have also neglected
the dynamical phases, o¢p and ¢g. It should also be noted that the simple
exponential form of probability, Eq. (3.25), is not necessarily general, as
is easily guessed from the Rosen—Zener probability, Eq. (3.41). In order to
avoid these cumbersome problems of the classical S—matrix theory and the
divergence of the Van Vleck determinant at caustics, the semiclassical ini-
tial value representation (SC-IVR) has been figured out [188,189,191,207].
Instead of specifying the initial and final quantizations, only the initial con-
ditions are applied to trajectories. In this formalism the overall transition
amplitude can be expressed as follows:

1/2
(Wyle™ /M) = /dpo/dqo (‘ ’/ 2mih) )

% ¢'9t(Po,q0)/h— 1V7f/2¢ (Qt)T21wz(QO) (10.50)

where q¢ = q¢(Po, Qo) is the coordinate at time ¢ for the trajectory with
the initial condition (pe,qo), St = S(qt(Po,do),qo) is the action inte-
gral along that trajectory, F' is the number of nuclear degrees of freedom,
and v is the number of zeros (Maslov index) experienced by the Jacobian
determinant (Van Vleck determinant) in the interval (0,t). The amplitude

T}; represents the electronic transition from the electronic state ¢ to j. In
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the case of electronically adiabatic processes on a single potential surface,
this T-matrix is simply replaced by a unit matrix. The SC-IVR theory
for electronically adiabatic process has been well developed and applied
to various systems [208-210]. For electronically nonadiabatic transitions,
Meyer and Miller presented a classical Hamiltonian corresponding to a set
of electronic states and treated the nuclear and electronic degrees of free-
dom in a equivalent framework [211]. This is nicely incorporated into the
IVR framework [212].

As is clear now, the theory developed in Chapter 5, namely the Zhu—
Nakamura theory, can now be incorporated into the SC-IVR framework to
deal with the electronically nonadiabatic transition. This method is named
as ZN-SCIVR. Especially, the matrix Ix can be directly incorporated when
the nonadiabatic transition is classically allowed. When the energy is lower
than the crossing point in the LZ-type of crossing, the reduced scattering
matrix S® can be directly utilized. When the nonadiabatic tunneling (NT)
type of crossing is encountered, the transfer matrix N (see Eq. (5.128))
can be used. By using these analytical formulas, not only the transition
probabilities can be easily evaluated accurately, but also all the necessary
phases including the dynamical phases can be correctly incorporated. It
should be noted again that the above mentioned any other methods cannot
treat the classically forbidden transitions. If the trajectory goes around a
conical intersection, even the Berry phase [154,162,165,166] can be incor-
porated. Some people think that the semiclassical analytical theory such as
those developed in Chapter 5 is not necessary as an actual computational
tool [189]. This is not correct at all. In addition to the obvious strong
advantages of the analytical theories to provide physical insights about the
mechanisms, they can furnish even numerically effective tools, since every-
thing, probabilities and phases, can be evaluated from simple analytical
expressions.

The incorporation of tunneling effects and nonadiabatic transitions
other than those at conical intersections can be made in the present
framework(ZN-SCIVR) in the same way as explained in the last two para-
graphs of the previous subsection.

10.3.3. Semiclassical frozen Gaussian propagation method

The idea of the semiclassical initial value representation has been combined
with the idea of frozen Gaussian propagation approximation [213-216]
and the cellularized frozen Gaussian approximation (CFGA) has also been
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proposed [190,191]. In this method, the initial wave function is represented
as a superposition of large number of small frozen Gaussian wave packets
and all of them are propagated along the classical trajectories of the center
of each cell with the Gaussian shape frozen. In addition to the ordinary
phase factor exp(iS/h) multiplied to the moving frozen Gaussians, where
S is the classical action, there is a pre-exponential factor that involves the
derivatives of the time-dependent phase space points with respect to the
initial phase space points (see equations below). This is called the Herman—
Kluk (HK) propagator [214-216]. These methods were successfully applied
to multi-dimensional eigenvalue and spectroscopic problems on a single
potential energy surface [192,210,217,218]. One of the problems of the semi-
classical propagation methods is the degradation of the accuracy with time
due to the chaotic trajectories. The accuracy has been improved by pre-
averaging the integrand over a Gaussian filtering. This idea was originally
proposed by Filinov [219]. The method is quite successful to alleviate the
numerical problems associated with the chaotic trajectories and has been
proved to be useful [191,218,220]. The Herman—Kluk propagation method
is extended to electronically nonadiabatic surface hopping processes by the
perturbative treatment of the nonadiabatic coupling [221] and by sin and
cos functions of the coupling [222].

Considering the facts that the nonadiabatic coupling should not
be treated by the ordinary perturbation theory (see Chapter 3) and that the
nonadiabatic transition amplitude is now provided in simple and accurate
analytical forms, we can incorporate the semiclassical Zhu—Nakamura the-
ory in Chapter 5 into the above mentioned Herman—Kluk semiclassical-IVR
method [46,200,223,224]. This is named as ZN-HKSCIVR. The essences of
the method are explained below. The total wave function at time ¢ in the
Herman—Kluk approach is given as

dqodp .
1/)(1‘,75) = / ) (23_‘_)Nog(r;qta pt)cqo,pg,t eXp[ZSq07pU,t}
traj
X /drog*(ro;Qmpo)i//(ro,t =0), (10.51)

where t(rg,t = 0) and 9(r,t) are the wave functions at time zero and ¢,
respectively, N is the dimensionality of configuration space, Sq, p,,+ iS, as is
the same before, the classical action along the trajectory propagated from
(do, Po,t = 0) to (q, p, ), and Cq, py,¢ is the Herman-Kluk pre-exponential
factor along the trajectory. The frozen Gaussian wave packets are
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defined as

N/4
g(r;q,p) = (?) exp[—y(r —q)* +ip- (r — q)], (10.52)

where v is a constant parameter common to all the wave packets. The
pre-exponential factor Cq p ¢ is given by

op: | O, Oqr , i Op|'”

Cqpt == i —
Pt Opo  Opo 78p0 27 9qo

, (10.53)
where the sign is chosen to keep C differentiable at any time. The initial
parameters (qo, po) of trajectories are selected by the Monte—Carlo proce-
dure. The above propagation is nothing but the Herman—Kluk propagation
on a single potential energy surface, as explained above. This propagation
is carried out up to the position of the potential energy surface crossing.
Finding the transition position and determining the transition direction
can be made in the same way as explained for the ZN-TSH method in
Section 10.3.1. In stead of nonadiabatic transition probability, the transi-
tion amplitude should be used in the same way as in the SC-IVR. It should
be noted again that the classically forbidden nonadiabatic transitions can
also be taken into account.

The above treatment is based on the assumption that the momentum
(or energy) at the transition position is represented by that of the classical
trajectory of the center of each frozen Gaussian wave packet. In order to take
into the fact that the frozen Gaussian wave packet has energy distribution,
we have to use a bit more sophisticated method [223]. The frozen Gaussian
wave packets just before the transition on the initial adiabatic potential
energy surface ¢ are expanded as

gr(rsqrprt) = / dEa' (B)$ (E.x), (10.54)

where (qr, pr) are the position and momentum at the position of transition,
{¢*(E,r)} are the energy normalized eigenfunctions in the electronic state i
at q ~ qz. Right after the transition the coefficient a!(E) is transformed as

ol (E) =TPo'(E), (10.55)

where f and m specify the final electronic state and the mode on that
state, respectively. The mode specifies one of the following three: reflection,
passing, or hopping (see Fig. 10.8). Namely, the coefficient T i represents
the transition amplitude for the reflection or passing on the same adiabatic
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Fig. 10.8. Interpretation of the transition modes: reflection, passing, and hopping along
the adiabatic potential (Taken from Ref. [223] with permission.)

potential energy surface as the initial one (f = i), or hopping or hopping
reflection to the other potential energy surface f # i after the transition,
and is directly given by the ZN formulas including the dynamical phases.
The final wave function o/ (r) right after the transition is given by

l(r)=>" / dEo! (E)¢! (B, 1), (10.56)

where {¢f (E,r)} are the energy eigenfunctions in the final electronic state f.
The function ¢f(r) is expanded in terms of the frozen Gaussian wave
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packets gr(r;qr,pr) of the same shape as before and the latter Gaus-
sians are propagated on the new potential energy surface f. Then the final
wave function at time ¢ after the transition is given by

dqodpo dqrdpr ,
Yy(r,t) = / 97 (t; 41, Pt)Cor pr .t €XP[iSqp pr 1]
! traj (27T)N traj (QW)N ’ ’ arpr arpr
X Ffi (qF7 Pr,dr, rI)qu,po,tNA eXp[iSqo»po,tNA]

X /drogi(ro;%vpo)l//i(rovt =0), (10.57)

where t 4 is the time of nonadiabatic transition. The expansion coefficients
Fy; are given by

Fyi(dar,pr,qr,1r) = /drg;(r;(IEpF)sOf(F,QF,pF ‘a7, pr), (10.58)
where qr and pp are the position and momentum right after the transition.
The position qF is not necessarily the same as q, since in the case of
classically forbidden transition these positions are the turning points on
the respective potential energy curve and are different from each other (see
Fig. 10.8). The notations R%’Q) and Rgf’r) are used in this figure to denote
these turning points. The new trajectories starting from (qp, pr,t = tna)
reach (q¢, p¢) at time ¢. In the actual computations, the integrals with
respective to qr and pr are replaced by the summation over the main
components of the wave packets right after the transition. The analysis
of the function |Fy;(qr,Pr,dqr,rr)| indicates that the main components
can be found from the general principle of nonadiabatic transition in the
one-dimensional system. What was mentioned in the last paragraph of the
previous subsection holds true also for this ZN-HKSCIVR method.

Numerical examples [223] are shown in Figs. 10.9-10.11 for a two-
dimensional model of H2O in a continuous wave (CW) laser field of wave
length 515nm and intensity 103 W/ cm 2. The ground electronic state X
and the first excited state A are considered. For simplicity the bending and
rotational motions are neglected with the bending angle fixed at the equi-
librium structure of the ground electronic state, § = 104.52°. The potential
energy surfaces and dipole moments are taken from Ref. [225]. The poten-
tial energy surfaces, the A state and the dressed ground state, are shown
in Fig. 10.9. The nonadiabatic transition regions are designated by filled
circles for the NT type and open circles for the LZ type. The initial wave
packet is a symmetric Gaussian of the full width at half-maximum 0.5a.u.
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Fig. 10.9. Two-dimensional model of H2O in the laser field. (a) Excited and (b) Ground
adiabatic potential energy surfaces. Filled (open) circles represent NT(LZ)-type region.
(Taken from Ref. [223] with permission.)

centered at 1 = Ha.u. and ro = 2a.u. on the dressed adiabatic ground state.
Comparisons of the present semiclassical results with the exact quantum
mechanical ones are shown in Figs. 10.10 and 10.11. The final population
on the excited state is 34% in the exact quantum mechanical calculations
and 40% in the semiclassical approximation. The number of classical tra-
jectories used for propagation is 7000.
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Fig. 10.10. Final wave packets on the ground electronic state. (a) Exact quantum and
(b) Semiclassical results. Propagation duration time is 20 fs (Taken from Ref. [223] with
permission.)

Martinez and coworkers have proposed the multiple spawning
method [226], in which the total wave function is expanded in terms of adi-
abatic electronic wave functions and nuclear basis functions (in the frozen
Gaussian form), and the time-dependent coupled equations with respect to
the expansion coeflicients are solved along classical trajectories. The nuclear
basis functions are appropriately spawned in the nonadiabatic transition
region to improve the accuracy.
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Fig. 10.11. Final wave packets on the excited state. (a) Exact quantum and (b) Semi-

classical results. Propagation duration time is 20fs (Taken from Ref. [223] with permis-
sion.)

The above mentioned ZN-HKSCIVR method can be applied to laser
control of chemical dynamics. This will be discussed in Chapter 15.

10.4. Nonadiabatic Transition State Theory

10.4.1. General formulation

It is significant and useful to evaluate the thermal rate constant directly, not
relying on the detailed scattering matrix calculations. Miller and coworkers
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have nicely developed the methodology and formulas for single surface
adiabatic processes [227,228]. As for the nonadiabatic transition state the-
ory (NA-TST), many investigations have been carried out. Zahr et al.
used a phase space integration formulation in the diabatic state repre-
sentation for the quenching process with complex formation [229]. Heller
and Brown utilized the rate formula in scope of the perturbation theory
and phase space integral [230]. Lorquet and Leyh-Nihant developed the
statistical RRKM-like formula with the assumption that the nonadiabatic
transition occurs at the minimum energy crossing point (MECP) [231].
Marks and Thompson introduced a weighted flux through the seam surface
and obtained the formula in the phase space for nonadiabatic unimolec-
ular reactions [232]. Topaler and Truhlar studied nonadiabatic decay rate
of the excited complex in scope of statistical model [233]. In these theo-
retical treatments mentioned above, the perturbation theory with respect
to the electronic (diabatic) coupling or the Landau—Zener formula is
used to deal with the nonadiabatic transition. As is well known, both
of the perturbation theory and the Landau—Zener formula are not good
enough.

We can now formulate the thermal rate constant for nonadiabatic reac-
tions with use of the Zhu—Nakamura formulas. This can be done by extend-
ing the trace formula developed by Miller for adiabatic processes [234].
The quantum mechanical rate constant is given by the flux-side correlation
function for the adiabatic process [235] as

b= %tlirgo Trlexp(~FH)F exp(iHlt/h)hexp(~iH)], (10.59)

where (3 is the Boltzmann constant, Z is the partition function of the reac-
tants, H is the Hamiltonian of the system, h is the Heaviside function, and
F = (i/h)[H, h] is the operator of flux through the dividing surface between
reactants and products. If we take the classical limit and define the dividing
surface by S(Q) = 0, then we have

k lim [ dPQexp[-B(P, Q)|PTVS(Q)[S(Q)]A[SIQ(1)]],

~ 713N 5o
(10.60)

where (Q, P) denote the set of 3N coordinates and the conjugate momenta
and the flux operator F' now assumes the form

F=PTVS(Q)[S(Q)]. (10.61)
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The Heaviside function h(S) represents the projection to the product region
in phase space and thus can be replaced by the nonadiabatic transition
probability. A straightforward way to implement this formula is to run clas-
sical trajectories in the spirit of TSH with an initial Boltzmann distribu-
tion sampled on the dividing surface [236]. Since the transition probability
depends only on the single component of momentum in the direction per-
pendicular to the seam surface, we can perform the integration over all
the components of momenta except for that direction. Then finally we can
have

k= ;\/;/dQ expBVH(Q)|P(6,Q)|VS(Q)5[S(Q)],  (10.62)

where V,.(Q) is the diabatic potential of the reactants (donor) and

P(8.Q) = 8 / "B, expl-B(E — VAQ)Pan (e Q). (10.63)

Here the zero energy corresponds to the bottom of the potential,
Pyn(Es, Q) is the Zhu—Nakamura nonadiabatic transition probability, and
E is the energy component in the direction perpendicular to the seam sur-
face. For the convenience the diabatic potential V,.(Q) is used so far, but
now this can be replaced by the adiabatic one corresponding to the reac-
tants and everything can be calculated in the adiabatic representation. At
each spatial point Q on the seam surface the nonadiabatic transition prob-
ability is calculated along the direction perpendicular to the seam surface.
Both Landau—Zener and nonadiabatic tunneling type of transitions can be
treated by the corresponding Zhu—Nakamura formulas including the classi-
cally forbidden transitions. Thus we are not restricted to the MECP points
only, but consider the whole seam surface. Besides, we can treat tunnel-
ing processes coupled with the nonadiabatic transitions. It should be noted
that we used the classical expression of the reaction rate, Eq. (10.60), and
it is quite important to include the quantum mechanical corrections for the
partition functions of the reactants and activated complex [234]. The above
formulation, Eq. (10.62), together with Eq. (10.63), can now be applied to
complex systems with use of the Monte Carlo technique. The formulation,
however, is based on the assumption that the transition state is created
by the potential surface crossing and should be further extended to the
general case that the ordinary transition state and the surface crossing are
separated.
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10.4.2. Improvement of the Marcus theory
of electron transfer

The electron transfer reaction from donor to acceptor molecule plays a
fundamental role in chemical and biological systems and numerous theo-
retical works have been done since the pioneering work by Marcus (see, for
instance, [237-239]). This process is nothing but a nonadiabatic process via
the potential energy surface crossing and thus is a good target for the Zhu—
Nakamura theory to be applied. The nonadiabatic transition state theory
(NA-TST) developed in the former section can be applied to electron trans-
fer and actually can lead to a new formula which improves the celebrated
Marcus theory [240,241].

Since the electron transfer theory should be formulated in the free energy
space, we introduce the free energy profile F'(€) by

expl—BF, (£)] = / dQexp[—AV,(Q)][VS(Q)I6(E — S(Q),  (10.64)

where the variable ¢ is introduced to define the free energy and £ = £, =
S(Q) defines the crossing seam surface. Eq. (10.62) can now be rewritten as

= 5325 P0.&) el o) (10.65)

where

[ dQexp[- BV, (QIVS(Q)S(E — S(Q)P(5.Q)
P08 = Qe pv@Ivs@pe - s@) 000

It can be shown that Eqgs. (10.65) and (10.66) are essentially the same
as those in Ref. [242], when the one-dimensional reaction coordinate is

assumed and the nuclear tunneling is neglected. In the present treatment,
the multi-dimensionality is taken into account and the transition direc-
tion normal to the seam surface is determined. In order to connect to the
Marcus theory, we employ the linear response approximation in which the
free energies become parabolic functions of £ as

F.(§) = %wZ(é —&m)? (10.67)

and
1
Fp(§) = 5002(5 —&o2) + AG, (10.68)
where F), represents the diabatic potential of the product, {y1,02 are the
positions of donor and acceptor free energy minima, and AG represents the
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exothermicity of the reaction. Noting that & is given by

1 AG
== —_ 10.
€0 = 5 (o1 + &o2) + 250 (10.69)
with 6&o = o2 — €01, from Eq. (10.65) we can obtain
k = kknrarcus, (10.70)
where kprqreus 18 the famous Marcus formula given by
H2
knfarcus = é’A \/ % exp[—B(\ + AG)?/(4)N)], (10.71)

and « is the key quantity to represent the proper treatment of nonadiabatic

transition given by
hw A =
=75\l ZP . 10.72

Here Hpa is the diabatic electronic coupling between donor and accep-
tor and is canceled out in Eq. (10.70), since the nonadiabatic transition is
treated by the Zhu—Nakamura formula in x. The quantity A is the reorga-
nization energy and is defined as

A= %w2(5§0)2. (10.73)

The effects of nonadiabatic transition and tunneling are properly taken into
account by x and naturally the main task is to evaluate the average tran-
sition probability P(3,£). In the simple one-dimensional case, Eq. (10.66)
becomes

13(5750) = 5/000 dE exp|—BE|Pzn(E, Qo). (10.74)

As mentioned before, both of the Marcus’s normal (nonadiabatic tunnel-
ing type) and inverted (Landau—Zener type) cases can be treated by the
above equations by using appropriate Zhu—Nakamura formulas. The gen-
eral expression before using the parabolic function approximation, namely
Eq. (10.65), can be numerically implemented for the simulations of multi-
dimensional systems. The Monte Carlo method can be used based on the
well developed sampling algorithm such as the adaptive umbrella sam-
pling technique [243-245]. The actual numerical applications of the formulas
derived here will be discussed in Section 14.3 of Chapter 14 later.
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Chapter 11

Complete Reflection and Bound
States in the Continuum

11.1. One NT-Type Crossing Case

The nonadiabatic tunneling (NT) type transition presents quite a unique
and intriguing mechanism, since this creates a potential barrier which can-
not be treated in the same way as the ordinary potential barrier even at
energies lower than the barrier top and the phenomenon of complete reflec-
tion occurs at energies higher than the bottom of the upper adiabatic poten-
tial (cf. Section 5.2.2.4). The nonadiabatic tunneling probability is always
smaller than the transmission probability of the corresponding single poten-
tial barrier with the upper adiabatic potential neglected. This means that
the upper adiabatic potential cannot be neglected even at energies lower
than the top of the lower adiabatic potential. Furthermore, as is seen in
Fig. 5.10, the nonadiabatic tunneling probability oscillates as a function of
energy and at certain discrete energies the transmission probability becomes
exactly zero. This is called complete reflection. As is given in Eq. (5.156),
the transmission probability |T'|? at energies higher than the bottom of the
upper adiabatic potential, i.e. £ > Fj, is given by

| ‘2: 4 cos? Ygn
4cos? Yzn + pon /(1 — pzn)’

(11.1)

where pzy is the nonadiabatic transition probability given by Eq. (5.147) for
one passage of the crossing point and ¥y is the phase given by Eq. (5.148).
This equation clearly tells that the complete reflection (|| = 0) occurs
when the following condition is satisfied (see also Eq. (5.159)):

1
wZN=<l+2>7r for i =0,1,2,.... (11.2)

247
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The transmission amplitude 7" is nothing but the reduced scattering matrix
(SE1)12 (see Section 5.2.2), which is explicitly expressed as

T = (S} = :
(Snr)12 1+ (1 pyn)e2ivan

cos YzN, (11.3)

which can be easily reduced to Eq. (11.1). The above equation (11.3) can
be easily rewritten as

T = /1 — pzne'¢s (1 _ bzN )

pzN — 1 — e72ivan

(Ix)12L2(Ox)22LE(Ix)21
1 — (Ox)aoL#(Ix)22L? ’

where (Ix)nm is the (n,m)-element of the matrix Ix given in Eq. (5.158)
and represents the nonadiabatic transition amplitude from the adiabatic
state m to the state n at the avoided crossing point when the wave prop-
agation proceeds inward, namely from the right to the left. The matrix O
is the transpose of I, and represents the transition in the outgoing (left to
right) segment. L) and L, are defined by (see Fig. 11.1)

= (Ix)11—|— (11.4)

Tp
L = exp [z ko (z)da + zﬂ (11.5)
Ty

and

T>
L, = exp l@/ kg(x)dz+ig . (11.6)
Ty

The second equation of Eq. (11.4) can be obtained with the help of dia-
grammatic technique described in Section 7.1. This equation and the first
equation in Eq. (11.4) enable us to clarify the physical meaning of this
complete reflection phenomenon. The first term I;; represents the wave
which simply crosses the barrier without any transition to the upper adi-
abatic state Fy(z), and the second term corresponds to the transmitting
wave which is trapped by the upper adiabatic potential. At the energies
of complete reflection, these waves interfere destructively at the exit what-
ever the nonadiabatic transition probability pzyn is and the incident wave
is completely reflected back. When the condition in Eq. (11.2) is satisfied,
the second term in the bracket of the first equation of Eq. (11.4) becomes
exactly unity and cancels the first term whatever the probability pzy is.
This condition is similar to the Bohr—Sommerfeld quantization condition;
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Fig. 11.1. One unit of NT-type potentials defined by Egs. (11.17)—(11.19).

in the present case, however, the effect of nonadiabatic coupling naturally
appears as the additional phase ¢s, which tends to 7/4 (0) in the weak dia-
batic coupling limit dzx — 0 (the strong diabatic coupling limit dzn — 00).
This unique phenomenon of complete reflection suggests some intriguing
possibilities such as bound states in the continuum, molecular switching in
a periodic potential system and control of molecular dynamic processes by
laser. The latter two will be discussed in the subsequent Chapters 12 and 13.
Here we discuss the possibility of creating bound states in the continuum
in between two units of NT-type potential curve crossings (see Fig. 11.2).
If the two NT-type potential units are the same, a wave can be trapped
between them forever; that is to say, a bound state in the continuum is
created. This is realized when the following two conditions are fulfilled:

YN = (3 + ;) 7 for (s—0,1,2,...) (11.7)

and

1
or + kL = <s’+2>7r for (s =0,1,2,...), (11.8)
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Fig. 11.2. Two units of the same NT-type potentials. One unit is the same as that in
Fig. 11.1.

where dr is the phase of the transmission amplitude (7' = |T'|e*T) and is
explicitly given by

o1 (1 — pZN) sin(QwZN)
o = / ki1(z)dx + ozn — arctan
T 2 1(@) ZN 1+ (1 — pzn) cos(2¢zN)

+ ©[—sgn(cos ¥zn)], (11.9)

k and L are the wave number at zero potential and the distance between
the two units (see Fig. 11.2). The condition, Eq. (11.7), is the condition
of complete reflection, exactly the same as Eq. (11.2), and the second con-
dition, Eq. (11.8), represents the condition of quantization. Interestingly,
this condition coincides with the condition of complete transmission (see
Eq. (12.25) in the next chapter). Thus, the bound states are created when
the conditions of complete reflection (E = E,) and complete transmission
(E = E,) coincide. The transmission probability [7®)|? for the two-unit
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system is expressed as

_ Tt

"~ |T|* + 4|R|? cos2(6 + kL)’
where R is the reflection amplitude for the one-unit system. Expanding 1zn

and ot + kL at E ~ E, and E ~ E\, respectively, as

VN ~ (s + 1) T+ PWN] (E—E,) atE~E, (11.11)
E,

T®)?

(11.10)

2 )

or + kL ~ s’—t—l T+ 9or (E—-FE;) at E~F, (11.12)
2 OF | g,

then the overall transmission probability |T(?|? behaves as

TR~ T [‘W’ZN] - (E—E)? at E~E, = E, (11.13)
4 [ 0F |
with
=2 [m} [W’ZN] : (11.14)
Pz g | OF g
It should be noted that if E, # Ey, then
IT?)2 ~ o(|E — E|*) at E~E,. (11.15)

From a pole of T we can obtain the decay width T' of the resonance state
created in between the two units as

L~ 2 |:8¢ZN:|_1

(B, — Ey)?, (11.16)

2 [ 0E |

which goes to zero when F, — E.

If one of the potential units, say the left one, is replaced by a sim-
ple repulsive wall, the system becomes the same as that in a dissociating
diatomic molecule. Bound states in the continuum can also be created in
this system. In the case of IBr, the above conditions seem to be satisfied
and the corresponding predissociation dip was analyzed [246].

Another example is resonances in the transition S} —? £ of Hj due
to the laser-induced avoided crossing [41]. The condition stated in these
analyses is the coincidence of vibrational energy levels supported by the
attractive diabatic potential and by the upper adiabatic potential with the
correction ¢g due to nonadiabatic coupling. But the complete reflection in
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the one-unit system, as in Fig. 11.1, was not explicitly recognized. The latter
example mentioned above is an intriguing one, because we can manipulate
molecules by lasers so as to satisfy the necessary conditions.

The existence of complete reflection and the bound states in the contin-
uum are numerically demonstrated below. The following one-unit diabatic
potentials are employed [72]:

va)(:ﬂb_a> for (b—a)/2<x<b+1

Vi(z) = (a+0 2 (11.17)
0 for —i<z<(b—a)/2,
2y b+a
Va(a) = “tb (:c 5 ) for —I1<z<(a+Db)/2 (11.18)
0 for (a+0)/2 <z <b+l,
Via(a) = { 1—(2z —b)*/c? v, for (b—c)/2<x < (b+c)/2 (11.19)
0 otherwise,

where the parameters a, b, c, [, vy, and v, are 1.0, 2.0, 0.5, 0.0, 0.5, and 0.02
atomic units. The adiabatic potentials are shown in Fig. 11.1. The particle
mass is taken to be 1800 atomic units. There are six complete reflection
dips in the energy region 0.10 < E < 0.35 in atomic units. To illustrate a
complete reflection wave function, we have chosen the first zero of |T'|2, that
is E ~ 0.21809. The corresponding reflection coefficient, R = |R| exp(idRr)
is equal to R ~ (1 —2 x 107 13) and dg ~ 0.42223. The calculated wave
functions 17 (x) and ¢ (x) corresponding to the diabatic states, chosen real,
are shown in Fig. 11.3, the normalization being such that

¥1(x) = cos(kx + 0) for z > b —|2— a, (11.20)

where 6 = 187 — kb + 6r/2 ~ 0.71980 in this particular case. The wave
function ¥9(x) dies out at < 0.5 despite the fact that this channel is
energetically open in this region. For the demonstration of a bound state in
the continuum, we take the two potential units symmetrical with respect
to the crossing point, as is shown in Fig. 11.2. Because of the symmetry
of the system, R = +1 at the center of the whole array, and accordingly
either an even [R = 1] or an odd [R = —1] function of (x — b —1) is
obtained. In this model L = 2] 4+ b — a and we can adjust [ to satisfy the
conditions, Egs. (11.7) and (11.8). One bound state corresponding to s’ =0
of Eq. (11.8) is shown in Fig. 11.4. The adiabatic potentials are shown in
Fig. 11.2.
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Fig. 11.3. Two component wave functions at the energy of complete reflection at E ~
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Fig. 11.4. Two component wave functions when the two conditions of complete reflec-
tion and quantization are satisfied at the same time for the potential system shown in
Fig. 11.2. ¢2(x) is trapped inside despite the fact that the diabatic channel 2 is open
outside. (Taken from Ref. [72] with permission.)

The wave function 15(z) dies out in the regions z < 0.5 and x 2 3.5
despite the fact that this channel is open in these regions. The wave function
11(x), on the other hand, decays naturally there, and has several nodes in
the central region. In spite of these nodes, this bound state in the continuum
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is energetically the lowest in the corresponding system. The number of
nodes is determined essentially by [ and the energy FE.

11.2. Diabatically Avoided Crossing (DAC) Case

In Section 5.3.2 analytical solutions of the diabatically avoided crossing
model depicted in Fig. 5.12 are briefly discussed, the potentials of which are
defined by Eq. (5.164). It is interesting to note that the complete reflection
and complete transmission phenomena can occur in this potential system
[80]. First, let us try to analyze the behavior of the transmission coefficient
|a|? given by Eq. (5.176) at high energies,

Gq>1, ¢@>1 and |¢ —q] > 1, (11.21)

where ¢; are defined by Eq. (5.167). We keep only the leading order term
with respect to energy F, use the expansion formula of the G-function given
below in Eqgs. (11.26)—(11.28), and define the new phase,

Y= & 1n|z| —argl'(iq;) + argDl < q2_q1)

2
+oargl (2t (11.22)
2 2
together with ' = ¥(q1 <> ¢2). Then we have
sin(¢) +¢') + nsin(y — ')
~ t 11.2
¢1 = arctan [ 2 cos v cos )’ ( 3)
and
N sin(¢) + ¢') — nsin(y — ')
@2 ~ arctan { DS sin g , (11.24)
where
5 = tanh <7rq1 ;@). (11.25)

The expansion of the G-function used [79] is

4 Jj#h
20z{b}) = Z _H [(b; — bp) 2"

X0F3[1+bh7b1,...*...,1+bh7b472] (1126)
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with
0F3[d17d2,d3,2] = gn'(dl)n(ilz)n(d?,)n (1127)

and
(d) =d(d+1)---(d+n—1). (11.28)

Setting x; = tan ¢;, the result for the transmission and reflection coefficients
reads

(z1 + 22)°

SR ek Ll YA d 2=1-1al? 11.29
T M al (11.29)

jaf? =

Hence the complete reflection, o = 0, is given by the condition
tan(y + ') = ntan(y — ). (11.30)
If we use the simple relations in the high energy approximation,
a1 = go| ~ ETV2 o — g o, (11.31)

in the zeroth order we have
T
V=1, =1, ¢2= 5~ laf?> = 1. (11.32)

Namely, the transmission coefficient tends to unity at energies asymptot-
ically high. The necessary correction to this oversimplified estimate is to
re-express the transmission coefficient near the complete reflection point.
Expanding

(B) = 5 +w+E(E - Eo), (11.33)
W(E) = 5 —w+E(E - By, (11.34)

and substituting these expressions into Eq. (11.29), we obtain

2

2 _ € —F_ e =2
|| _€2+[£(6—6+)(6—6_)]2’ e=F—FEy, €4 (n£1). (11.35)
Here
d
E= 5@ ) |pom, and w= @-v)| . (1136)

E=Ej
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The resonance profile in Eq. (11.35) smoothly connects the zero dip in |a/|?
to the unity background within the accuracy of the high energy expansion.
The resonance position, Fy, follows from Egs. (11.30) and (11.31), and is
given by
1

W(Ey) ~ v/ Eo [2 In|zo| + 2 — ln(E)] =(2n— 1)% (11.37)
This condition coincides with the Bohr-Sommerfeld quantization condition
in the upper well,

oy
/ VE —Vii(z)de = (n—é) m, o n=1,... (11.38)

In order to make the physical interpretation of the above equations clear
we carry out the semiclassical analysis of the diabatically avoided crossing
model. Namely, this potential system is considered to be composed of the
two Rosen-Zener type potentials. Suppose that the diabatic and adiabatic
potentials at  — 0 almost coincide, i.e. V < |U; — Us], or in other words
the region = ~ 0 is far enough from the nonadiabatic transition regions
which can be represented by the real parts of the complex crossing points.
Then the scattering can be decomposed into adiabatic wave propagation
and two nonadiabatic transitions (left and right of = 0). Each of them is
described by a nonadiabatic transition matrix

Hey) = <\/1 —psexp(—ids)  \/Ps exp(iths)

= ), s=Lor R.
_\/ITseXp(_iws) V1—ps eXp(i¢s)
(11.39)

These matrices connect from left to right the WKB wave functions centered
at the transition points, ps is the nonadiabatic transition probability and
¢s and v, are the dynamical phases. It should be noted that the upper
(lower) adiabatic channel is indexed by 1 (2) (see Fig. 5.12). There are three
coordinate regions, (2}, z1,), (21, 2R ), and (zgr, 2} ), where 2% (z ) represents
the turning point (transition point). The transition points xy, and xR are
the real parts of the corresponding complex crossing points. We denote
these regions as i (1 = LILIIL z; < @ < @41 with o1 = 2} ,..., 24 = 2})
and introduce the following phase factors,

) Tit1
¢; = e = exp <z§}?/ E - uga) (z) dx) , C=cieacs, (11.40)
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and

d

i _ 1 ; o (a) L a2
e’ = —exp | iR E—uy’(z)dx | = —e'. (11.41)
Co z2 Co

In order to simplify the expressions derived below, we introduce a term
which represents the interference of a wave propagating from the adiabatic
state 7 (left) to the adiabatic state i (right),

zij = RinLj + RizLojd, (11.42)

where L (R) stands for the left (right) nonadiabatic transition matrix. The
matching of corresponding wave functions between the three regions follows.
The waves in region I are determined by the boundary conditions,

— «— —
Aci1 —iAci1 + B2. (11.43)
Then we propagate the total wave function to region II,
- * * * . * b =
Li1Acieal + 5 (Liqci(—iA) + LisB) 1 + LajcicadA 2
«—
+c3d* (L i (—iA) + L3, B) 2, (11.44)
and region III,
- b = * k ok - * * b
X14Y1+ 221010042 + [23,¢c7¢5(—iA) + 255¢5B] 2. (11.45)

The notations ¢;, d and z;; are introduced in Eqgs. (11.40)—(11.42); arrows
denote the direction of adiabatic wave,

X = z11CA, (11.46)
Y = 211" (—1A) + 55275 B. (11.47)

In Eq. (11.43), the so far arbitrary constant A (B) denotes the amplitude of
a wave in the upper (lower) channel which satisfies the boundary conditions
for scattering from right to left. The right turning point imposes a condition
on these constants (see Eq. (11.43)),

X(A) = —iY (A, B). (11.48)

The reflection coefficient, |R|?, is easily obtained as

RP? = |z12221 ]2

= . 11.49
|z12221¢ — (211€ + 2§, ¢*)222|? ( )



258 Chapter 11. Complete Reflection and Bound States in the Continuum

There are two special cases that solve Eq. (11.48). Taking B = 0, we obtain
the complete reflection condition,

2@
/ \/E—uga)(x) dr = (n— ;) T+ A(E) (11.50)
2@t

with an additional shift A(E) to the Born-Sommerfeld quantization con-
dition in the upper well,

¢sin(¢r, + ¢r) + sin(¢r, — Yr +6) )

¢ cos(¢r, + ¢r) — cos(yr, — YR + 9) (11.51)

A(E) = arctan [

where

PLPR

(- %(1 —pu)(1 — pr) 1152)

and 0 is given in Eq. (11.41). Now, it is clear that Eqgs. (11.38) is just the
high energy limit of Eq. (11.50). If both pj, and pr are small, the quantiza-
tion in Eq. (11.50) occurs naturally in the adiabatic well with the imposed
shift from diagonal dynamical phases, ¢r, and ¢r (see the above equation).
If both pr, and pr tend to unity, on the other hand, the quantization occurs
in the diabatic well and the imposed phase shift is due to the off-diagonal
dynamical phases, 11, and ¥g. Applying the complete transmission condi-
tion to Eq. (11.48), which turns out to be equivalent to A = 0, we obtain

po=pr=p and O+¢p+ér+UL —Vr=T. (11.53)

If p tends to zero or unity, the second condition in Eq. (11.53) can be omit-
ted. The above equation has a very simple and interesting physical mean-
ing: the incident wave interferes between the two transition points in such
a way that no part of it reaches the turning points in the upper adiabatic
channel. This is because in region I (left turning point), A = 0, and conse-
quently in region III (right turning point), X(A4) =0 and Y (A, B) = 0 [see
Egs. (11.46) and (11.48)]. The parameters of nonadiabatic transition matri-
ces in Eq. (11.39) in the case of above model are given in Egs. (3.41)—(3.45).
Equation (11.49) with Egs. (3.41)—(3.45) give the semiclassical transmission
and reflection coefficients. Let us finally note that Eq. (11.51) is invariant
with respect to the following transformation

L& R and o+ m—1, (11.54)

as it should be due to the symmetry.
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Finally, we give some numerical examples [80]. In order to avoid unnec-
essary parameters let us use the units

[E] = (ha)?(2M)™", [z] =a™ 1 (11.55)

Then, as it follows from Eq. (5.164), there are only two substantial
parameters, V and C. These parameters affect the general behavior of
the transmission coefficient (see Fig. 11.5), which is: (1) the exponential
decrease at energies far below the top of the lower potential, then (2) over-
all monotonous increase up to the first complete reflection point, and (3)
complete reflection dips with an envelope that converges to unity.

In the limit of small coupling, C' (see Fig. 11.5(a)), the transmission
coeflicient corresponds to that of a single barrier penetration, except that
the complete reflection dips survive with very narrow widths. For large
values of C (see Fig. 11.5(b) in comparison with Fig. 11.5(a)) the first
step broadens and the first resonance moves to higher energies because the

1.0 1.0
0.8 0.8
£ &
2 0.67 & 0.67
g 0.4 § 0.4+
& 0.2 = 0.2]
0.0 T T T T T T T T T T 0'0—”‘\”%""\'”1‘w I ARAAARRRAEAR BARAS AR
-4 -2 0 2 4 6 810 12 14 -4 -2 0 2 4 6 810 12 14
Energy Energy
(a) (b)
1.0 1.0 = —
0.8] f 0.8
F \f g
2 0.6 g 0.6
g 0.4 \ ' g 0.4
= 0.2] ’ \ | & 02]
0.0-1= T T T T T T T T 0.0 T T T T T T R T e e
4 2 0 2 4 6 8 10 12 14 -4 -2 0 2 4 6 8 10 12 14
Energy Energy

(c) (d)
Fig. 11.5. Transmission probability as a function of energy in the DAC model of
Eq. (5.164) with (U = 0). The bottom Ej} (top — Ep) of the upper (lower) adiabatic
potential is given by v/'V2 + C2. The dimensionless parameters are as follows: (a) C' = 0.2
and V=1,(b)C=6and V=1, (c) C=2and V=0.1, (d) C =2and V = 3. (Taken
from Ref. [80] with permission.)
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bottom of the upper adiabatic potential shifts up with growing C. Also the
complete reflection dips become wider.

In the limit of small pre-exponential constant, V' (see Fig. 11.5(c) in
comparison with Fig. 11.5(d)), the potential curves become flat, the step is
sharper and the resonances become more dense, because the semiclassical
phase in the upper well accumulates easily. The semiclassical theory based
on a sequence of two RZ-type transitions works well. For large values of V'
(see Fig. 11.5(d)), on the other hand, the dips get narrower again and more
separated, and the transmission coefficient decreases slowly at low energies.

In addition to this, there is a nontrivial envelope of the transmission
coefficient as clearly seen in Fig. 11.5(c). Such envelope may even have a
deep dip before getting converged to unity at large energies.

In the ordinary single unit of NT-type of transition, the qualitative
behavior of the transmission coefficient is quite different. Since the nonadi-
abatic transition probability tends to unity as energy increases, the incom-
ing wave is effectively switched to the upper well at the crossing point, then
reflected back at the turning point and returns to the initial channel. Thus
the envelope of the transmission coefficient monotonically decreases to zero
with increasing energy. In the above DAC model, on the other hand, the
envelope behaves in the non-monotonous way before getting converged to
unity. This is basically due to a sequence of two symmetric RZ-type nona-
diabatic transitions, and is in accordance with the semiclassical analysis
made above. Another difference between DAC and NT-cases is the cou-
pling strength dependence of the transmission coefficient. While in the DAC
model the zero coupling limit corresponds to a single barrier penetration
problem with nonzero transmission, in a single N'T-case the transmission is
not possible, since each diabatic potential diverges at one side.

11.3. Two NT-Type Crossings Case

Here we discuss the conditions for the complete reflection and transmission
in potential systems shown in Fig. 11.6. We derive the semiclassical con-
ditions for the complete transmission and complete reflection to occur and
also compare these NT-models with the DAC model.

11.3.1. At energies above the top of the barrier: (E,, oo)

Since the sequence of turning and transition points is the same in both
Fig. 5.14(a) and 11.6(a), Eq. (11.50) with the phase shift given in Eq. (11.51)
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Fig. 11.6. Double-crossing NT-type model. (a) The potential curves. The roman num-
bers denote the three important coordinate regions; arabic numbers index the adiabatic
potentials. (b) The semiclassical diagram (energy below the top of the barrier). The
matrix M stands for the tunneling through the central potential barrier. (Taken from
Ref. [80] with permission.)

holds. The same applies to Eq. (11.53). However, the nonadiabatic tran-
sition matrices are, of course, different. The expressions for the nonadi-
abatic transition probability and the dynamical phases are given by the
Zhu—Nakamura theory given in Section 5.2. Referring to the results of the
previous section we conclude that the complete reflection and complete
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transmission are possible, when the following conditions are satisfied:

2@ 1
/ \/E—uga)(x) dx = (n— 2) T+ A(E), (11.56)
x(’l)i

(A given in Eq. (11.51)) for the complete reflection, and

pL=pr=p and 0+ ¢+ ¢r + YL — YR =T, (11.57)

for the complete transmission.

11.3.2. At energies between the barrier top
and the higher crossing: (E4, E,)

Here, we consider energy above the bottom of upper adiabatic potential
(which is denoted here as E, see Fig. 11.6(a)), because the Zhu—Nakamura
theory presents different formulas for £ > E. and E < E,. Since the
energy is below the barrier top of the higher adiabatic potential (case (b)
in Fig. 11.6(a)), we use the tunneling matrix M which connects the in/out-
going WKB waves from left to right,

(_>) V1 + K2e”i® ike'® <_>) (11.58)
~) —ike 1® V1 + k26t )’ .

represents the Gamov factor with e equal to the tun-

—TE

where 1/k = ¢
neling action integral when the energy is lower than the barrier top (for
further details see e.g. Ref. [5]). This situation is schematically shown in
the semiclassical diagram, Fig. 11.6(b). Using similar arguments as before,
the complete reflection is possible and the condition in Eq. (11.50) still
holds with some modifications. In particular, we have

I(E) = Re {/:())R VE —ul(z) dg;} = (n - ;) T+ A(E), (11.59)

where A(E) reads one of the following forms:
AL(E) = _arg{dei(wL—wR) _ Cme—i(¢R+¢L+@)
— (ke UOFIL=dr) (X RTY2Y (11.60)
or

AR(E) = _arg{dei(wL—le) —V1+ k2 H(OR+ILFP)
— (reHOHIL—er) (px L)Y (11.61)
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That is to say, the complete reflection occurs when I(E) — Ar(E) = (n —
1/2)m or I(E)—ARr(E) = (n—1/2)7 is satisfied. The factor Ar,(F)(Ar(F))
represents the effects of both nonadiabatic coupling and tunneling [and
obeys the symmetry relation in Eq. (11.54)]. If the tunneling probability is
small, Ap(E)(Ar(F)) corresponds to the Bohr—Sommerfeld quantization
condition in the left (right) upper adiabatic potential well. If kK =0 = ®,
namely the matrix in Eq. (11.58) turns to be a unit matrix, then the param-
eters A(F) in Egs. (11.60), (11.61), and (11.51) are the same (the complete
reflection condition naturally agrees with that in the case 1 above). Taking
the diabatic limit in Eqgs. (11.60) and (11.61), i.e. pL,pr — 1 and thus
¢ — 0, yields the Bohr—-Sommerfeld quantization condition in the diabatic
potential well.

The complete transmission is also possible but its mechanism is quite
different from the above-the-barrier case. It occurs when

Ro1 LjyMap(u + u*) + ilicy (R  LioMas + RipLiad”)
+ Ry Ly Myaces)ficiey (Roy Liy Myy + RagLoid)
+ Ry L, Mycick =0 (11.62)
with
u= Ry1(L11 Miic100 — iL’{lMlgc’{c]g*czR)ng + RiaLgicd (11.63)

is satisfied. If the tunneling matrix M is replaced by a unity matrix, we
obtain Eq. (11.57). The constants from Eq. (11.43), A (amplitude of the
wave reflected from the left turning point) and B (amplitude of the trans-
mitted wave), must be both nonzero. Physically it means that the complete
transmission occurs only when the half-standing waves both left and right
from the central barrier interfere destructively with the reflected part of
the incident wave. Because of this, Eq. (11.62) is, unfortunately, quite com-
plicated and difficult to solve analytically. Let us also note that depending
on the potential parameters, the complete reflection and transmission can
occur at energies close to each other, in which case we have the Fano type
resonance [247].

When the maximum of the upper adiabatic potential is so high that the
tunneling can be neglected (k — o), the formalism simplifies considerably.
As also follows from Egs. (11.60) and (11.61) in this limit, the complete
reflection occurs, if

cos(dy +d5 —¢r,) =0 or cos(ds +dy — ¢r) =0 (11.64)
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is satisfied, i.e. its energy is given by the Bohr—Sommerfeld quantization
rule with the additional phase correction, ¢1, or ¢r. This is simply equiv-
alent to the case discussed before [9, 71-73]. The complete transmission
condition follows

pr(1 —pL) cos(dy + d — 1) exp(—i(¢r + YL — ¥r + d3 + d3 — d))
+pL(1 — pr) cos(ds + dY — ¢r) exp(i(pr + Y1 — VYr + di

+d2 —d)) + prpr cos(dy + dY + dY +ds 4+ 6 + L — ¢Yr) = 0.
(11.65)

(confer with Eq. (11.54)). The three cosine functions in Eq. (11.65) turn to
zero when the scattering energy coincides with a shifted bound state in the
left, right or the global diabatic well (see Fig. 11.6). Let us also note that
Eq. (11.65) is a limiting case of Eq. (11.62). When we set © = 0 = ® and
expand Eq. (11.62) in powers of &, the leading term x?2
while the term proportional to & yields Eq. (11.65).

vanishes identically,

11.3.3. At energies in between the two crossing regions:
(E—a E+)

We can use the above formalism also when the energy is in between E.
and E_, where E_ is the bottom of the upper adiabatic potential in the
lower crossing region (see Fig. 11.6(a))). In this case, the lower crossing
can still be treated by the I-matrix (see Eq. (11.39)) as previously, but the
upper crossing should be described by the nonadiabatic tunneling matrix
(transfer matrix) N [9,18,59,140] which connects the waves on both sides of
the crossing in the lower adiabatic channel (see also Eq. (11.58)). Further-
more, we have to assume that the barrier on the upper adiabatic channel
(see Fig. 11.6(a)) is high enough so that the tunneling through it can be
neglected. Then, the above formalism can still be used with the replace-
ments of the tunneling matrix M and the I-matrix for the higher crossing
by the N-matrix and a unit matrix, respectively. Finally we derive the
following results:

The complete reflection occurs, if the Bohr—-Sommerfeld condition in
the open adiabatic well is satisfied, i.e. it is also given by Eq. (11.64). The
condition for the complete transmission reads

2R95Nyadces COS(dg + dg) = Rglcg(ngngdCQCg, + Z.RTQNéEd*C;C}t)
(11.66)
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(here we suppose for simplicity that the crossing point energy is higher on
the left than on the right).

11.3.4. At energies below the crossing points: (—oo, E_)

Using similar assumptions as in the case 3 above, the semiclassical wave
propagation for £ < E_ should be described by the two nonadiabatic tun-
neling matrices (transfer matrices), N (left crossing) and N’ (right cross-
ing). These are parametrized with x, ® and ©, similarily as in Eq. (11.58).
Then we find that the semiclassical complete reflection is not possible. Yet
the complete transmission can still occur, provided (1) that energy is above
the bottom of the lower adiabatic potential, Fq < E < E_, and (2) the
following equation is satisfied,

k=K (deg)? = —e®T2'+0-0", (11.67)

Since it is possible to control k£ and k', for instance by changing the inten-
sity of the laser field, the complete transmission condition above could be
useful for enhancing chemical reactions, especially those which are other-
wise unlikely due to the tunneling [248]. At energies below the bottom of
the lower adiabatic potential, E4, the whole scattering can be described
by semiclassical analysis only as a single barrier penetration. The complete
reflection and the complete transmission are not possible.

11.3.5. Numerical examples

Atomic units are used throughout this section. The reduced mass is chosen
to be M = 1000 a.u., if not stated otherwise. First, we illustrate the the-
oretical results for energies below the top of the barrier. The accuracy of
the semiclassical theory (cf. Eq. (11.49)) and the Zhu—Nakamura theory for
energies above the barrier top is also demonstrated. Finally, we briefly dis-
cuss the Fano type of resonance [247,248] using our semiclassical analysis.

In Fig. 11.7, numerical examples of the transmission probability are
depicted for an asymmetric double NT-type crossing model. These figures
demonstrate the occurence of complete reflection and transmission in the
energy regions discussed in the previous section. Figure 11.7(a) shows the
overall behavior of the transmission coefficient in the case of asymmetric
potential model defined as

Vi1 =02 —0.012%, Vi =0.01(z —1)*>—0.3, Vis =510"2. (11.68)
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Fig. 11.7. Transmission in double-crossing NT-case. The asymmetric model potential is
defined by Eq. (11.68). (a) Transmission coefficient as a function of energy (overall fea-
ture). (b) Magnification of (a) (Va2 = 5 x 1073). Solid circles represent the semiclassical
results from Eq. (11.49) and the Zhu—Nakamura theory presented in Chapter 5. (c¢) The
same as (b) except for Viz = 1 x 1073. (d) The same as (b) except for V2 = 8 x 1072.
(Taken from Ref. [80] with permission.)

There appear as expected complete reflection dips at £ > E_ and com-
plete transmission peaks at E > FEq4. The five energy intervals are divided
by E, =02, B, =5x 1073, E_ = —0.095, and Eq = —0.3. In the energy
region below the barrier top, both the complete reflection and transmis-

sion occur close to each other (see also Fig. 11.8). At energies above the

barrier top, the very flat transmission peaks are separated by the com-
plete reflection dips. This follows from Eq. (11.53), since p;, ~ pr — 1
and the phase condition therein is also satisfied at large energies. We
note that the dependance of the resonance width on the diabatic cou-
pling strength is not monotonous. This is because both for the weak cou-

pling, p — 1, and for the strong coupling, p — 0, the two subsequent

transitions do not allow the wave to reach the turning points and get
reflected back. Figure 11.7(b) shows a magnification of some portion of
Fig. 11.7(a), demonstrating the accuracy of the Zhu-Nakamura semiclassi-
cal theory (solid circles). Figures 11.7(c) and 11.7(d) show the transmission

T
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Fig. 11.8. Fano type resonance in the Vardi-Shapiro case Ref. [248]. The model poten-
tials are given by Eqgs. (11.69)—(11.72). Complete reflection and transmission appear
below the top of the central barrier (maximum of Vi1 ~ 4.71 x 10~2). The thin line
corresponds to the potential given in the text, while the bold line is the transmission
coefficient for an artificially magnified central barrier to such an extent that the tunneling
can be neglected. (Taken from Ref. [80] with permission.)

coefficient for different coupling strengths, i.e. Vi = 1 x 1072 (c) and
Via = 8 x 1072 (d). Since also here the semiclassical and exact results prac-
tically coincide, only one curve is plotted. The Zhu-Nakamura semiclassical
theory works very well (also in the tunneling range which is not shown here).
Figures 11.7(b)-11.7(d) demonstrate the non-monotonous character of the
dip widths on the coupling strength, too.

Finally, it is interesting to note that the Fano type resonance [247]
discussed by Vardi and Shapiro under the name of laser catalysis [248] can
be reproduced by the present analysis. We take the following two diabatic
potentials [248]:

B¢ B¢

VH:Ul_W’ VZZ:UQ—’_W

(11.69)
with
£=—e"/?, (11.70)
where
B=6247x1072, U; =3.15x 1072, U, =5.917 x 1072, (11.71)
The coupling is given by the dipole moment and the laser field intensity,
Vig = 6.8 x 107°, M = 1060.83. (11.72)

Although in the above mentioned reference the authors used a laser
pulse and propagate wave packets, the constant coupling in Eq. (11.72)
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is adequate, since the field changes slowly. Figure 11.8 shows the transmis-
sion coefficient as a function of energy. This figure is very similar to Fig. 8
in the reference [248]. This is because an infinitesimal shift of a Floquet
state by dw is roughly equivalent to a shift in scattering energy, dF = —dw.
As a result of a very small coupling, the wave passes through the crossing
points almost diabatically (pr,, pr ~ 1). Thus the background in Fig. 11.8
is just a single barrier penetration. Since the phases d; and ds are very
small, Eq. (11.64) can never be satisfied in this particular energy range.
Consequently, the complete reflection is not the same as that in the single
NT-case. It can also be seen from Eqs. (11.60) and (11.61) that the limit
of infintely high barrier ((k > 1) is not justified. Hence, the tunneling
through the central potential barrier is responsible for the complete reflec-
tion. Taking ¢ ~ 0, A ~ § + ¢, — g (see Egs. (11.61) and (11.60)), the
complete reflection condition (11.59) reduces to a quantization in the global
diabatic well, dy + d% + dY + d3 + 6 + ¢, — g = 7/2. This explains the
complete reflection in Fig. 11.8, since the energy is close to the first bound
state supported by the diabatic potential V5. For the complete transmis-
sion, on the other hand, the tunneling does not play so important role. This
can be checked both analytically and numerically. When we increase arti-
ficially the height of the barrier, the complete reflection disappears while
the complete transmission remains stable (bold line in Fig. 11.8). Thus we
can use Eq. (11.65) instead of Eq. (11.62). The first two terms in this equa-
tion, proportional to 1 — p, are very small and the last term turns to zero
when dy + d5 + d} + ds + 8 + ¢, — ¥r = 7/2. Thus just a small change
in energy suffices to switch between the complete reflection and complete
transmission and the Fano type of resonance can be nicely explained by the
semiclassical picture and theory.



Chapter 12

New Mechanism of Molecular
Switching

12.1. Basic Idea

Transmission properties and switching in one-dimensional periodic poten-
tial systems have been continuously attracting much attention since the
original works done by Kronig and Penney [249], and by others [250-252].
Not only the transmission problems in periodic delta-function potentials
and square well potentials have been analyzed [253-256], but also molec-
ular switches have been discussed on the basis of a tight-binding model
from the viewpoint of molecular electronics [257]. With use of an array
of periodic potential barriers, Carter proposed also an idea of molecular
switching [258]. In the array of potential barriers, by somehow modify-
ing some of the potential barriers one may switch off the complete trans-
mission which exists always in the periodic system. He proposed to use,
for instance, a certain kind of transition metal intercalated coordination
compound as a control unit to modify the shape of a potential barrier in
the array, since the compound induces intramolecular charge transfer by
absorbing light and thus creates an electric field. Here we discuss the possi-
bility of new molecular switching with use of the phenomenon of complete
reflection described in detail in the previous chapter. Since potential bar-
riers in molecular systems are highly probable to be the NT-type of curve
crossing and thus the latter is expected to appear commonly in Nature,
the peculiar phenomenon of complete reflection must be playing a cer-
tain crucial role in various physical, chemical and biological phenomena.
On the other hand, it should be possible to utilize this phenomenon effec-
tively as a sort of molecular device in future high technology. As is clear
now, the NT-type transition is far more versatile than the ordinary barrier
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Fig. 12.1. One unit of the nonadiabatic tunneling type potential. Potentials for x < xg
and x > z; are assumed to be flat. The top (bottom) of the lower (upper) adiabatic
potential F1(z)(E2(x)) is denoted by z¢ and E; (zp and Ep). The transmission from the
left (AX — B) to the right (A — X B) corresponds to an effective transfer of X. X = H
is a hydrogen atom transfer and X = e is an effective electron transfer (A~ — B7).
(Taken from Ref. [72] with permission.)

transmission phenomenon, and the variety of molecules could provide us
with a much broader possibility. Namely, we could effectively use the prop-
erties of a single molecule. In this chapter such a new speculative possibility
of molecular switching is discussed and analyzed theoretically for not only
a one-dimensional model [71,72] but also for a two-dimensional constriction
system [73]. The numerical demonstration of molecular switching with use
of the wave packet propagation in the first edition of this book is moved
to Section 16.1 of the new Chapter 16, where manifestation of molecular
functions is discussed in general with numerical applications. Atomic units
is used in this Chapter.

12.2. One-Dimensional Model

12.2.1. Transmission in a pure system

First, we consider a one-dimensional array of the same M units as that of
Fig. 12.1.
The total transfer matrix N™) is simply given by

NOM) = NM (12.1)

where N is the transfer matrix for one-unit and is given explicitly by (see
Eq. (5.128))

* 1 1 7
N =Njp == = il or (12.2)
Ny = N}y = B _ 1B ion-on). (12.3)

T T
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If necessary, we can add an interval L between the units. In this case, the
transfer matrix N for one-unit is replaced by

eikL 0
N - ( . e-m) N. (12.4)

As in the Kronig—Penney model in solid state pysics [249-252], the following
parameter p plays an important role:

1 &
1= Re <T> = cos TT (12.5)

The eigenvalues of the N-matrix are given by

*9(gp=coslp)  [ul <1

,\Mui\/;ﬂlt{ - (12.6)

+e*?(¢p=cosh ™ p) |u| > 1.

The region of |u| < 1(|pu] > 1) corresponds to a conduction (forbidden) band
in the M — oo limit. The way of forming these bands shows an interesting
chaotic behavior described by the so called logistic equation [71,259].

For an M unit periodic array, we employ the Lagrange—Sylvester formula
for a matrix function,

Zf i—/\kl)) (12.7)
;é

where );’s are the eigenvalues of a matrix A, and I is a unit matrix. In the
case of a 2 X 2 matrix, we have

AMf(A2) = Xaf(M), | fF() = F(A2)

f(A) = Ny I+ NN A. (12.8)
In our present problem, A = N and
1 R(M)*
FIN) = NM = 7;:;)) T(f)* . (12.9)

T (M) T (M)
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Then, from Eq. (12.7) we can obtain the following expressions:

sin(g)
- : for |u] <1
O _ 1/T sin(M¢) — sin[(M — 1)¢]
sinh(¢) for |pu| > 1
(£1)M—1/Tsinh(Ma) — (£1)M sinh[(M — 1)¢] Hr=5
(12.10)
and
ESILM@ for |u| <1
pon _ ) T sin(9) . (12.11)
(il)(Mfl)ET(M)M for |p| > 1.
T sinh(¢)
The corresponding probabilities and phases for |u| < 1 are given by
‘T(]W)|2 —1_ |R(M)|2 _ Sin2(¢)
sin?(¢) + sin?(M¢)(1/|T|2 — 1)
1
= — , (12.12)
cos?(M¢) + (tan?(dt)/ tan?(p)) sin® (M o)
_1 |[tan(Mo
5T<M) = tan~! |:tafl(¢)) tan(éT)}, (1213)
and
sin(M ¢)
5R(IM) = 5T(1W) + (5R + (5’[‘ - 7'('(") |:_Sln«¢):| . (1214)
The parameter ) corresponding to Eq. (12.5) is given by
(M) o (]\J) o COS((ST(ZM)) - COS(M¢) ‘/LL(M)| S ]-
+cosh(M¢) for [pM)] > 1.
The semiclassical wave function at x ~ x; is expressed as
V;(x) = Ajette=i) _ pemtk(z=a)) (12.16)

where the jth unit (j =1 ~ M) is located at z; < z < z;. The waves at
the exit (Apr, Bas) and those at the entrance (Ag, By) are connected by

@5) = N (gg) (12.17)
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and
By oy [ Ao
= 12.1
() =son (). (12.19)
with
M
NY =TI Ni = Nar - Nag—1 -+ Ny, (12.19)
j=1
where S(™) is the scattering matrix and N; is the transfer matrix of the jth

unit. If all the units are the same, we naturally have N;M) =NWM) = NM

The physical boundary condition leads to

Ap = C(constant), By =0, (12.20)
and thus

Bo=5Mc, Ay =s8c. (12.21)

The wave function in Eq. (12.16) is thus given by

Aj AO 1
=N, =N, 12.22
() = (i) =wls)e e

D
e = [ Vi (12.23)

with

Equation (12.12) shows that complete transmission |7™)| = 1 occurs when
|T| =1 orsin(M¢) = 0 is satisfied. If one unit potential is like the one shown
in Fig. 12.1, then |T'| = 1 is never satisfied. The second condition leads to

5
§= C(|)ST|T = cos (%) (m=1,2,...,M—1). (12.24)

When M = 2, this condition reads
1
or = (5’ + 2) T (s=0,1,2,...). (12.25)

This coincides with the quantization condition, since here we are considering
the case of L = 0. Each level of Eq. (12.25) splits into (M — 1) levels, and
eventually the regions of || < 1 become conduction bands in the limit
M — oo (see Figs. 12.2 and 12.3).
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(1) (2) 3)
r r r

0.16 0.8 020 022 024
E

Fig. 12.2. The quantity p of Eq. (12.5) as a function of energy E. The crosses (circles)
correspond to the complete transmission peaks for M =2 (M = 3). At E = Eﬁl), Eﬁz),

and E$3) complete reflection occurs. The shaded regions correspond to conduction bands
in the limit M — oco. (Taken form Ref. [72] with permission.)

Here we have used the following diabatic potentials:

2
Vi(x) :a<x—g> for —1.0 <z <1.0,
(12.26)
b 2
‘é(m)za(m—i—i) for —1.0<z<1.0

and
Via(z) = Ve~ o™ (12.27)

with @ = 0.125,6 = 2.0,¢ = 10.0, and V, = 0.025 in atomic units. At
E ~ FE;, where the complete transmission occurs, the transmission peak is
roughly expressed as

IS
T2 4 (B - B)?

ITDP ~ (12.28)
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Fig. 12.3. Transmission probabilities as a function of energy E for M = 2(a) and 10(b).
The model potentials used are the same as in Egs. (12.26) and (12.27). Creation of

conduction bands and complete reflection dips are seen clearly. (Taken form Ref. [72]
with permission.)
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with
M) — —| sin(ma/M)|Ti for m ~ M (12.29)
! M|gg| Ry 2’ '
where
;|09 _ o . [(mm
¢t = |:8E‘ 5 = 87E o S1n (ﬁ), (1230)
_ IT|
|T| =T + [aE} N (E—FEy)+---, (12.31)
and
_ I|R|
R|—Rt—|—{8E}Et(E—Et)+-~-. (12.32)

The complete reflection is a property of one potential unit of the NT-type
and its position is determined by Eq. (11.2). This dip width, however,
depends on the number, M, of units. Since the complete reflection occurs
at |p| — oo, we must use the expression for |u| > 1. From Egs. (12.10) and
(12.11), we have

ih 7121
IROMD2 = |14 22000 (D) ’ : (12.33)
simh® (M]g]) | R
with
|| = cosh|d|. (12.34)
At E ~ E;, where the complete reflection occurs, we can obtain
FEM) 2M
|RM|2 ~ G ] (12.35)
TR+ (B - By
with
1
M) = (2] cos oL YM (12.36)
where

IT|? ~ 4 Fp_sz {SZ]E (E—E)2=TXE—-E)* atE~E, (12.37)
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and

5 = op(Ey). (12.38)

The smaller T} is, the larger FEM) is. With increasing M, the shape of the

complete reflection dip becomes closer to a square, the size of which is well
represented by I’EM). This M-dependence of the shape comes from the fact
that the reflection probability at off-resonance (F # E,) depends on M.

Recently, Chakraborty analytically analyzed an ideal one-dimensional
semi-infinite periodic potential system by using the Green’s function
method [260]. He employed a simple analytically solvable model of har-
monic oscillators coupled by d—function.

Finally, let us look into the time delay or gain in the propagation through
a pure potential system. It is an interesting matter whether the propagation
can be accelerated or not when the complete transmission occurs. There
are a lot of discussions about the tunneling time, i.e. the time necessary to
tunnel through a potential barrier [261]. Unfortunately, or rather naturally,
there is no definite answer to this. One of the reasonable measures for that
is, however, given by the phase time delay, which is defined by the derivative
of the total phase dn with respect to k (wave number). This is calculated
directly from Eq. (12.13) as [71]

dépn 1 <d5T { 1 tan(M¢)

dk 1+ {[tan(M¢)/ tan(¢)] tan 61 }2 \ dk | cos?(0r) tan(¢)

tan(dT) sin(dT)
|T| cos2(M ) sin®(¢)

[M cos(¢) sin(¢) — cos(M ¢) sin(MqZ))]}

d|T| sin(é1) M cos(¢) sin(¢p) — cos(M ¢) sin(M )
dk |T|? cos?(M¢) sin®(¢)

). (12.39)

If we are interested in the time delay at the complete transmission, then
the above equation can be simplified as follows: In the case of |T| = 1, we
easily obtain

d(ST(]M) d(gT
—_— =M|—— 12.4
(i), = (), 20
since in this case (d|T'|/dk)g, = 0. In the case of Eq. (12.24), we have
déT(M) Msin(&T) . d($T 1 d‘T|
= dr)—— + —cos(dp)—— | .
< dk >Et T2 = cos?(0r) sin(d) dk + 7] cos(ér) dk 5

(12.41)
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Then the relative dimensionless measure of deceleration/acceleration at the
resonant transmission is given by

1doron 1 Ml
= - — —MI —
@ (v dk v )Et/( v >

1
- <d6T) — 1 (in the case of Eq. (12.39))
Ey

I\ dk

= 1 sin(5T) . d5T 1 d|T|
R R L0 R (R Sk RPN S G
I {|T|2 —cos2(07) {Sm( R TR §

(with |T'| > |cos dr| in the case of Eq. (12.40)),
(12.42)

where [ and v represent the length of one unit of potential and the velocity
corresponding to k. Interestingly, this relative measure ) does not depend
on M. If we could design a potential in such a way that () becomes negaive,
then we could have an accelerated complete resonant transmission. This
means that the resonant transmission could proceed faster than the trans-
lation of a free particle at the same asymptotic velocity v. In general, )
is expected to be positive for the system composed only of potential bar-
riers, although it is difficult to prove this analytically for a general case.
Deceleration at resonant transmission was shown explicitly in the case of
a rectangular potential barrier system [262]. It is, however, interesting to
note that ) defined above can be negative, if a potential system involves
a strong enough attractive potential. This is simply because the attrac-
tive potential accelerates the particle and can compensate the delay due to
barrier penetration.

12.2.2. Transmission in a system with impurities

In the previuos subsection, we have shown how the complete transmis-
sion peaks and complete reflection dips are formed when the number M of
potential units is increased in the pure system. Here we demonstrate how
this feature changes with an introduction of impurities into the system.
Impurities, here, mean such potential units that have diabatic potentials
and/or diabatic couplings different from those of other units.

First of all, it can be shown easily that the complete transmission is
destroyed by an impurity. Suppose we have an impurity at the right end
of a periodic system. Denoting the transfer matrix of the periodic system
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as N and that of the impurity as Ny, we obtain the (1,1) element of the
transfer matrix of the whole (A + I) system as

1 .
NAT = expli(d7, + 07,)|[1 + |RaR e (297at0r —0r4)]  (12.43)
|TATy|

By a simple manipulation, we obtain

|RaR;| |RA|Jr |Ri| +2cos(207, +0r, —Or,)| +1. (12.44)

NAI:
U TaTy| LR R4l

This equation tells that unless |R4| = |R;| and 261, + 0r, — dr, = (25 +
(s = 0,41,£2,---) are satisfied simultaniously, the overall tunneling
probability cannot be unity (always smaller than unity); i.e. no complete
transmission is possible.

Tt is interesting to note that if we can somehow change the shape and/or
coupling of one potential unit in the array so that a new complete reflec-
tion position coincides with one of the complete transmission peaks in the
original pure system, then we can switch off the complete transmission
completely. Figure 12.4 shows an example of the coincidence of a complete
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Fig. 12.4. An example showing the coincidence of a complete transmission peak in
a pure system and a complete reflection dip in a system with an impurity. The model
potentials used are as in Egs. (12.26) and (12.27). (Taken form Ref. [72] with permission.)
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transmission peak in the pure system and a complete reflection in the sys-
tem with an impurity. The model ptentials used are the same as Egs. (12.26)
and (12.27), except that the parameters a and V; are changed to 0.1136 and
0.0175, respectively, for the impurity. If the creation of such an impurity
and the restoration to the original pure system could be made reversible,
we could switch complete transmission off and on completely. This is the
fundamental idea of the molecular switching. The positions of complete
reflections are more sensitive to the shape of the potential than to the dia-
batic coupling. The widths, on the other hand, are more sensitive to the
coupling. In order to find a system which satisfies the position matching
condition, it is convenient to draw a figure of 1zn [of Eq. (5.148)] versus
E for various potential shapes and coupling strengths. If the curve of |T'|?
versus F for the pure system is superimposed, as is shown in Fig. 12.5,
we can find proper conditions for the impurity which meet the complete
switching condition.

So far we have considered only one impurity in the system. We can
actually think of a group of impurities, the potential parameters of which
are slightly different from each other and distributed in a certain range. In
that case a complete reflection dip band with a desired width I'q;, may be

1.0

|w
2

A0.8

W(—) ITI(--)

104

40.2

oL

- v S ¥ 00
0.18 0.19 0.20 0.21 0.22
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Fig. 12.5. The phase 1 against energy E for various potential shapes and coupling
strengths. A curve of |T'|? versus E for the pure system with M = 2 is superimposed.
The model potentials used are as in Egs. (12.26) and (12.27). (Taken form Ref. [72] with
permission.)
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created. Since the dip width of one unit is given by FEM:D of Eq. (12.36),
the number of impurity units is roughly equal to I'g;p/AE, — 1, where AE,
is an interval between the complete reflection dips of two adjacent impu-
rities and is adjusted to be equal to ~ Fgl), so that the two adjacent dips
sufficiently overlap. When M 2 10 ~ 20, the complete transmission peaks
are closer together in each region of || < 1, and almost constitute conduc-
tion bands. In such a case, switching may be made more effectively, if the
above mentioned complete reflection band is matched to the transmission
band. Actually, such a complete reflection band may be used as an energy
filter. We may make the system completely translucent in a certain energy
range by using the energy filter, which may be designed as desired with
respect to the energy position and width. First, we investigate effects of
distributions of impurities in the array. And then, after that we will discuss
the energy filter.

Figure 12.6 shows the transmission probability as a function of energy
for ten-unit arrays which contain one [Fig. 12.6(a)] and five [Fig. 12.6(b)]
impurities. The model potentials used are the same as Eqs. (12.26) and
(12.27) with a = 0.125, b = 2.0, ¢ = 10.0, Vp = 0.025. The parameters a and
Vo are changed to a = 0.11627 and Vy = 0.01875 in the case of impurity.
This impurity is designed so that a new complete reflection dip appears
inside the region of the complete transmission band of the original pure
sustem [dashed line in Fig. 12.6(a)]. In the case of Fig. 12.6(a) [12.6(b)],
the last one unit (five units) in the ten-unit array is (are) replaced by
the one impurity (five impurities). As is seen from these figures, complete
transmission is not possible anymore, if the system contains an impurity.
(There are some peaks reaching close to 1.0, but they are actually lower
than 1.0). There appear new complete reflection dips due to the impurity,
two in the present energy range at E =~ 0.15897 and 0.18736. Original
complete reflection dips of the pure system, only one denoted as P in the
present energy range, survive and stay at the same positions irrespective
of the number of impurities Minp, as is expected. On the other hand, the
peak positions and their shapes are slightly changed from the original ones
depending on Mjy,p. The effect of Min, on the complete reflection dips
due to impurities can be seen from the two figures. The dips become wider
and square with increasing M;y,,. This is in accordance with the general
discussion given before.

Let us next look into the effects of distribution of impurities by arranging
the same five impurities in the 15-unit array (see Fig. 12.7). Figure 12.7(a)
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Fig. 12.6. Transmission probability as a function of energy in the case of ten-unit

arrays which contain impurities. The model potentials used are given by Egs. (12.26) and
(12.27). The dashed line corresponds to the pure system. (a) One impurity case. Two
complete reflection dips at E = 0.15897 and 0.18736 are due to this impurity. (b) Five
same impurities case. (Taken from Ref. [72] with permission.)
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Fig. 12.7. Effects of the distribution of five same impurities in the 15-unit array. The
potentials used are the same as those given by Egs. (12.26) and (12.27). (a) Pure system,
(b) Five impurities in the front, (¢) Five impurities in the middle, (d) Five impurities
are distributed randomly. (Taken from Ref. [72] with permission.)
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Fig. 12.7. (Continued)
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is a pure system and depicts 14 complete transmission peaks in each region
of |u| < 1. Figures 12.7(b)-12.7(d) correspond to the cases in which the
five impurities are put in the front (b), in the middle (¢), and randomly
(d), respectively. The complete reflection dip at E ~ 0.1625 is created
even in the case (d). Since case (c) is more regular than the others, higher
transmission peaks appear more than in cases (b) and (d). In the random
case (d), the transmissivity is the worst. This is in accordance with the
Anderson’s localization [263].

Complete reflection bands of a desirable width at any desirable energy
can be created, in principle, by introducing impurities in a multi-unit
system. This is quite important in order to switch the transmission effi-
ciently. Here we discuss two methods to realize this. First, we create a
complete reflection dip at a desired energy Egi, by changing potential
parameters of an impurity. This can be done effectively by plotting the
phase ¥zn of Eq. (5.148) as a function of energy for various potential
parameters. Next, we want to make the complete band has a desired width
Iaip, so that the portion of the incoming wave packet corresponding to
Eaip —Taip/2 < E < Egip +Taip/2 will be reflected. The band width can be
controlled by either one of the following two methods: (i) by introducing a
group of the same impurities, or (ii) by introducing a group of impurities
which have potential parameters slightly different from each other. In the
first case, the maximum possible width I'gjp is determined by the range
of |pimp| > 1, where pimp is the p parameter of the impurity defined by
Eq. (12.5). Thus it is necessary to find a proper impurity which can give
rise to a dip band of the desired width I'gi,. Once this is found, it is easy
to create the band. On the other hand, the second method is quite flexible,
because we can introduce various kinds of impurities. If the dip width of
one impurity is equal to FﬁMZl) of Eq. (12.36), the number of impurities
necessary to cover the desired width I'g;p is roughly given by Tgip/AE, — 1,
where AFE, is an interval between the complete reflection dips of two adja-

cent impurities and should be adjusted to be equal to ~ FEM:U. T

WO
examples corresponding to the above two cases, (i) and (ii), are shown
in Figs. 12.8(a) and 12.8(b), where the system is composed of 20-units,
including 9 units of impurities at the rear end. The model potentials used
are again the same as in Eqgs. (12.26) and (12.27), with a = 0.10989, b = 2.0,
¢ =10.0, and Vp = 0.0425. Figure 12.8(a) corresponds to case (i), for which
the impurity parameters are a = 0.10363, b = 2.0, ¢ = 10.0, and V5 = 0.03.
The complete reflection band obtained is at Fqai, = 0.1949, with the width

Laip(Mimp = 9) =~ 0.001714. There appear a wavy structure just outside



286 Chapter 12. New Mechanism of Molecular Switching

1.0 ¢
e

08

0.6

0.4

021

0.0 r —

0.190 0.192 0.194 0.196 0.198 0.200
E

(a)

1.0 k

e

08 r

0.6

04

0.2

0.0

0.190 0.192 0.194 0.196 0.198 0.200
E

(b)

Fig. 12.8. Complete reflection band (energy filter) in the 20-unit array with nine impu-
rities. The potential functions are the same as in Eqgs. (12.26) and (12.27). (a) The same
impurities are put in the end. (b) Nine impurities at the end with slightly different
potential parameters (see the text). (Taken from Ref. [72] with permission.)
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the band, as is seen in Fig. 12.8(a). Figure 12.8(b) depicts the result of
nine slightly different impurities. The parameters a ~ ¢ are taken to be
the same for the nine impurities (@ = 0.11765, b = 2.0, ¢ = 10.0), but the
coupling strength Vj is varied as follows: Vi = 0.0415, 0.041075, 0.04065,
0.040225, 0.0398, 0.039375, 0.03895, and 0.0381. The dip width of one impu-
rity FEMimp:l) is roughly equal to 0.00017, and thus the total band width
is expected to be ~ 0.0017. Actually, a dip band of the width ~ 0.00167 is
obtained, as is seen in Fig. 12.8(b). There is no wavy structure outside the
band.

12.3. Two-Dimensional Model

It is a big question whether the complete reflection phenomenon can survive
in multi-dimensional systems or not, since this is based on a sensitive phe-
nomenon of phase interference. Some traces of this intriguing phenomenon
are, however, expected to survive, if it is not complete [264]. In this sub-
section, a two-dimensional constriction model shown in Fig. 12.9 [73] is
considered. This model is chosen, since it is simple enough and analytical
treatment is possible to a good extent and yet some basic features of a mul-
tidimensional case can be comprehended. A similar type of 2D constriction
model has been employed in the study of electron conduction [265, 266],
although there are some incorrect procedureds in the treatments [73].

12.3.1. Two-dimensional constriction model

In regions I and III in the model shown in Fig. 12.9, potentials are taken
to be zero, and the periodic nonadiabatic tunneling type potential which is
the same as that used in the previous subsection (Eqs. (12.26) and (12.27))
is assumed inside the constriction (region II). In the a-direction in region II
the potential is assumed to be constant which is y-dependent. Thus, the
one-unit potential in the direction of transmission is given by

Vi(y) =d(y —b/2)> for —b/2 <y <b/2,
Va(y) = d(y +b/2)* for —b/2<y<b/2, (12.45)
Via(y) = Vo exp(—cy?),

where the actual values of the parameters used are given later. It should be
noted that what is important is to show whether the switching is actually
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Fig. 12.9. Two-dimensional constriction model. (Taken from Ref. [73] with permission.)

possible or not in a two-dimensional space. Particular forms of potential
functions such as those given above are not very important, since the com-
plete reflection phenomenon occurs whenever we have a NT-type potential
unit.

Although regions I and III are separable even in the simple Cartesian
coordinates (z,y), we should employ the following elliptic coordinates (£, 1)
in order to correctly satisfy matching conditions at the boundaries between
I and II and between IT and III:

r = %coshf cosn (12.46)
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and
y= g sinh € sinn (12.47)

with 0 < ¢ < oo and 0 < 7 < 27. This is because the quantum mechanical
diffracrion due to the potential edges at (x = +a/2,y = 0,L) cannot be
treated correctly by the Cartesian coordinates. In this sense the methods
used in [265,266] are not correct and should be modified by following the
procedure described here.

The Schrédinger equation for a free particle can be separated into the
following two equations:

2
LZ72 + (A — h? cos? 77)] Z(n) =0, (12.48)
d2
[d2 + (=A + h? cosh? g)] Y(€) =0, (12.49)
n
where h = ak/2 (k is the wave number) and X is the separation con-

stant. What is needed in physical applications of the angle function Z(n)
is a periodic function and two such solutions are possible; one is even
with respect to n = 0 and 7, and the other is odd. In the notations of
Morse-Feshbach [267] these are the Mathieu functions Se,(h,cosn) and
So,(h,cosn), respectively, where p = 0,1,2,.... In the limit of h — 0 they
tend to cos(un) and sin(un), respectively. The separation constant )\Lo,e) go
to ©2 in this limit. Since in our present problem we need only the odd solu-
tions {So,(h,cosn)},, hereafter formulas are given only for them. These
solutions satisfy the following expansion and normalization conditions:

Sos(h,cosn) = ZBto(h,s) sin(tn), (12.50)
t
2
Soi(h,cosn)Soy (h,cosn)dn = My, (12.51)
0
where
2v for s =2u
t= ( ) (12.52)
2v+1 (for s=2u+1)
and

> By (h,t) =1. (12.53)
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These make a complete set on (0, 27) separately for p = even and odd. In
the present treatment, however, we need only the half region (0, ) in which
{Sop}p=1,2,... constitute a complete set. For later convenience we introduce
the following normalized complete set of functions:

2
(1) = 4 | 570 50u(h, cosn) (12.54)
w
with
/0 wp (g (n)dn = 6y (12.55)

The above definition of angle functions follows that of Morse-Feshbach
[267], and its relation to the definition used by Abramowitz—Stegun [268]
may be simply given by (AS is attached to the latter)

BYA(n,s) =,/ ]\Z B2(h, s) (12.56)

with

STBYAYPE =1 (12.57)

AS _ 4 .
So,°(a,q) = /m50“<h’ cosn), (12.58)

where a = A\ — h?/2 and ¢ = h?/4 are the parameters used by Abramowitz

and thus

and Stegun.

Corresponding to So, and Se,,, the following two sets of radial solu-
tions are defined. They are denoted as {Jo,(h,cosh¢), No,(h,coshé&)},
and {Je,(h,cosh§), Ne,(h,cosh&)},. What we need later is

Ho, (&) = Hoyu(h,cosh§)

= Jo,(h,cosh&) +iNo,(h,cosh¢)

1 ) T 1
o yrre o [heshe =5 (w3 |- 2o

In the limit of h — 0, (Jo, and Je,), (No, and Ne,) and (Ho, and He,,)
correspond to the ordinary Bessel functions J,,, IV,,, and H,,, respectively.
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12.3.2. Wawve functions, matching, and transmission

coefficient
We assume that a plane wave comes in from y = —oo along the y-axis (see
Fig. 12.9). Then the 2D wave function in region I is given by
U = eV — e=thy | Z au, () Ho, (), (12.60)

where the first (second) plane wave is the incident wave (wave reflected
by the wall at y = 0), and the third term represents the wave scattered
by the slit at £ = 0. Only the So,(h, cosn) functions survive, because the
boundary condition

Yi(§>0,n=m,2m) =0 (12.61)

should be satisfied. In yoj41 < vy < yo; (j = 0,1,2,...,N) in region
IT we put the potential unit defined by Eq. (12.45), namely, ya;(y2;+1)
corresponds to —b/2(b/2). The total wave function between the units is
expressed as

1/;? = Z[_b(_),e*iqno(y*yzj) + bf::;eiq““ (y*yzj)]gbno (z)

NoJ
Mo

+ ) pDemlanel v g, (), (12.62)

where ¢, (z) is the nth normalized eigenfunction in the z-direction given by

2 . nm a
én(7) = ~sin [7 (x+§>] n=0,1,2,... (12.63)
with
a/2
/ P (@) (x)d = Ongy - (12.64)
—a/2
The corresponding eigenvalue E,, is equal to
h? /nm\2
E, — (—) , 12.65
" 2m\a ( )

and ¢, represents the wave number of the motion in the y-direction and is
given by

V2
4o = VE—E,, (12.66)
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where F is the total energy and m is the mass of the transmitting particle.
In Eq. (12.62) no(n.) represents an open (closed) channel for which g,_(¢n.)
is positive (pure imaginary). The coefficients b;tg-, etc. are the quantities
to be determined. The connection of wave functions at y = 32541 and
at ¥y = Y2j42 is made with use of the transfer matrix which represents
nonadiabatic tunneling transition by the (7 4+ 1)th unit of potential. As is
shown in Fig. 12.9, there are N potential units in region II and the total
length of the constriction is L = N (b+1)+I. Repeating the above procedure,

we can obtain the coefficients bfi;v as follows:

By = NOIBH 4 NI, (12.67)
by = Mo g + NGy b, (12.68)
where
(b5 ), = b N etant (12.69)
(b§ ) )n, = bS50 (12.70)

The overall transfer matrix for the total N-unit system Ni(jv) is defined as

(NS pomy, = NN emtanals, o for (ij) = (22) and (21), (12.71)
N N)yx
(VY] ))nong = (N$ ))nong, (12.72)
N N)ys
(N ons, = (NG Doy (12.73)
with
(noN) _ 1
N22 - T,(LN)
(12.74)
N(noN) _ jo)
21 - TéN) )
where Téiv) and Rgl]j) represent the overall transmission and reflection

amplitudes corresponding to the n,th open channel. When all N potential

units are the same (pure system), these quantities can be easily obtained
(1

from T\") and RS}O) of one-unit. In region III the total wave function can be
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expanded as

%H—ZC#U# VHo,(€), (12.75)

because of the boudary condition

Y (€ > 0,n=0,m) =0. (12.76)

In this case the z-axis is shifted to the outlet of the constriction.
The matching of 4; and l/fnzo at y = 0 leads to

a,Hou(0) = (0570 = b5 ) Crnoe + Z b Cre (12.77)
and
2%
% — B, — ;HOM(O)
=2 s (B + 0 Do+ lane B3P (1275)
where C,,,, Dy, and E,, are the expansion coefficients of ¢, (z), ¢ (z) sing,

and sin7 in terms of w,(n) over the region (7,27), namely,

2
Con= [ waln)éa(w)in

. (12.79)
Dy = /ﬂ (1) én () sinndn,
and
o 0 (for p = even)
E, :/7r u,(n) sinndn = %Bﬂl,u) (for 1 = 20+ 1). (12.80)

v

With use of the orthogonality relation between the coefficients Cy,, and
Dy, we can finally obtain

b6 = (1= Aoo) (14 Aoo)bi + (1 = Ago) '[AoeBe + Bo], (12.81)
where
Ao = (TQ)oo + (TQ)oc[l = (TQ)ec)(TQ)cos (12.82)

Aoe = (FQ)OC[l - (FQ)CC]ilv (12-83)
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GQkZ HOH(O) DnauEu (a _ 07(3)7 (1284)

and

i Ho,(0)
(TQ)aplnam, = ——a* Do Comsul@ms| (. 3=0,c). (12.85)
B8 4 p HOL(O) 12 BH B

The matching of 1/J§I:N and 17 at the right end y = L leads to

cuHo,(0) = = 305N — b5 N Oy + Zb Coopir (12.86)

Mo

and
cpHoy, = a Z anDnOM - = Z bn N|an|Dncu (12.87)

From these expressions we have
b — NG — N0+ N - M) — v
% (1= Aoo) ™! (AoeBe + Bo), (
b = Qb{) + (1 = Aoe)  (AeeBe + By), (
b = (NG + NED)IbS + N (1= Ago) ™ (AecBe + Bo),  (12.90
by = (Ngy 2+ Ny )b 4+ N3t (1= Aoo) ™ (AocBe +Ba). - (
where
Q=(1-A00)"11+ Aso). (12.92)
The flux at y =Y is defined as usual by

a/2
Jjy = h dzs {w 9 } . (12.93)
m —a/2 ay y=Y

With use of the wave functions v, ¥, ¥X, and ¥ given by Egs. (12.60),
(12.62), and (12.75) we can obtain

jo = _% Z{akEm[a;Ho;(o)} + la, [PS(HO (0)Ho, (0)]},  (12.94)

dor = — ano 512 = [0S0, (12.95)
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- = —Z G, [0S N2 = 185N 7], (12.96)
g = Zcﬂg[Ho;(O)Ho;(O)]. (12.97)

The conservation of flux is guaranteed because of the symmetry of the
transfer matrix and the completeness of the functions {¢,(z)}. Since the
total initial flux j;, coming to the slit is equal to hak/m, the transmission
coeflicient is defined by

p=2or kzqno A1 — [B4 57 (12.98)

ZTL

In order to comprehend the above formulation qualitatively, the following
simplified analysis may be useful. The matrix I'g represents the basis trans-
formations between regions I and II and also between II and ITI. The above
vector B gives a sort of initial condition. If we assume that there is only
one open channel n, (no closed channel) and A,, = —1, then Q = 0 and
from Eqgs. (12.88) to (12.91) and (12.70) to (12.74) we have

_ BoN{Y)
b = Oiuw x R, (12.99)
2N}
B,
o) = o (12.100)
o) = NIVB 4+ NI = o, (12.101)

. B N B
b(+) _ 2o N(N) _ 112 N(N) = °__ TT(lN). (12.102)
Mo U T aN{) e

Thus, if we assume B, = 2a and ¢, , = k, then we can obtain

t= T2 (12.103)

12.4. Numerical Examples

For the periodic potential in the y-direction the same functions given by
Egs. (12.45) as those used before in the case of one-dimensional model are
employed. The parameters used here are d = 0.007, b = 2.0, ¢ = 10.0,
and Vy = 0.0014 (in atomic units), which give the lowest complete reflec-
tion at £ ~ 0.015. The transmitting particle mass m and the distance
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I between the potential units (see Fig. 12.9) are taken to be 1000 and
0 in atomic units, respectively. The slit width a in the x-direction is
assumed to be 3.0 a.u. Thus the eigenvalues E,, given by Eq. (12.65) are
E,(n=1,2,...) =5.483 x 1074, 2.193 x 1073, 4.935 x 1073, 8.773 x 1073,
1.37 x 1072, 1.974 x 10~2,..., in which because of the symmetry only the
odd order states (n = 1,3,5,...) are effective. Accordingly, only the odd
order Mathieu functions {S02,,+1(h,cosn)}, survive. Although the mass m
was taken to be 1000, the transmitting particle is not necessary a proton,
but can be an electron. Transfers of these particles take place effectively
through the molecular motion, i.e. AHT + B — A+ H™ B in the case of
proton transfer and A~ + B — A 4+ B~ in the case of electron transfer,
where A and B represent certain atoms or molecules. It should be noted
that the spatial coordinates (x,y) correspond to the relative nuclear (not
the elctron) coordinates. The potential parameters given above are changed
quite a bit from the values in the previous subsection and the potential
crossing energy is made much lower. This was made, primarily because the
numerical calculations can be simplified without losing the generality. This
is not unrealistic at all, however, since excitation energies of big molecules
like biological molecules are quite small. The Mathieu functions are calcu-
lated with use of the code written by Shirts [269]. Numerical check was made
by comparing to references [267,268] as much as possible. Other checks such
as the orthogonalities of the coeflicients C,,,, and D, are also made. The
maixum g in the summation was taken to be 10, which was confirmed to
be good enough within the range of the total energy considered here, which
is 8 —20 x 1073 a.u. The number of open channels with respect to n is up
to 3,i.e. n =1, 3,5, in this energy range, and two closed channels were con-
firmed to be good enough for the convergence. The transfer matrix N&V)
was evaluated with use of the semiclassical theory of Zhu—Nakamura.

Figures 12.10-12.12 show the results of the transmission coefficient ¢
against the total energy F for one, three, and seven unit-systems. The
potential parameters are the same as those given above. The lowest trans-
mission peak, which will be utilized later for switching, appears at E ~
1.0 x 1072 a.u. In the three- and seven-unit cases, this peak naturally splits
into two and six transmission peaks, which cannot be complete like in the
one-dimensional case.

Figures 12.13 and 12.14 show the results of one- and two-unit systems
composed only of impurity potentials, the parameters of which are chosen
to be d = 0.0044, b = 2.0, ¢ = 10.0, and V;; = 0.001. The lowest reflection
dip, which again cannot be complete, appears at £ ~ 1.05 x 1072 a.u.
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Fig. 12.10. Transmission coefficient in the case of one-unit as a function of energy (a.u.).
The potential parameters are given in the text. (Taken from Ref. [73] with permission.)

the two-unit system has a rather broad reflection band around E ~ 1.0 x
10~2 and may be appropriate to switch off the lowest transmission band
in Fig. 12.12. Figure 12.15 shows the results of the seven-unit system out
of which the right end two units are impurities. The transmission band
appearing around E ~ 1.0 x 102 in Fig. 12.12 is almost switched off. The
impurity parameters were chosen just by a simple trial and error, but can,
of course, be found more systematically to achieve much better switching.
We can use the same prescription as that given previously, but this kind of
fine tuning is not important here at this stage. What is important here is
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Fig. 12.11. The same as Fig. 12.10 for the seven-unit system. (Taken from Ref. [73]
with permission.)

to demonstrate the possibility of molecular switching in a two-dimensional
system.

As was demonstrated in the above examples, both reflection and trans-
mission cannot be complete in two-dimensional space, but the switching
was shown to be made quite effective. The constriction model used here
is rather special, but this enables us to formulate the problem analytically
and is believed to present some essentail features of the multi-dimensional
systems. Actually, the “completeness” is destroyed in multi-dimensional
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Fig. 12.12. The same as Fig. 12.10 for the seven-unit system. (Taken from Ref. [73]
with permission.)

systems because of the nonseparability and the contribution from different
transmission energy components corresponding to the eigenstates in the
direction perpendicular to the transmission. It is obvious to better keep the
separability of the system as much as possible. It is also better to reduce
the number of contributing eigen states in the perpendicular direction. In
this sense it is recommended to use the lowest complete reflection, since
the transmission of the other energy components is generally small there.
Furthermore, in order to use the complete reflection phenomenon effec-
tively, it is desirable to design the system so that the level separation of the
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Fig. 12.13. Transmission coefficient in the case of one unit of impurity, the parameters
of which are given in the text. (Taken from Ref. [73] with permission.)

eigenstates in the perpendicular direction becomes equal to or close to the
difference of the complete reflection positions.

As was mentioned before, the potential functions and the various param-
eters used here are just a mere example, and the theory presented here is
generally applicable to other various cases, whenever the complete reflection
phenomenon of the NT-type potential can be effectively utilized. Unfortu-
nately, it is not straightforward to scale all these parameters to be dimen-
sionless; but the following arguments may be useful for designing such an
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Fig. 12.14. The same as Fig. 12.13 for the two-unit system. (Taken from Ref. [73] with
permission.)

effective switching in a different range of various parameters as that consid-
ered here. Since it is better to use the lowest complete reflection position U,
ie. By /U, 2 1. Qualitatively speaking, the electronic excitation energy of
molecule provides a rough measure of U,. The representative translational
energy F:. may be given by £ — F,—1, where F is the initial total energy
and F,—_; represents the lowest excitation energy in the z-direction. On
the other hand, since it is not appropriate to have many eigenstates in the

z-direction contributing to the process, E /U, ~ 1 may be required,

Mmax
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Fig. 12.15. Seven-unit system with two impurities. The two impurities are at the right-
end of the system. This corresponds to the seven-unit system in Fig. 12.12, two out of
which are replaced by the impurities here. The broad peak around E ~ 1 x 1072 is
almost switched off. (Taken from Ref. [73] with permission.)

where F,,___ is again given by Eq. (12.65) and nyax is the maximum quan-
tum number of open channels (Nmax ~ 5 or so).



Chapter 13

Control of Nonadiabatic
Processes by an External Field

Control of molecular processes or chemical dynamics, in general, is one
of the most active fields in chemical physics recently, and attracts much
attention theoretically as well as experimentally. This is basically because
the recent progress of laser technology is remarkable and has opened new
possibilities of controlling various molecular processes. Many theoretical
approaches have been proposed so far. One of these is the coherent con-
trol method originated by Brumer and Shapiro [270]. The essence of this
method is to utilize the quantum mechanical interference effect to control
the branching of a prepared state into possible final channels with use of the
phase and intensity of two laser pulses. Second example is the pump-dump
scheme proposed by Tannor and Rice [271]. Their original idea was to use
a laser pulse to create a localized wave packet on a bound excited state.
When the wave packet comes to an appropriate position of the excited
state, then the second laser pulse is used to make a transition to a final
desirable state. The use of linearly chirped (or frequency swept) laser pulse
originally proposed by Chelkowski and Bandrauk [272] is also one of the
effective methods and has been studied by many authors [273-277]. Most
of them utilize the so called adiabatic rapid passage (ARP) [273,278]. That
is to say, by sweeping the field slowly, the system is kept to stay on the
same adiabatic state. Methods to find the best pulse shape of lasers to
control wave packet dynamics (optimal control theory) have been formu-
lated and discussed by Kosloff et al. [279], Rabitz and coworkers [280],
Kohler et al. [281], and Fujimura and coworkers [282]. The pulse shapes
are optimized under various conditions. Unfortunately, however, the opti-
mized pulses have sometimes rather complicated structures in frequency as
well as time domains. The so-called 7-pulse method has also been pro-
posed to induce resonant transitions efficiently [283,284]. In the above

303
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mentioned approaches, nonadiabatic transitions, in general, play important
roles, because molecular processes induced by an external field, not only
transitions among electronic states but also rovibrational transitions, may
be considered as nonadiabatic transitions with the external field regarded
as the adiabatic parameter. For instance, a rovibrational transition induced
by a chirped laser field can be regarded as a nonadiabatic transition among
adiabatic Floquet states [25,285,286] by taking the laser frequency as the
adiabatic parameter.

The studies of laser control of molecular processes have progressed
remarkably since the publication of the first edition of this book. Many
review articles and books have been published for the new developments
about not only the above mentioned subjects but also the higher har-
monics generation and others [46,287-296]. In this chapter three meth-
ods of controlling chemical dynamics developed by the author’s research
group are mainly explained. The first one described in Section 13.2 is
to sweep an external field periodically at avoided crossings to control the
transition as we desire [42,46,120,296-300]. The second subject discussed
in Section 13.3 is the formulation and application of the Semiclassical
Guided Optimal Control Theory (SCGOCT) [46,296,301-304]. Third sub-
ject touched upon in Section 13.4 is the laser control of photo-dissociation
with use of the complete reflection phenomenon discussed in Chapters 5 and
11 [46,296,305,306]. Numerical applications of these ideas will be presented
in Chapter 15. For the introduction to these sections, Sections 13.2-13.4,
the Floquet theorem, the concepts of dressed state (or Floquet state), and
nonadiabatic transitions in a quasi-periodic field are explained in the fol-
lowing first Section 13.1. The dressed states mean such molecular states
as those dressed with photons and thus the corresponding potential energy
curves are shifted up (photo absorption) or down (photo emission) by the
corresponding photon energies.

13.1. Floquet Theorem and Nonadiabatic Transitions
in a Quasi-Periodic Field

13.1.1. Floquet theorem and dressed state representation

Here we first consider an atom interacting with a laser filed. The Schroringer
equation to be solved is

ih%\ll(r,t) = H(r,t)¥(r,t) = (Ho(r) + Hy(r,t))¥(r,t), (13.1)

Hi(r,t) = —p(r) - Eg cos(wt), (13.2)
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where Hy and H; are the Hamiltonian of the system (atom) and of the
system-laser interaction, respectively. This semiclassical representation of
the photon field is allowed when the photon number and its fluctuation
are much larger than unity. Furthermore, the r-dependence of the field can
be neglected when the wave length is much longer than the scale of atoms
and molecules (dipole approximation) [286]. Since the total Hamiltonian
satisfies the periodicity,

H(r,t+T)= H(r,t) (13.3)
with T' = 27 /w, the total wave function can be expressed as
U(r,t) = exp|—iet/h|®(r,t) with ®(r,t+T) = O(r,?), (13.4)

where € is called Floquet’s quasi-energy. The wave function ®(r,t) satisfies
the following eigenvalue equation,

{Hl(r, t) — mat} By (r,t) = eqDq(r, 1), (13.5)

and the orthonormality condition,

1 T
7| )= 6 (13.6)

Expanding the wave function ®,(r,t) in terms of the eigenfunctions ¢g(r)
[Hops = E¢pa|, we have the following secular equation with respect to the
quasi-energy e:

Z Z Hgn,ﬁmégz,)ﬁ = Z Z[H(g?i_m) - mhwanmdaﬁ]q)grql)ﬁ = eq(I),Elqo)“
B m 3

m

(13.7)
where
HY = (9o HH |65, (13.8)
1 T
HW¥(r) = 7/ dt exp(ikw)[Ho(r) + Hy(r, t)], (13.9)
T 0

and H'¥ has non-zero values only for k = 0,1, since we are using the

dipole approximation. The Floquet Hamiltonian H % in the matrix form

an,Bm
has finally the following expression:

HEY = 6mndap(Es — mhw) — (Smnt1 + Omm—1)ttas - Bo.  (13.10)

an,Bm
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Since the absorption and emission of infinite number of photons are possible,
this matrix has infinite size. Besides, in the case of multi-level system,
this matrix becomes a nested form of super-matrix. In many applica-
tions, however, the two-state one-photon process is most important and
the Hamiltonian becomes simply as

Ei+hw —Ltun-E
. 2tz B0 (13.11)
—5h12 - Eo Es

As can be seen in Egs. (13.10) and (13.11), the diagonal elements are
E; + nhw(n = 0,1,2,,,,) which means that the original energy E; is
shifted up or down by the n—photon energy nhw. These energy-shifted
states are called dressed state or Floquet state. The above formulation
is named as Floquet theorem and this representation is called Floquet
state representation or dressed state representation [286]. The above for-
mulation can easily be extended to molecules. The energies E; are simply
replaced by space dependent adiabatic molecular potential energy sur-
faces E;(R). The dressed states may have crossings with the other orig-
inal potential surfaces and the nonadiabatic transitions are induced there.
These crossing adiabatic states now play roles of diabatic states and the
interaction between laser and molecule p15 - Eg plays a role of diabatic
coupling. If we diagonalize this new diabatic representation, then new
adiabatic states obey the Neumann—Wigner non-crossing rule and the tran-
sitions at the avoided crossings can be treated in the same way as usual.
Furthermore, the laser-molecule interaction can be manipulated by design-
ing the laser and thus we can think of controlling the transitions there.
This is more explicitly discussed in the following sections. Incidentally, the
conventional photo excitation processes can, of course, be treated in the
same way as explained here. In the conventional case, however, the laser
intensity is not strong and the ordinary perturbative treatment is good
enough.

13.1.2. Nonadiabatic transitions in a quasi-periodic field

In the former section we have treated the system-laser interaction problem,
assuming that the laser frequency w and intensity Fj are constant. Here
we extend that to a general case that both are time-dependent w(t) and
E(t), although the time-dependences are assumed to be slow. For simplicity
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again, let us consider an atom in a laser field. The starting Schrédinger
equation is

zh%\Il(r) = [Ho+ V(r,t)]¥(r, 1), (13.12)
V(r,t) = —p(r)E(t) cos[®(t)], (13.13)
B(t) = / ()it (13.14)
As before, the total wave function ¥(r,t) is expanded as
=" Con(t)gn(r) exp[—ig®(t)], (13.15)
where ¢ and n represent the photon number and atomic state, respectively,
and
Hopn(r) = enn(r), (13.16)
(Dnldm) = Gnm- (13.17)

Inserting this expansion into Eq. (13.12), we have
. 9Cyp,m (t) .
zhzm 1)8715 expli(q — p)®(t)] + hw(t Z Cpn(t)expli(g — p)@(t)]
= en ZCp n(t) expli(q — p)@(t)]

+ Y (DnlVIdm) expli(p — ¢) (1) Cpm (1)- (13.18)

p,m
Taking the time average
¢ t+7/w(t)
M/ e dt (13.19)
21 Ji—r o)

of Eq. (13.18) and assuming that the time-variation of the quantity F'(¢)(=
E(t),w(t),Cqn(t),0Cqn(t)/0t) is slow compared to that of explig®(t)],
namely, assuming

w(t) t+m/w(t)
wit) / F(t) explig®()]dt ~ 6,0 F (1), (13.20)
2m t—m/w(t)
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we obtain

. d
i Cyn(t) = enCyn(t)

w t+m/w(t)
=l D I (T

21 Jinjw(t) b
x expli(g — p)®(t)]dt — ghw(t)Cy.n(t).  (13.21)
Since the dipole interaction approximation implies

w(t) /t+ﬂ'/w(t)
t

o (0n|V]dm) expli(g — p)@(t)]dt
™ —m/w(t)

= %<¢nlu|¢m>E(t)[éq+1,p +64-1.)s (13.22)

the coupled Schrédinger equations to be solved are given by

. d
Zh£0<mz = enCqn(t) — qhw(t)Cq,n ()
1
+ 5 D (Onllém) E@OBys1p+ 01,0 (13.23)
m,p

These coupled equations describe transitions among the dressed states
{on(r), €, + qliw(t)} induced by the time-dependences of the parame-
ters (w(t), E(t)). By transforming to the adiabatic state (Floquet adia-
batic state) representation, we can employ the basic theories explained
in Chapter 6 to treat nonadiabatic transitions among them. Fig. 2.5 (b)
shows the dressed state picture of vibrational levels as a function of laser
frequency. The energy levels with slope +1(2) correspond to the dressed
states with one-(two-)photon absorbed or emitted. In the case of molecule,
the state ¢,, represents the Born-Oppenheimer adiabatic states and the new
Floquet adiabatic states avoid crossings with each other. Fig. 2.5 (a) shows
those states of Hy in the laser field as explained in the caption.

13.2. Control of Nonadiabatic Transitions by Periodically
Sweeping External Field

13.2.1. Basic ideas

Here, the new idea of controlling nonadiabatic transition which was first
introduced by Teranishi and Nakamura [120] is explained and generalized
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with minimal mathematical description. In order to explain the essence of
the idea, we take a simple two-state problem in which the Hamiltonian
matrix depends on the field parameter F' which may be intensity of an
external field or the laser frequency.

For convenience, let us consider the simple Landau—Zener—Stueckelberg
(LZS) type nonadiabatic transition for the moment. In the diabatic state
representation, the diagonal terms, i.e. the diabatic states, cross with
each other as a function of the time-dependent parameter F' and the off-
diagonal elements represent the diabatic coupling between them. The adia-
batic states, which are obtained by diagonalizing this diabatic Hamiltonian
matrix, avoid crossing at the original diabatic crossing point (solid lines in
Fig. 13.1). The nonadiabatic transition, i.e. a transition between these adi-
abatic curves, is induced by the time-dependence of the matrix elements,
and is well known to occur locally in a small region of F' near the avoided
crossing point. If the diabatic states are linear functions of time ¢ and the
diabatic coupling is constant, then the nonadiabatic transition probability is
given simply by the famous Landau-Zener formula, prz = exp[—27V?2/hal,
where V' is the diabatic coupling strength proportional to the square root

B

AL /

Energy

\c

Fa Fx FRp

Field Strength F

Fig. 13.1. Schematic two diabatic (dotted lines) and two adiabatic (solid lines) poten-
tials. The external field oscillates between F 4 and F'g, striding the avoided crossing point
Fx. o1 and o2 represent the phases accumulated in the designated regions, and can be
controlled by changing F4 and Fp. (Taken from Ref. [42] with permission.)
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of the field intensity I, and « is the slope difference of the diabatic states
proportional to the speed of field sweeping at Fy, i.e. &  Fy = (dF/dt)py .

As mentioned above, the adiabatic parameter F is either the field inten-
sity I or the laser frequency w. The probability prz takes a value in between
0 and 1, and becomes lager (smaller) with increasing (decreasing) Fx or
with decreasing (increasing) intensity I. Thus, the simplest idea of con-
trolling the nonadiabatic transition would be to change prz as we wish by
changing the field intensity and/or the field sweeping speed. The adiabatic
rapid passage (ARP) is such an example. It is not easy at all, however, to
directly control prz in a wide range. Unrealistically strong field, or unrea-
sonably rapid or slow sweeping is required.

Instead, if we change the field parameter F' periodically over a certain
range (F4, F), we can control transitions between any pair of two states
of A to D in Fig. 13.1 as we like. This can be realized by controlling phases
associated with the field oscillation. Take, for instance, the transition from
A to D in Fig. 13.1 by sweeping the field F' for one period, i.e. F4 to Fp
and back to F'4. Then the overall transition probability is given by

Pap = 4p(1 — p)sin® 1, (13.24)

where p is the nonadiabatic transition probability to which pyz gives a rough
approximation, and 1 is the phase difference between the two possible paths
A —- C — Dand A — B — D. The phase ¥ can be controlled by changing
the sweep range and thus the overall probability P4p can be controlled
to a desirable value between 0 and 4p(1 — p). If p is equal to 0.5, we can
control the transition as we wish. Even when p is not equal to 0.5, we
can control P4p to any desirable value as we wish by sweeping the field
more than one period. That is to say, n-time periodical sweeping of the field
creates 2" multiple paths between the initial and final states and their phase
interference can be controlled by changing the amplitude and the number n
of the oscillation. If we want to control a transition from a state on the left
side (A or D) to a state on the right (B or C) in Fig. 13.1, then we have to
sweep the field (n + 1/2) periods. The necessary conditions for the control
parameters, i.e. F x, (Fa, Fp), and n, can be formulated analytically and
evaluated accurately with use of the new theory of time-dependent curve
crossing problems developed in Ref. [87] based on the Zhu—Nakamura theory
for the time-independent LZS problems described in Chapter 5. This theory
enables us to treat even the case F'x > Fp in Fig. 13.1.

If p is very close to unity and we still want to realize an overall adiabatic
passage, i.e. a transition from A to A (or D to D) or from A to B (or D
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to C) in Fig. 13.1 with unit probability, a large number of oscillations (n)
are required as may be easily conjectured. The large number of oscillation
is also required when p is very small and we want to realize an overall
transition from A to C (or D to B) in Fig. 13.1 with unit probability. In
this case, however, it would probably be possible to increase p substantially
by simply reducing the field intensity to diminish the diabatic coupling
strength. When F' is the laser frequency w, it is convenient to use the
Floquet state representation in which the dressed states are drawn as a
function of w [25,286]. The frequency sweeping in this case is similar to
the idea of chirped laser [272]. In the present case, however, we sweep the
field periodically and can find appropriate values of the control parameters
explicitly with the help of analytical theory. Thus the present method is
quite effective and actually can make the control perfect in principle.

The appropriate sweeping velocity as one of the control parameters
varies in a wide range from problem to problem. In the case of the spin
tunneling in a magnetic field discussed in Ref. [120] the time variation of
the magnetic field may be carried out in a macroscopic time-scale. In the
case of laser control of molecular processes, on the other hand, the control
is realized in the time-scale of laser pulse, i.e. in nano- to femto-second
time-scale.

The above mentioned basic idea can, of course, be applied to a general
multi-level system. Transitions at each avoided crossing can be controlled
perfectly, in principle, and we can even specify a path from an initial state
to any desired final state. One difficulty of the present method, however,
arises when the density of avoided crossings is high and the oscillation
amplitudes at each crossing overlap to each other. In this case it is better
to treat the bunch of avoided crossings as a whole, although its analytical
treatment naturally becomes less straightforward. As mentioned above, the
number of field oscillation becomes large, when the nonadiabatic transi-
tion probability p, for which we can use our new theory [87] which is much
better than the Landau—Zener formula, is very close to unity and yet we
want an overall adiabatic passage. A large number of oscillation could eas-
ily cause an experimental error and is better to be avoided. In this case
we can think of using the non-crossing Rosen—Zener-Demkov (RZD) type
nonadiabatic transition by employing the laser intensity as the adiabatic
parameter F. The adiabatic potential curves become like Fig. 13.2. The
nonadiabatic transition probability prz in the original RZD model is given
by prz = [1 + exp(rAE/hB)]7t, where AFE is the constant energy sep-
aration of two diabatic states and [ is the exponent of the square root
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Fx

Fig. 13.2. Schematic two diabatic (dotted lines) and two adiabatic (solid lines) poten-
tials of the Rosen—Zener-Demkov model. Point F'x corresponds to the real part of the
complex crossing point of two adiabatic potentials. (Taken from Ref. [42] with permis-
sion.)

of intensity, i.e. VF o ePt. The analytical expressions of nonadiabatic
transition probability and phases are naturally different from those of the
LZS case, but the basic qualitative idea of sweeping field and the analyt-
ical treatment of the whole process are the same as before. It should be
noted that Fx in Fig. 13.2 is the real part of the complex crossing point
of the adiabatic potentials. The frequency w is fixed at the value of Fx
in Fig. 13.1, namely w = wx. p ~ 1 means that AE in Fig. 13.2 that is
equal to the level separation at w = wx is small and thus prz =~ 0.5. This
is a big advantage of the RZD case, and what we have to do is to earn
the necessary phase by sweeping the intensity. In the limit of AE = 0,
we recover the so called m-pulse [284]. It should be noted that the over-
all transition probability after one period of oscillation is again given by
Eq. (13.24) with p replaced by prz. As can be easily thought of from the
above discussions, in the case of laser we may utilize both intensity and
frequency as the adiabatic parameters at the same time, and find an appro-
priate path of the adiabatic parameter F in the two-dimensional (I, w)
space. Nonadiabatic transitions are also not necessarily restricted only to
the LZS and the RZD cases, but can be any other general type such as the
exponential models [4,81,83], although the availability of analytical theory
is limited.
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13.2.2. Basic theory of periodic sweeping

In this section, we present the mathematical formulation of the idea pre-
sented in the previous section. The most basic quantity is the following
transition matrix I which describes a transition from F4 to Fp in Fig. 13.1
(this I should not be confused with the intensity I) [120]:

mei(¢'s+a1/2+02/2) _\/ﬁei(dofﬁl/2+02/2)
I= —i(00—01/2+02/2) —pe—i(¢sto1/2+402/2) | (1325)
Vpe v1—pe

The (i, 7) element of this matrix provides the transition amplitude for the
transition j — 4 (4,5 = 1,2) when the field changes from F4 to Fg, where
i =1 (2) represents the lower (upper) adiabatic state. The backward tran-
sition from Fp to F4 can be described by the transpose of this matrix,
I'. Here p is the same as before, representing the nonadiabatic transition
probability by one passage through the transition region, ¢g (Stokes phase)
and og are the phase factors due to the nonadiabatic transition and their
explicit expressions are given before (see Eq. (5.97) and Eq. (5.101)). The
phases o1 and o5 are the phase factors which describe, respectively, the
adiabatic propagation in the region (Fyu,Fx) and (Fx,Fpg) in Fig. 13.1.
They are given by

Fx

o1 = AE(F —dF / AE(t (13.26)
Fa
and
Fs dt te
o9 = AE(F )d—dF / AE(t)dt, (13.27)
FX tx

where AE(F) is the adiabatic energy difference as a function of the adi-
abatic parameter F. The time t, (o = A, B, X) is the time at which
F(t,) = F, is satisfied. The final overall transition matrix after n periods
of oscillation between F4 and Fg is expressed as

T, =T", (13.28)

where T is the transition matrix for one period of oscillation and is given by

{p+ (1 —p)e*¥le=ic  —2i\/p(1 —p)siny

T=IT= (13.29)

—2i/p(1—p)sinyy  {p+ (1 —ple 2i¥}eie
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with ¢ = ¢s + 09 + 02 and 0 = 209 + 03 — 01.* From Egs. (13.28) and
(13.29), the final transition probability after n periods of oscillation can be
written as

Py = (Tn)1af? = (T2 (13.30)
Using the Lagrange—Sylvester formula, we obtain

AcA_ (APt \nt AT — A
_ A v ) g M T, (13.31)

" A — A A — A

where E is the unit matrix and Ay are the eigenvalues of T, which are
given by

Ay = et (13.32)
where
cos€ = (1 —p)cos(2¢) — o) + pcos(o). (13.33)

The unitarity of the matrix T requires £ to be real. Equation (13.33) implies
that the nonadiabatic transition probability p should satisfy

1 —|cos¢| <p< 1+ |cos¢|

<p< (13.34)
From Egs. (13.30) and (13.31), we can write Pl(;) as
(n) sin?(né) 9
sin” &

Thus the conditions for P1(21) =0arep=0,p=1, orsiny = 0, and the
condition for P = 0(n > 1) is sin(né) = 0.

The conditions for P\3’ = 1 may be derived as follows. When P{3) =1
is satisfied, the diagonal terms of the transition matrix T are zero and
the transition matrix 7™ = T T becomes diagonal (Pl(gn) =0). Thus

@We would like to take this opportunity to point out that Egs. (1), (3), and (4), and
the definitions of ¥ and o in Ref. [120] are not correct and should be replaced by the
corresponding expressions given here.
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the condition for Pl(g ) =1 may be divided into the following two equations:
sin?(né) =1 (13.36)

and
4p(1 — p) sin® ¢ = sin® €. (13.37)

From Egs. (13.34) and (13.35), we can estimate the number of oscillation n
for a given p as the minimum integer which satisfies the following condition
(see Fig. 13.3):

..o T
sin“ — < 4p(1 — p). 13.38
sin? T < dp(1 — p) (1.38)

For a given n, Eq. (13.36) gives &, and ¢ can be determined according to
Eq. (13.37) for given ¢ and p. Now, from the definitions of ¥ and o, we
can find the proper values of the two phase factors o and o5 to achieve
Pl(g) = 1, which can be adjusted by changing F)4 and Fz.

Similar analysis can be done for n and half periods of oscillation. In this

case, the final transition probability P1(g +1/2) 4 given by
PO = 1(rtnn 2. (13.39)

For both Pl(;ZH/Q) =0and Pf;“m) = 1, the transition matrix after 2n + 1
period T+ = (I(I*I)™)*I(I*I)" becomes diagonal. Thus we have

sin((2n 4+ 1)§) = 0. (13.40)

Substituting Eq. (13.40) into the condition PG/ = 0 with help of
Eq. (13.39), we obtain

sin® &

41— p)sin?(vp — o) = ——2—. 13.41

(1 —p)sin“(y — o) () ( )
On the other hand, for Pl(;H_l/Q) =1 we have
02

dpsin?( — o) = SE 13.42

psin®(y — o) ENCTYS ( )

In the case of both Pl(gH/z) =0 and Pl(gH/Q) =1, n may be estimated as
the minimum integer which satisfies the following condition (see Fig. 13.3):

9
2n+1

sin

< 4p(1 - p). (13.43)
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Fig. 13.3. The solid and dotted curves represent (1 + |cos(n/(X))])/2 and (1 — |cos
(m/(X))])/2, respectively. The range between these two curves represents the range of p
to fulfill Eq. (13.34), namely the range in which the complete control is achievable by
n-times of field oscillation. In the case of n-period X = 2n; while X = 2n + 1 for the n
and half periods of oscillation of the field. (Taken from Ref. [42] with permission.)

The phases 01 and o9 are found just in the same way as in the case P1(;L )= 1.

Now we can achieve the unit (or zero) overall transition probability for
any p, ¢s and og by adjusting the number of oscillation n (or n and half)
and the width of the oscillation F4 and Fg. In a real experiment, however,
it may be difficult to adjust the parameters exactly. Thus, it is necessary
to pay some attention to the stability of the final transition probability
against fluctuations in laser intensity and frequency. Let us first look into
the sensitivity of the final transition probability against variations in p and
1. In the case of one period of oscillation, the overall transition probability
is given by (see Eq. (13.24))

PR = 4p(1 — p)sin 1, (13.44)

and PS) = 1 is achieved when p = 0.5 and ¢ = 7/2 + mm. If we assume
the required accuracy of Pl(;) is 97%, p should be in the range 0.4134 <
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p < 5.866 for the accurate 1, while 1) may contain about 11% relative error
against 7/2 for the accurate p. When we increase the number of oscillation,
the error in both ¢ and p may be magnified mainly due to the term sin2(n§)
in Eq. (13.35). Sensitivities of p and ¢ against the errors in the intensity and
the frequency depend on the type of nonadiabatic transition. This will be
discussed in the following subsections, in each of which we use a particular
type of nonadiabatic transition.

If, for some reasons, one of the boundary, say Fz, cannot be varied in
a range wide enough to satisfy the control conditions like Egs. (13.36) and
(13.37), we can utilize such a double-period of oscillation that F' oscillates
between F41 and Fg for the first period and between F45 and Fpg for the
second period as is depicted in Fig. 13.4. Even in this case, exactly the same
analysis as that given above holds with the definitions of the matrix I and
several parameters changed as described below. The mathematical expres-
sion of the I-matrix itself can be kept the same as that given by Eq. (13.25),
because it is a general expression of unitary matrix. In the present double
periodic case, however, this I-matrix describes the sequence of transitions
Fy1 — Fx — Fg — Fx — Fyo, and its transpose I' describes the inverse

A B

\ %

Energy

D/‘cl -2y \C

FAl Fa2 Fx Fg
Field Strength F

Fig. 13.4. Schematic diagram of double-period oscillation of external field. T'wo diabatic
(dotted lines) and two adiabatic (solid lines) potentials are shown. The external field
oscillates as: Flu1 — Fx — Fp — Fx — Fao — Fx — Fp — Fx — Fs; striding the
avoided crossing point Fx twice. Phase o1 (02) can be controlled by changing F41(Fa2)-
(Taken from Ref. [42] with permission.)
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process, Fas — Fx — Fg — Fx — F41. Thus the transition matrix for
one double-period of oscillation is expressed by Eq. (13.29), where o7 and
o9 are redefined by

Fx

o] = AE de / AE (13.45)
Fa1
and
Fx dt tx
2= | AB(F)SdF = [ AE@, (13.46)
Faz taz

while p, ¢s and og should be redefined in such a way that the following
matrix J describes the process Fx — Fg — Fx with the two times of
nonadiabatic transitions at F'x included:

; VI—peits  — /peioo
o \/I)efioo me*itﬁs ’

This matrix .J corresponds to the reduced transition matrix 7% in the
quadratic potential model in Ref. [87]. As mentioned above, the parameters
p, ¢s, and oy which originally represent the quantities arising from one
passage of F'x, now correspond to the two passages of the transition point.
We can now achieve unit (or zero) final transition probability by adjusting
Fa1, Fao and the number of oscillation for given values of all the other
parameters including Fz.

So far, we have presented only the general framework of our idea of

(13.47)

controlling molecular nonadiabatic processes. As mentioned before, how-
ever, in some cases the necessary number n of oscillation becomes very
large, which could cause an experimental error and is not very convenient.
If the nonadiabatic transition probability p is close to 0.5, then a small
number of oscillation is enough to achieve our desire. This suggests that it
would be very useful to try to control p by changing the functionality of the
adiabatic parameter F'(¢). In the case of laser, the Hamiltonian matrix is
given by
nhw(t) + Eq eE(t)/2

H= : (13.48)
eE(t)/2 mhw(t) + Es

where w(t) and E(t)(= +/I(t)) are the laser frequency and the intensity
of the electric field, respectively, as a function of time, and € is the dipole
transition matrix element. This tells that we can use both intensity I and
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frequency w as adiabatic parameters at the same time and utilize various
schemes of nonadiabatic transitions, not just sticking to the LZS type. In
the subsequent subsections we will discuss various possibilities.

(1) Usage of the Landau—Zener—Stueckelberg type transition

If the system has a clear avoided crossing as a function of the adiabatic
parameter, the Landau—-Zener—Stueckelberg type transition can be utilized.
The Hamiltonian of the simplest linear potential model of Landau—Zener is
given by

alt 14
1% O{Qt

Hiy = , (13.49)

where V' is the constant diabatic coupling and t is the time. In the case
of laser, this model corresponds to constant intensity and linear sweeping
of the frequency. This model is good enough to explain qualitative features
of the control scheme. The nonadiabatic transition occurs at ¢ = 0 with the
transition probability p given by

‘72 162
= —2 _— = —2 _—_— 1 .
PLZ exp< Wha) exp< 7TFL2|l—m|u')> , (13.50)

where a = |a; — ae|, I and w are the laser intensity and the sweep velocity
of the frequency at the avoided crossing, respectively, I and m (can be
negative) are the photon numbers, and € is the dipole matrix element. The
conventional adiabatic passage requires large laser intensity and small sweep
velocity to make prz very small. For instance, the adiabatic passage with
prLz < 0.001 requires

1.099476 /e < 1. (13.51)

For the values € = 1.0 (Ae) and & = 0.5 (cm ™! /ps), I must be larger than
1.0 (TW/cm?).

In order to accomplish the passage in a reasonably short time scale
with relatively large w, a large intensity I or a large number of oscillation
is required. If prz = 0.5 can be attained without difficulty, then one period
of oscillation enables us to achieve exactly zero or unit final transition
probability. The required intensity in this case is given by

I =0.1103h /e (13.52)
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Namely, one period of oscillation requires the intensity by one order smaller
compared to the case of one passage for the same € and w. Furthermore,
ten periods of oscillation require the following condition (see Eq. (13.35)):

0.982 x 107 3hw /e < I < 0.810hw /e. (13.53)

This requires only one-thousandth of the intensity required in the case of
one passage. Many periods of oscillation, however, requires high accuracy
of p and phases as discussed in the previous section. When p is large, it is
sensitive to the error in the exponent which is proportional to the intensity.
In the case of adiabatic passage, on the other hand, p is relatively stable
against the error in the exponent, since the exponent is large. When p ~ 0.5,
about 15% of error in the exponent yields the fluctuation in the range
0.45 < prz < 0.65.

So far, our discussion is based on the simple model Eq. (13.49). For
finding the actual parameters, however, it is much better to use the sophis-
ticated theory developed in Ref. [87], because the theory is applicable to
general functionality of w, even if the two diabatic potentials touch each
other or avoid crossing.

(2) Usage of the Rosen—Zener—Demkov type transition

The Hamiltonian of the Rosen—Zener-Demkov model in the diabatic rep-
resentation is given by

—AJ2  AePt

H =
R N PCRRING

. (13.54)

This model describes the process with constant frequency and exponentially
rising intensity in the case of laser. The nonadiabatic transition occurs at
t =log(A/A)/fB, and the transition probability p is given by

1
= — 13.
PRZ 1+€25’ ( 355)
where
TA
= —. 13.
5= 515 (13.56)

The analytical expression of I-matrix is given by Eq. (3.40). As is clearly
seen from Egs. (13.55) and (13.56), the range of p is 0 < p < 0.5, and
p — 0 when A/ — oo; while p — 0.5 when A/ — 0. It should be
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noted that pry does depend only on A/3 and not on the laser intensity A,
and that p ~ 0.5 can be achieved even with very small intensity (small A)
in short time with large 8. Thus, by adjusting the phases, we can achieve
unit final transition probability with use of one laser pulse of the shape
E(t) = 2A sech(ft)/e, namely by one period of oscillation. This process of
one pulse with A = 0 corresponds to the m-pulse. The condition A = 0
leads to prz = 0.5 and thus Pf;‘) given by Eq. (13.35) with n = 1 reduces
to sin?¢ = 1, which coincides with the condition of the area of m-pulse.
It should be noted that our theory is quite general, and that the condition
for unit final transition probability can be attained for any frequency, if we
use more than one pulses.

The sensitivity of prz against an error in ¢ is largest when prz = 0.5,
and decreases as pryz decreases. In the case of m-pulse (A = 0), a constant
shift of the frequency A from zero yields relatively large effect on pgryz
when ( or pulse width is small. If the pulse width is, say, several pico
seconds, about several cm™! of shift in A yields prz ~ 0.45. It should be
noted, however, that a small fluctuation of A in time (not a constant shift)
causes a large error in the nonadiabatic transition probability p. Numerical
examples are shown in the next section.

We can choose either the LZS type (oscillation of the frequency in
the case of laser) or the RZD type (oscillation of the intensity) depend-
ing on the experimental conditions. One thing we should keep in mind is
that the LZS type requires large intensity to achieve p = 0.5, while the
RZD (including the m-pulse) requires large intensity to satisfy the phase
condition. In other words, the LZS does not require large intensity to
satisfy the phase condition and the RZD does not require that to sat-
isfy p = 0.5. Thus we may think of a hybrid of LZS and RZD which
enables us to achieve p = 0.5 by changing the intensity and to accumulate
enough phase by changing the frequency. We will discuss this in the next
subsection.

(3) General case

The well known model which contains time-variations in both diabatic
energy and diabatic coupling is the exponential model [4,81,83]. The Hamil-
tonian of this model is given by

Up+Vie Pt Ve Pt

Hexp =
Y Ve bt Us + Vae Pt

(13.57)
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In the case of laser, this model describes the process of exponentially
changing intensity and frequency with the same exponent. The nonadia-
batic transition probability in this model is given by [83] (see Section 5.4
also)

exp(—mdy) sinh(mdy)

Pexe = = G (01 + 02)] (13.58)
where
_ -0 (Vi —Vo)/2V
h="53 {1 + N 1/2)/21/]2} (13.59)
and
L= | (i—Wa)2V
T {1 VI+ (Vi — Va)/2V]? } ' (13.60)

In the same way as in the RZD case, we can achieve p = 0.5 within a
relatively short time by small intensity. The necessary phase, on the other
hand, may be accumulated by changing not only the intensity but also the
frequency. This means that large intensity is not necessary to accumulate
the necessary phase, and we can achieve unit transition probability with
small intensity by one period of oscillation (one pulse). The control scheme
with use of this exponential model may provide one of the most effective
ones (rapid transition with small intensity). A model with different expo-
nents for the diabatic energy and the diabatic coupling would be more
versatile and useful, although there is no analytical theory available yet.
It should, however, be noted that the transition probability pey, is rather
sensitive to the functionalities of both intensity and frequency as a func-
tion of time, and a small experimental error might affect the final overall
transition probability. Comparative studies on the effectiveness and the sta-
bility of the various control schemes described here are made in Chapter 15
together with the presentation of numerical examples.

So far we have considered the excitation or de-excitation of energy levels.
In the case of real chemical dynamics, however, we have to deal with multi-
dimensional problems, namely, pump or dump of wave packet between two
potential energy surfaces. The idea of periodic chirping discussed so far is
applicable to these cases, although the efficiency cannot be 100 % anymore.
Since the wave packet moves on the potential energy surface, the chirping
should be quickly finished before the wave packet moves away from the tran-
sition region. Numerical demonstrations will be presented in Chapter 15.
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13.3. Semiclassical Guided Optimal Control Theory

As explained in the previous section, the quadratic chirping method is quite
effective for excitation or de-excitation of energy levels and also for pump
or dump of wave packet. This is not useful, however, in the case of vibra-
tional levels of multidimensional systems, since the vibrational energy level
calculation itself is already very time consuming and actually not feasible.
The method is not useful also for controlling the nonadiabatic transition
at a naturally existing conical intersection. In this case it is more effective
to control the wave packet motion directly so that the nonadiabatic transi-
tion at the conical intersection becomes efficient. In this sense, the optimal
control theory (OCT) is useful. The general idea of the OCT is to design
such a laser field {Ey(t)} that the wave packet ¢(t) propagated from the
initial state ¢(t = 0) = & becomes as close as possible to the desired target
state @1 at time t = T by solving the appropriate equations iteratively to
optimize a certain functional. There have been formulated various versions
of quantum and classical OCTs (see the following books and references
therein [287,290]). If we employ the simplest form of global optimization
procedure with the iterative gradient search method [279], the correction
0E(t) to the optimal field at each iteration is given by

SEy(t) = h™H(®r|p(t))Im[O ()] (13.61)

with the correlation function O(t) defined as

Ok (t) = (o) (r)[x (1)), (13.62)

where p(r) is the dipole moment with k denoting the polarization vec-
tor component. The wave packets ¢(t) and x(t) are propagated forward
and backward, respectively, according to the time-dependent Schrodinger

equation,
. N
i 0 h? 82
5ot t 2 o, o *Z“k B0 v =0 (1363)

with ¢(t = 0) = ®; in the case of ¥ = ¢ and ¥(t = T) = Pr in the case
of ¥ = x. In the quantum mechanical version of OCT, these Schrodinger
equations are solved directly by using the grid method. It is unfortunately
very difficult to apply this method to multidimensional systems because
of the formidable numerical cost. The classical mechanical version, on the
other hand, can be easily used for high dimensional systems. However, they
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cannot be reliable, since the various phases play crucial roles in laser con-
trol of dynamics [307,308]. Considering these facts, Kondorskiy and Naka-
mura formulated the semiclassical version of OCT [301-303] with use of the
Herman-Kluk type frozen Gaussian expansion method [214-216] which was
explained in Chapter 10 (see Egs. (10.51)—(10.53)). The wave packet ¢(r,t)
is expanded in terms of the frozen Gaussian functions as

dqodpo i
(b(l‘,t) = /traj (271_)]\/' g(r;fy’qtapt)cfy,qo,po,t €xXp ﬁSqo,po,t
X/drog*(ro;% do, Po)®1(ro), (13.64)

where N is the dimensionality of the system and the frozen Gaussians
g(r;7,q,p) are defined as

N/4 .
1 1
9(r;v,q,p) = Hévﬂ (7r ) exp {—%‘(Tj —q;)* + Epj(rj -qj)|,
(13.65)

where +; is a constant parameter common for all wave packets. The action
integral S and the pre-exponential factor C' are given by

t | N p>
Sao.po.t :/ 2J7T - V(ar)| dr, (13.66)
0 |j=1 "
and
1 Oqy Op¢ { Opy ., 0qs
C =/ =Det | — -1-== IR Tl ) ¥y e
¥:90:Po,t \/2 e [aq0+7 8p07+2h7 20 ) 8p07’
(13.67)

where v is the diagonal matrix composed of the parameters ;. The corre-
lation function © is now expressed as

Ox(t) = /t dodpy ¢
raj

(27‘(71)1\/ 7,490,P0,t

i
X exp |:hSqo,po,t:| (#(0)|9v.q0.p0) % (7, qz, Pe),  (13.68)
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where

dgydpy
Q.(v,qs, Pe) :/ (27(:71 18<9%qt,pt|/‘k( )|9%q6,p6>0%q6,p6,t

traj
7
X exp |:hsq()7p67t:| (g%qg))pdx(O)). (13.69)

Since the wave functions ¢(t) and x(¢) are expanded in terms of classical
trajectories, the correlation function ©(t) contains the double summa-
tion with respect to these trajectories. This is still very much computa-
tionally demanding. We avoid this by taking only those trajectories that
run close to each other. This is equivalent to the linearization of classical
dynamics:

0q 0q;
' A sqo + 225 13.70
q; ~ q + e qo + o, PO ( )
op p
P} Pe + =00 + 5 ~0po, (13.71)

with dqo = q( — qo and dpg = p{ — Po. The classical action S and the
pre-exponential factor C' are expanded to the second and the zeroth order,
respectively. This approximation is the same as that used in the cellurization
procedure or the linearization approximation in the semiclassical mechanics
[209, 309, 310].

In practical calculations it is usually possible to expand the function
x(0) in terms of the Gaussian functions and the factor (g|x) can be easily
analytically evaluated. Furthermore, if the dipole moment p(r) can be
assumed to be a linear function of r within the spread of the wave packet,
the correlation function can be finally very much simplified as

dqgod
Ou(t) = / 9090 1 40)195q0.p0)
trajy

 (2mh)
X <g’Y7QO,po |X(0)>[,Uzk(Qt) - v:u'k(qt)F’quoypoyt]a (13'72)

where F q.p0,¢ 15 a function of trajectory parameters and its detailed
expression is given in Refs. [302,303]. If the dipole moment does not change
much within the width of the frozen wave packet, then the second term
in the square bracket is negligible and the correlation function becomes
very simple. This simplifies the numerical calculations of optimal control
field very much and the method is applicable to multidimensional systems.
Another problem of the OCT is that the method is very time-consuming and
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ineffective, when the overlap between the initial and target states is small.
Some methods to cure this problem have been proposed such as the local
control scheme and the use of an intermediate target state [282,311,312].
The present semiclassical theory cannot be free from this difficulty. To over-
come this difficulty, we divide the whole process into a sequence of steps
and each step is optimized. In other words, the optimization procedure is
performed by setting an appropriate target state in each step. This inter-
mediate target state plays a role to guide the trial state and is not neces-
sarily accurate, since the important factor is the final efficiency. The wave
packet obtained as the results of the previous step is used as an initial
state for the next step. The whole procedure can be very much acceler-
ated by this method and now enables us to treat high dimensional sys-
tems. Because of the single summation with respect to classical trajectories
instead of the double sum, the accuracy of the present method is deterio-
rated at long time propagation. The improvement can be made by recal-
culating the frozen Gaussian expansion coefficients from time to time. The
method explained above is called semiclassical guided optimal control theory
[46,296,301].

A numerical example with use of the two-dimensional model of HyO is
carried out for the reaction H+OD — HO+D [303]. The model potential
and the dipole moment used are taken from [313,314]. The bond angle is
fixed at 0 = 104.52deg. The initial and target wave packets are set to be
symmetric Gaussian of the full widths at half maximam (FWHM) equal
to 0.5a.u. and zero central momenta. Their central positions are R; =
(3.51,1.81) and R; = (1.81, 3.51), respectively. The potential energy surface
together with these wave packets are shown in Fig. 13.5. Two intermediate
target states of symmetric Gaussians with the same parameters as the initial
and target states are set at R;zs1 = (2.51,1.81) and R0 = (1.81,2.51) (see
Fig. 13.5). The time duration of each intermediate process is set to be 50fs
and thus the total duration is 150fs. The correlation function used is the one
given by Eq. (13.72) with the second term in the square bracket neglected.
The final propagated wave packets and the controlling field together with
its spectra are shown in Fig. 13.6 and Fig. 13.7, respectively. The present
semiclassical results are compared with the quantum mechanical results.
The final absolute value of the overlap between the controlled wave packet
and the target state are 0.8 in the case of quantum calculations and 0.75
in the case of semiclassical calculations. These results demonstrate high
efficiency of the present semiclassical guided method.
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Fig. 13.5. Ground state potential energy surface of two-dimensional HoO model system.
Circles represent initial, target, and two intermediate target states. (Taken from Ref. [303]
with permission.)

As is seen from Fig. 13.5, the wave packet momentum vector can
be changed by an appropriate laser field. This is important to control
nonadiabatic transitions at naturally existing conical intersections. The
periodic chirping method explained in the previous section is effective
for the transitions at potential surface intersections among dressed states.
Namely, these intersections are created artificially by lasers. On the other
hand, the conical intersections of molecules playing crucial roles in chemical
dynamics are naturally given, and the topography of potential energy sur-
faces and the nonadiabatic couplings there are determined by Nature and
we cannot change them. It is true that the potential energy surfaces can
be modified by a strong laser, but such a strong laser induces many other
undesirable multi-photon processes and is not convenient for controlling
chemical dynamics in general. Instead, we can design a laser field by using
the optimal control theory so that the wave packet can gain an appropri-
ate momentum vector to enhance the transition at the conical intersection
in a desirable way. This is called the directed momentum method [296,315].
Applications of this method to real systems will be discussed in Chapters 15
and 16.
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Fig. 13.6. Final wave packets driven by the optimal field calculated (a) quantum
mechanically and (b) semiclassically. (Taken from Ref. [303] with permission.)

13.4. Laser Control of Photodissociation with Use
of the Complete Reflection Phenomenon

With use of the complete reflection phenomenon, one and two-dimensional
models of photodissociation are discussed here by taking a triatomic
molecule ABC consisting of a bound ground electronic state and a disso-
ciative excited electronic state with two dissociation channels, A+BC and
AB+C [305]. In the one-dimensional model, complete and selective disso-
ciation into any desired channel can be realized by adjusting the initial
vibrational excited state and the laser frequency. In the two-dimensional
case, the control cannot be complete, but quite selective dissociation into
any channel is possible. Dissociation can be realized even when a poten-
tial barrier hinders the ordinary photodissociation along the electronically
excited state potential surface. This control scheme cannot be very robust,
because the method is based on the phase interference; but this can present
a new intriguing selective control of molecular photodissociation when the
conditions with respect to potential energy surface topography and initial
vibrational state are appropriately satisfied.

In order to demonstrate the present idea clearly, numerical calculations
of wave packet propagation are carried out for a one-dimensional potential
system shown in Fig. 13.8.

The potential functions employed are

Vi(r) = 0.2(1 — e 157 (13.73)
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Fig. 13.7. Optimal field (a)-(b) and its spectra (c)-(d). (a) and (c) [(b) and (d)] are for
the  — [y—]component. Bold lines are for quantum mechanical results and dashed lines
are for semiclassical results. (Taken from Ref. [303] with permission.)

and
0.15¢=20r=0-25° 4 025 (r > 0.25
5 (r) = ) ( ) (13.74)
0.18¢720r=0:25)" 1 0.22 (1 < 0.25)
in atomic units. The molecule-laser interaction is taken to be
Vint (t) = —pBE(t) = pV/1 cos(wt + 6), (13.75)

where p is the transition dipole moment between the two electronic states
and E(t) is the stationary laser field with the frequency w and the inten-
sity I. The one-dimensional time-dependent Schrodinger equation to be
solved is

R? 2
o [wi(r,1) ——— +Vi(r) —pE(t) Wy (r, t)
Yot | w (r t)] e h? d? Uo(r,t) |
2\ _ T )
pE(t) o gz T V2(r)
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Fig. 13.8. One-dimensional model of the control scheme. Solid line: ground electronic
state Vi(r), dotted line: the excited electronic state Va(r). Two circles represent the
NT-type crossings created between the excited electronic state and the dressed ground
electronic state (dashed line). The 14th vibrational eigenstate (thin line) and its dressed
state (thin dashed line) of Vi (r) are also depicted. (Taken from Ref. [305] with permis-
sion.)

where Wy (r,¢)(¥a(r,t)) is the nuclear wave function on the ground (excited)
electronic state. Equation (13.76) is solved by using the split operator
method [316] with the fast Fourier transform:

Uy (r,t+ At 1 =
i ) = exp —EKAt exp (—ZKAt)
Wy (r, t + At) h 2 h
ZV \Ill(rat)
———At At? 13.
xexp( n3 > (1) + o(At?), (13.77)

where V and K are the 2 x 2 matrices,

Vi(r)  —nE()

(13.78)
—pE(t)  Va(r)
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Fig. 13.9. (a) Analytical prediction of the complete reflection positions. Solid (dashed)
lines: complete reflection positions at the left-side (right-side) channel. Dotted line:
dressed 14th vibrational eigen state of Vi (r). Solid (dashed) circles represent the complete
reflection of the vibrational state at the left-side (right-side) crossing. (b) Dissociation
probability as a function of laser frequency. Solid line: dissociation into the right-side
(AB+C) channel, dotted line: dissociation into the reft-side (AB+C) channel, dashed
line: sum of the two dissociation probabilities to guarantee the unitarity. (Taken from
Ref. [305] with permission.)
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N R

K= 2mdr o (13.79)
O Tamae

The dissociation flux is integrated over time at a certain asymptotic
position to obtain the corresponding dissociation probability. In order to
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prevent the unphysical reflection of the wave packet at the edges, the
negative imaginary potential (absorption potential) is put at both ends
[317]. We have prepared the 14th vibrational eigenstate of the ground elec-
tronic state (the quantum number v = 13) as an initial state and used the
following parameters for the wave packet calculation: m (reduced mass)
= 1.0 amu., g = 1.0 au., I = 1.0 TW/cm?, At (time step) = 1.0 a.u.,
and Ar (spatial grid size) = 0.016 a.u. The total number of the spatial
grid points is 512. The complete reflection positions can be analytically
predicted as is shown in Fig. 13.9(a). Once the laser intensity I is selected,
the shapes of the adiabatic potential curves, i.e. the ground electronic state
shifted up by one photon energy Vi(r) + Aiw and the excited electronic
state V(r), are determined for a fixed laser frequency w and then the posi-
tions of complete reflection can be easily estimated by solving Eq. (5.159)
(see also Eq. (11.7)). The solid (dashed) line in Fig. 13.9(a) represents
the complete reflection position at the left-side (right-side) channel. The
dotted line represents the relevant vibrational level, which is shifted up
by one photon energy fiw, namely a linear function of the frequency w.
Thus the crossing points marked by solid (dotted) circles give the posi-
tions of the complete reflection on the left (right) side for this vibrational
state. The calculated dissociation probabilities against laser frequency are
depicted in Fig. 13.9(b). In order to concentrate on the dissociation dynam-
ics, here, we have assumed that the initial vibrational state was prepared.
The solid (dotted) line represents the dissociation into the right (left) chan-
nel; the zero probability positions of the solid (dotted) line coincide with the
solid (dotted) circles in Fig. 13.9(a). The highest dip at w ~ 48000 cm ™!
is not complete because of tunneling. As is demonstrated above, within
the one-dimensional model the present control scheme is perfect and a
molecule can be dissociated into any channel as we desire by adjusting
the laser frequency for a given vibrational state. The initial vibrational
state should, however, be an excited one, since the phase 1 should satisfy
Eq. (5.159).



Chapter 14

Comprehension
of Nonadiabatic Chemical
Dynamics

As was mentioned in Chapter 10, it is getting more and more important
to treat realistic large chemical and biological systems theoretically by tak-
ing into account quantum mechanical effects properly. In this Chapter it is
demonstrated that chemical reactions, photo-induced dynamics, and elec-
tron transfer in real molecular systems can now be treated to comprehend
the mechanisms. Various methods developed in previous chapters can be
used. The ZN-TSH method can be usefully applied to high dimensional sys-
tems of nonadiabatic dynamics which cannot be treated quantum mechan-
ically accurately.

14.1. Chemical Reaction Dynamics

14.1.1. Three-dimenstonal chemical reactions

In view of the reduction to one-dimensional multi-channel problem and
the uniform treatment of various arrangement channels, the hyperspherical
coordinate system presents the most convenient method, as was demon-
strated already in the collinear reaction in Section 10.2.2 of Chapter 10.
The hyperspherical coordinate approach implemented for tri- and tetra-
atomic reaction systems has shown remarkable progress recently [318-322].
Especially, in the three-dimensional (3D) heavy-light-heavy (HLH) reac-
tions on a single potential energy surface, a newly introduced coordinate
system called “hyperspherical elliptic coordinates” has made it possible
to define the vibrationally adiabatic ridge lines and clarified the reaction
mechanisms nicely in terms of the concept of vibrationally nonadiabatic
transitions [321,322]. Zhu, Nakamura and Nobusada [323] have treated, for
the first time, such three-dimensional HLH reactions analytically with use

333
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of the Zhu—Nakamura semiclassical theory. Needless to say, the conventional
understanding of nonadiabatic transition is a transition between two elec-
tronically adiabatic states. This traditional understanding is, of course,
guaranteed by the big mass disparity between electron and nucleus. This
idea may be extended to reactive scattering on a single electronically adi-
abatic potential energy surface. Especially in the case of three-dimensional
HLH systems, the light atom has some analogy to an electron, and the
adiabatic separation becomes the separation between hyperradius and
hyperangles.
The Schrodinger equation for a triatomic system in hyperspherical coor-
dinates can be written as (in atomic units)
110 ;0  A(w)

P
2up®0p" Op  2pup?

+V(p,wn) — E| ¥(p) =0, (14.1)

where A?(w) is the so called grand angular momentum operator, p is the
hyperradius and w represents the five hyperangles which are composed
of the three Euler angles wg (not appearing in the interaction potential
V(p,wn)) and two geometric angles wy of a triatomic system. The reduced

mass p is defined by
p= | —DATBMC (14.2)
ma +mp + mc

where ma, mp, and mc are the mass of atoms A, B and C, respectively.
The explicit expression of the grand angular momentum operator, A%(w),
is not given here, since that is not necessary in the present discussion.
Furthermore, hereafter we consider only the case of J = 0 for simplicity,
where J is the total angular momentum quantum number. Thus the Euler
angles wg do not show up.

The following expansion is used for solving Eq. (14.1):

U(p) =p 2> F(p)®, (wn: p), (14.3)

where the adiabatic channel functions ®,(w: p) satisfy the hyperspherical
adiabatic eigenvalue problem,

[Haa(wn, p) = pp° U (p)] @, (wi: p) = 0 (14.4)
with

1
Haa(wn, p) = §A2(WH) + up*V(p,wn), (14.5)
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in which Uy(p) is the eigenvalue to be determined at each fixed p, since
H.q(w, p) depends on p parametrically. The scattering wave function F,(p)
in Eq. (14.3) turns out to satisfy

{di? +2u[E — Uu(p)}} F(p)+ Y Wuulp)Fulp) =0 (14.6)

with
~ 15

Uu(p) = Uu(p) + W? (14'7)
where W,,(p) is the nonadiabatic coupling (not given here explicitly
(see Ref. [321]). Now, the problem becomes an ordinary multi-channel scat-
tering problem in the same way as in Section 9.2. We need only U, (p) in
Eq. (14.7) to formulate the analytical solution of the reduced scattering
matrix within the framework of the present semiclasiccal theory. Namely,
we do not need any information about the nonadiabatic coupling W,,,(p).

Figure 14.1 shows an example of adiabatic potential curve diagram of the
O(3P)HCI system [322] based on the model LEPS potential energy surface
(PES) [324]. Each curve corresponds to a certain ro-vibrational state of a
reactant or product molecule at p = co. The dash line is the lowest (v = 0)
vibrationally adiabatic ridge line, which effectively represents the reaction
zone. The concept of ridge line is clear in the case of collinear reaction
[325]. Namely, that is nothing but the mountain ridge dividing reactant and
product valleys, and generalizes the concept of transition state or saddle
point as its limiting point (see Fig. 14.2). Reactions can be regarded as
vibrationally nonadiabatic transitions in the vicinity of the ridge line.

In the three-dimensional case the ridge becomes a surface and cannot
be projected out as a line onto the potential curve diagram, unless we take
the highest point, for instance. In the treatment based on the hyperspher-
ical elliptic coordinates, however, we can nicely extract the vibrationally
adiabatic ridge lines, assuming the vibrational adiabaticity which holds
well in HLH reactions. This is because the two angle variables x and 7 in
the hyperspherical elliptic coordinate system well represent vibrational and
rotational motions, respectively [321]. By solving the vibrational motion
at fixed hyperradius p first, we can easily find potential barriers in the
n-space, which defines the ridge line. The significance of the ridge line can
be demonstrated by the following examples [322]. Figure 14.3 shows the
reaction probabilities for O+HCl(v; = 0,j;) — OH(vy = 0,3, ) + CL
These are the results obtained by solving coupled Schrédinger equations
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Fig. 14.1. Adiabatic potential curves as a function of hyperradius p in the case of LEPS
of OHCI. The energy is measured from the ground state (v; = j; = 0) of the reactant
HCI. The dash line represents the v = 0 ridge line. The numbers in brackets at the right
edge indicate the vibrational and rotational quantum numbers of HCl and OH. (Taken
from Ref. [326] with permission.)
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Fig. 14.2. Contour map of a model collinear potential energy surface. The cross and
the dotted line represent the saddle point (or transition state) and the ridge line. (Taken
from Ref. [322] with permission.)

numerically. The reaction probabilities for small j; < 6 rapidly increase
at B ~ 0.22eV almost irrespective of j;. On the other hand, onsets of the
reaction probabilities for higher j; shift toward higher energies with increas-
ing j;. Although the height of the saddle point of this surface is 0.168 eV,
these reactions seldom occur effectively at E < 0.2eV. These features can
be explained by Fig. 14.1. The ridge line ends at E ~ 0.25eV. Since the
reactions occur effectively only when the potential ridge becomes energet-
ically accessible, the onset is almost the same for small j;. The shift of
the onset energies for high j; can be explained in the following way. For
instance, in the case of j; = 10 the reaction probability rapidly increases
at F ~ 0.3eV. If we follow the adiabatic potential curve of j; = 10 in
Fig. 14.1, a sharp avoided crossing appears at p ~ 12.5a¢ between this level
and the level asymptotically corresponding to j; = 6. This avoided crossing
is located far right away from the ridge line and do not contribute to any
transition. These states are localized in physically distant regions, i.e. in
product and reactant regions, and do not interact strongly in spite of the
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Fig. 14.3. Reaction probabilities summed over the final rotational states for LEPS PES
as a function of energy. (Taken from Ref. [322] with permission.)

energetical degeneracy. This is actually the reason why the states have a
very sharp avoided crossing. The system develops diabatically without any
transition there. Thus potential curve which asymptotically correlates to
7i = 10 reaches the potential ridge at p ~ 9.5a¢9 at E ~ 0.3eV. This energy
corresponds to the onset of the reaction probability. Another example is
shown in Fig. 14.4. This shows the final rotational state distribution in the
reaction O+HCl(v; = 0,j; = 12) — OH(vy = 0,j¢) + ClL. The final state
j¢ = 7 gives the highest peak. This can be again understood in terms of
the ridge line and vibrational nonadiabatic transition. The potential curve
corresponding to j; = 12 encounters the ridge line at p ~ 9.7ag, where it
has an avoided crossing with the lower state which diabatically correlates
to the asymptotic state j = 7.
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Fig. 14.4. State-to-State reaction probabilities (v; = 0,7; = 12 — vy = 0,4y) for the
OHCI LEPS PES as a function of energy. (Taken from Ref. [322] with permission.)

The above examples have qualitatively demonstrated the usefulness of
the concepts of ridge line and of the vibrationally nonadiabatic transi-
tions in the vicinity of the ridge line. In order to confirm this further,
Zhu et al. analyzed the HLH reactions analytically by using the semiclas-
sical Zhu-Nakamura theory [323]. The scattering wave function F,(p) in
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Eq. (14.6) can be written in the WKB form as
F,(p) = Lei I7, Kulp)dp—ig | ie*ifﬁ Kulpdptis  (14.8)
Ky (p) Ky (p)

for p — oo, where T, is the rightmost turning point on the adiabatic
potential U, (p) and

Ky (p) = V2u(E — Uy(p))- (14.9)

The reduced scattering matrix S® is defined as

A1 Bl
AQ B2

=s®1 1, (14.10)
A, B,

where n represents the number of open channels at a given total collision
energy L.

The I-matrix propagation method is directly implemented to obtain the
reduced scattering matrix,

SR = (1. IN) (L 1y. .. In), (14.11)

where N is the number of avoided crossings that can be as many as
thousand among the sea of massive number of adiabatic potential curves
U, (p). Those avoided crossings represent rovibrationally nonadiabatic tran-
sitions which represent reactive as well as non-reactive transitions. For
three-dimensional HLH systems vibrationally adiabatic ridge lines can be
extracted, and the most important avoided crossings which represent reac-
tive transitions are found to be located along or near these ridge lines. The
lowest (ground vibrational, v = 0) ridge line defines the boundary of reac-
tion zone. The avoided crossings outside this ridge line represent only non-
reactive inelastic transitions. Those avoided crossings which are distributed
far inside the ridge line represent a mixture of reactive and nonreactive
transitions.

The effective coupling parameter a? defined in Eq. (5.89) for LZ-type
and Eq. (5.123) for NT-type provides a very nice quantitative index of
nonadiabatic coupling strength at each avoided crossing. Most of hundreds
of avoided crossings correspond to a? > 1000 which represent very sharp
avoided crossings, and do not play meaningful roles in dynamics. Only about



14.1. Chemical Reaction Dynamics 341

one hundred avoided crossings with 0.001 < a? < 1000 among one ~ two
hundreds adiabatic potential curves contribute significantly to the reaction.

In the hyperspherical coordinate approach, all arrangement channels
are treated equally and represented as adiabatic potential curves as a
function of the hyperradius p. Therefore, important avoided crossings
exist not necessarily only between adjacent adiabatic potentials, but can
appear among non-adjacent adiabatic potentials. Besides, adiabatic poten-
tial curves belonging to physically separated arrangement channels avoid
crossings very sharply outside the reaction zone and are better connected
diabatically without any transitions. In order to extract these avoided
crossings among non-adjacent adiabatic potentials, we have developed a
certain diabatic decoupling method [323,326]. We follow U, (p) inward from
the asymptotic p, where each channel can be well assigned. If avoided cross-
ings between adjacent adiabatic potentials on the way in have a? > a3,
then we switch U, (p) to U,_1(p), or U,41(p). By repeating this diabatic
switching procedure even inside the reaction zone, we can finally obtain a
diabatic potential manifold and pick up important avoided crossings among
originally non-adjacent potential curves. The dependence of this decoupling
procedure on the critical value a3 is not so strong and a3 = 100 was chosen.
All the important avoided crossings are treated analytically to evaluate the
scattering matrix. In Ref. [323] we have studied the two examples of the
3D HLH reactions: O(*P) +HCI — OH + Cl and Br + HCl — HBr + Cl.
Figure 14.5 shows a magnification of the reaction zone of adiabatic potential
curve diagram of OHCI. A comparison between the exact quantum calcu-
lation and the present semiclassical result is shown in Fig. 14.6 for cumu-
lative reaction probability. Figures 14.7 and 14.8 show the similar results
for BrHCI system [323,327] based on the LEPS surface [328]. We can see
that the agreement is quite good, considering the fact that the semiclassical
treatment here is completely analytical. The state-to-state reaction prob-
abilities are not quantitatively well reproduced, however. This is because
non-reactive inelastic transitions are not necessarily well represented by
avoided crossings.

14.1.2. Nonadiabatic chemical reactions

In this subsection, we consider electronically nonadiabatic chemical reac-
tions. High dimensional systems are better to be directly treated by an
appropriate semiclassical method. The Zhu-Nakamura TSH (ZN-TSH)
method explained in Section 10.3.1 is the simplest convenient method to
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Fig. 14.5. Magnification of the reaction zone of the adiabatic potential curves of OHCI.
The dashed line represents the v = 0 ridge line. Circles represent important avoided
crossings among the adjacent adiabatic potentials and some of the circles assigned with
the values of a? are the most important ones. The circle designated by letter A (B)
indicates the avoided crossing responsible for the peak of certain vibrationally specified
cumulative reaction probabilities (see Ref. [323]). The symbols [0, A, v7,1<, and <> rep-
resent the avoided crossings among the nonadjacent adiabatic potentials. The symbols
0O, A, and vy are from the diabatic potential manifolds with v = 0,1, 2, respectively,
for HCI4+-O arrangement (see Ref. [323]). The symbols >t and ¢ are from the diabatic
potential manifolds, respectively, for OH+Cl arrangement (see Ref. [323]). (Taken from
Ref. [140] with permission.)
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Cumulative Reaction Probability N(E)

Fig. 14.6. Total cumulative reaction probability N(E) as a function of the total energy
E measured from the ground state of the reactant in the case of OHCI system: solid line
(exact numerical result); dash line (semiclassical calculation with the avoided crossings
among adjacent adiabatic potentials); dotted line (semiclassical calculation with the
avoided crossings among both adjacent and nonadjacent adiabatic potentials included).
(Taken from Ref. [140] with permission.)

treat nonadiabatic chemical reaction dynamics. In this subsection numerical
applications of the method to tri-atomic reactions are presented and its
practical usefulness is demonstrated by comparing with the exact quantum
mechanical numerical solutions.
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Fig. 14.7. (a) Adiabatic potential energy curves as a function of hyperradius for BrHCI
system, where the dashed line is the ridge line of vibrational quantum number v = 0
and the circles represent important avoided crossings with 0.01 < a? < 1000 among
the adjacent adiabatic potentials. For details see Ref. [323]. (Taken from Ref. [323] with
permission.)

The computational algorithm is summarized as follows (see Sec-
tion 10.3.1): (i) nonadiabatic transition point is detected along each
classical trajectory as the minimum energy separation between two adi-
abatic potential energies. (ii) Direction of transition is determined there
and the one-dimensional cut of the potential energy surfaces is made.
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Fig. 14.7. (b) Magnification of the reaction zone of Fig. 14.7(a). Three avoided cross-
ings marked with [J indicate the accidental avoided crossing without any coupling. Two
avoided crossings marked with A are those among nonadjacent adiabatic potentials (one
is nonreactive between v = 0 and v = 1 of HCI arrangement and the other designated by
A is reactive between v = 1 of HCl and v = 0 of HBr). For details see Ref. [323]. (Taken
from Ref. [323] with permission.)

The determination of transition direction has the following three options:
(a) direction perpendicular to the seam surface, (b) direction of the nona-
diabatic coupling vector, and (c) direction estimated from the exact or
approximate Hessian. (iii) Judgment is made whether the transition is
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Fig. 14.8. Total cumulative reaction probability N(E) as a function of the total energy
E measured from the ground state of the reactant in the case of BrHCI system: solid line
(exact numerical result); dash-dot-dash line (semiclassical calculation with the avoided
crossings among adjacent adiabatic potentials); dotted (dashed) line (semiclassical cal-
culation with the avoided crossings for the criterion a% =10 (a% = 100) among both
adjacent and non-adjacent adiabatic potentials included). (Taken from Ref. [323] with
permission.)

the Landau-Zener (LZ) type or the nonadiabatic tunneling (NT) type.
(iv) Finally, the transition probability is calculated by an appropriate ZN-
formula. When the transition is classically forbidden, an appropriate over-
all transition probability including the tunneling effect should be used and
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the starting point on the new potential energy surface is shifted from the
transition point (turning point) on the initial surface. It should be noted
that the adiabatic state representation should be employed. Then the tran-
sitions are well localized and energy dissipation effect can be easily taken
into account, if necessary.

The first system studied is the reactions in the DHj system. The
potential energy surfaces used are taken from [329] in the dibatic state
representation. In the TSH calculations the adiabatic potentials are used by
diagonalizing the diabatic ones. The adiabatic potentials have crossing seam
surface almost parallel to the reaction coordinate with conical intersection
at infinity. It should be noted that the nonadiabatic transitions are classi-
cally forbidden when the vibrational state v of Hy is less than or equal to 3.
Detailed calculations were carried out in comparison with the exact quan-
tum numerical solutions not only for collinear but also for three-dimensional
systems [201] for J(total angular momentum) =0. Figure 14.9 shows the
cumulative non-reactive charge transfer probability for Hy +D* — H;r +D.
The new (old) TSH means the result of ZN-TSH (LZ-TSH). Figure 14.10
depicts initial vibrational state specified cumulative reaction probability for
Hy(v = 2)+Dt — (HD)" + H. The quantum results show oscillations which
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Fig. 14.9. Total cumulative charge-transfer probabilities for Hy + Dt — H;r + D. Dash
line: exact quantum mechanical numerical solution. Solid line: results of ZN-TSH. Dash-
dot line: results of LZ-TSH. (Taken from Ref. [201] with permission.)
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Fig. 14.10. Initial vibrational state specified cumulative reaction probabilities for v = 2.
Dash line: exact quantum mechanical numerical solution. Solid line: results of ZN-TSH.
Dash-dot line: results of LZ-TSH. (Taken from Ref. [201] with permission.)

represent resonances due to the potential well of the ground potential energy
surface. In the TSH calculations all the long lived trajectories are killed,
since we are not interested in resonances here. As is clearly demonstrated
in these figures, the old TSH method based on the Landau-Zener formula
does not work not only at low energies but also even at relatively high
energies. It was found that in multidimensional systems classically forbid-
den transitions play relatively more important roles than in the collinear
case because of energy transfer among many degrees of freedom. Li and
Han calculated the reaction cross sections with use of the ZN-TSH method
for both DV 4+ Hy and H* + D3 [330]. They confirmed a reasonably good
agreement with quantum mechanical results. Figure 14.11 shows the cross
sections vs collision energy for H* + Da(v = j = 0) in comparison with
the exact quantum and experimental results [331,332]. The reactive charge
transfer (RCT), HY + Dy(v = j = 0) — HD' + D, non-reactive charge
transfer (NRCT), HT + Dy(v = j = 0) — H* + DJ, and reactive non-
charge transfer (RNCT), H" + Dy(v = j = 0) — DT + HD, are shown in
(a), (b), and (c), respectively.

The ZN-TSH method has also applied to CHy system, which has a con-
ical intersection in the reaction zone and both Landau-Zener and nonadia-
batic tunneling types of transitions appear [199]. The ground and excited
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Fig. 14.11. Cross sections against collision energy for HT + Da(v = j = 0). (a) For
Reactive Charge transfer, (b) For Non-Reactive Charge Transfer, and (c) for Reactive
Non-Charge Transfer. (Taken from Ref. [330] with permission.)
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Fig. 14.12. Adiabatic potential energy surfaces of the DIM model of Chy at the HCH
angle fixed at 110deg. (Taken from Ref. [199] with permission.)

potential energy surfaces are constructed by using the DIM (diatomics
in molecule) method (see Fig. 14.12). The numerical results in compari-
son with the exact quantum mechanical numerical solutions are shown in
Fig. 14.13. The oscillations in the quantum results again represent reso-
nances due to the potential well of the ground state potential energy sur-
face. Apart from these oscillations, the ZN-TSH works acceptably well. Two
ZN-TSH results are compared with respect to the choice of the transition
direction. One is the direct use of the nonadiabatic coupling vector, and the
other is the use of Hessian approximation. As is seen, the Hessian approxi-
mation works well.

The results of the ZN-TSH method mentioned above are encouraging,
indicating that the method can be usefully applied to complicated high-
dimensional nonadiabatic systems.

14.2. Photo-Induced Dynamics

14.2.1. Photo-isomerization of retinal

In this subsection, numerical calculations of photo-isomerization of a retinal
molecule with use of the ZN-TSH method are presented [333]. The model
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Fig. 14.13. Initial rovibrational state specified reaction probabilities for C + Hz. Solid
line: exact quantum mechanical numerical solution, Solid line with solid square: ZN-TSH
with use of the nonadiabatic coupling vector. Solid line with open square: ZN-TSH with
use of Hessian. (Taken from Ref. [199] with permission.)

Fig. 14.14. 12-m model of retinal in which two methyl groups are removed from posi-
tion 1 of the Schiff base of retinal. The numbers attached to the structure indicate the
positions of carbons.

used is the 12-7 system shown in Fig. 14.14, in which two methyl groups are
removed from the Schiff base of retinal. This is composed of 45 atoms and
makes a 129-dimensional problem. Since it is not practical to prepare the
potential energy surfaces of 129-dimensions, the so called on-the-fly method
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Fig. 14.15. Energy diagram for isomerization of retinal. Energy is in Kcal/mol. CI
stands for conical intersection.

is employed, in which the electronic state calculations including excited
state are carried out by an ab initio quantum chemical method along each
classical trajectory. Otherwise, the algorithm of ZN-TSH method is the
same as explained before. The ab initio quantum chemical method is the
state averaged 6 electron orbital complete active space self-consistent field
[CAS(6,6)SCF] scheme with the 6-31 G basis set. The transition direction is
determined by calculating nonadiabatic coupling vectors at every transition
point. The energy diagram of the system is shown in Fig. 14.15. The initial
state is the 11-cis form and there are two conical intersections (CI) leading
to all-trans and 9-cis forms, respectively. The initial geometry of the ground
state is determined by the BSLYP-DFT method and the initial velocity is
provided randomly according to the Boltzmann distribution at T' = 300 K.
The number of trajectories run is 98. The optimized geometry and the
velocity distribution on the ground state in the 11-cis form are employed to
start classical trajectories on the photo-excited state. Figure 14.16 shows
the time evolution of potential energy difference between the ground and
excited states along each trajectory. The energy is taken to be positive
(negative), when the relevant trajectory is on the excited (ground) state.
As is seen from this figure, the energy relaxation occurs in two steps. All-
trans, 9-cis, and 11-cis forms are generated. Figure 14.17 show changes
of the bond length R between Ci; and Cips against the energy difference
for a typical trajectory producing (a) all-trans, (b) 9-cis, and (c¢) 11-cis
forms of products. The dotted circles correspond to the intermediate and
final stabilized state, indicating the two-step mechanism mentioned above.
Time-evolution of the dihedral angles in the case of all-trans formation is
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Fig. 14.16. Time-evolution of energy difference between the ground and excited states
along each trajectory. (Taken from Ref. [333] with permission.)

shown in Fig. 14.18. Interestingly, the —Cg = C19— bond rotates clockwise
when the —C;; = C12— bond rotates counterclockwise in any route to the
products. Since the rotation of the —Cyg = C19— bond activates the motion
directed to the 9-cis form, the channel to 9-cis form is open in addition to
that to the all-trans form. In this sense, the two conical intersections, one
between the 11-cis and all-trans and the other between the 11-cis and 9-cis,
are almost equally accessed in vacuo to make a transition to the ground
state and the branching ratio of all-trans, 9-cis, and 11-cis forms at the final
stage is found to be ~1:1:2. In the Rhodopsin environment, however, the
9-cis form is blocked by the surrounding protein and is not generated [334].
Since the 9-cis form is counted as trans with respect to the 11-position, the
calculated branching ratio of the trans to the 11-cis form becomes ~1:1,
which agrees well with the experimental yield ~0.67 of isomerization in
protein rather than the value ~0.15 in solution [335-337].

Inclusion of the effects of rhodopsin environment is possible. Such cal-
culations were actually carried out by using the QM /MM method for both
cases of rhodopsin (11-cis retinal) and iso-rhodopsin (9-cis retinal) [338].
The rhodopsin environment is composed of 5591 and 5692 atoms in the
case of rhodopsin and iso-rhodopsin, respectively, and treated by the MM
method.

The ZN-TSH code used in these computations can be downloaded from
http://pweb.cc.sophia.ac.jp/nanbu_lab/index_e.html (see reference [36] of
Ref. [47]).
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Fig. 14.17. Change of the bond length R between Cj;; and Ci2 against the energy
difference for a typical trajectory producing (a) all-trans, (b) 9-cis, and (c) 11-cis form
products. The circles correspond to the intermediate and final stabilized state, indicating
the two-step mechanism. (Taken from Ref. [333]with permission.)
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Fig. 14.18. Time evolution of dihedral angles of the backbone in the case of all-trans
formation. The vertical dash line shows the time of transition. The trajectory is located
on the excited (ground) state before (after) the transition time. (Taken from Ref. [333]
with permission.)

14.2.2. Photo-absorption spectrum

Total photo-absorption cross section from the initial vibrational state |¢; >
of the ground electronic state is expressed as

o(w) = Bpon(w) = 47%aadw,| < ¢,.|¥(0) > %, (14.12)
where
|T(0) >= |U(t = 0) >= pl¢; >, (14.13)

and X,,a,a9,w, and p represent the summation over all possible final
degenerate states, fine structure constant, Bohr radius, light frequency and
transition dipole moment, respectively. Using the completeness relation at
energy F,

Sl n >< | = 6(E — H) = % /dtexp[i(E CHY/E, (14.14)

where H is the Hamiltonian for the electronic excited state of a molecule,
we can finally obtain the expression

o(w) = % /_ " dtexpliBL/n) < W(O)|U(t) >, (14.15)
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where
| (t) >= exp[—iHt/h]|¥(0) >. (14.16)

This means that the total absorption cross section is given by a Fourier
transform of the auto-correlation function [339]. The time propagation of
the nuclear wave function on the excited potential energy surface |¥(t) >
can be evaluated by the semiclassical frozen wave packet propagation
method described in Section 10.3. Nonadiabatic transitions can be treated
either by using the Zhu-Nakamura formulas, namely by the ZN-HKSCIVR,
method explained in Section 10.3.3 or by using the numerical method of
Mil’nikov-Zou-Nakamura [202].

Photo-absorption of HyS investigated by using the latter method is
presented here briefly [340]. It is known that the lowest two electroni-
cally excited states (!As and 'B;) in near ultraviolet region are coupled
by potential energy surface crossing (conical intersection) and thus the
photoabsorption spectrum should be treated by taking into account this
nonadiabatic coupling. Actually, the experimental spectrum shows a broad
continuum feature because of the nonadiabatic transitions between these
two excited states [341]. The dynamics calculations based on the semi-
classical frozen Gaussian propagation method with use of the numerical
method of Mil’nikov-Zou-Nakamura mentioned above are carried out with
use of the adiabatic potential energy surfaces obtained in Ref. [342]. The
initial photo-excitation occurs predominantly to the ' B; state, but the wave
packet experiences the nonadiabatic coupling with the ' A state soon after
that. Figure 14.19(a) shows the results obtained with use of 400 trajec-
tories together with the quantum mechanical calculations [342] and the
experiment [343], demonstrating good accuracy of the present semiclassical
method. Figure 14.19(b) displays a comparison of the semiclassical results
for different numbers of classical trajectories used and indicates that 400
trajectories are sufficient enough. Figure 14.20 shows the results with and
without taking into accounts the effects of nonadiabatic coupling between
the two excited potential energy surfaces [340]. This clearly indicates that
it is necessary to consider the nonadiabatic coupling.

The above results are encouraging and clearly suggest that the method
can be applied to much larger systems. The computational cost can be
drastically reduced by using on-the-fly algorithm and the analytical Zhu-
Nakamura formulas, namely the ZN-HKSCIVR method. In the case of
on-the-fly method, quantum chemical calculations of potential energy sur-
faces are carried out only along classical trajectories and a global potential
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Fig. 14.19. (a) Total photo-absorption spectrum of HsS. Solid thick line: present
semiclassical calculation; broken line: full quantum calculation from [342]; solid gray
line:experimental spectrum from [343]. (b) Comparison of the semiclassical results for
different numbers of classical trajectories used. Solid black line: 400, broken line: 900,
solid gray line: 1350. (Taken from Ref. [340] with permission.)

energy surfaces are not required. Nanbu and his co-workers have actually
applied such a method to big molecules such as indolylmaleimide deriva-
tives [344]. These compounds are known as a core structure of selective
inhibitors of protein kinase C and also as fluorescence, chemi-luminescence
and bio-luminescence compounds that can be used as fluorescence tag
molecules or LED (light-emitting-diode) [345, 346].
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Fig. 14.20. Comparisons of the semiclassical results with and without considering
the nonadiabatic coupling effects. Solid line: with nonadiabatic coupling, broken line:
without nonadiabatic coupling (adiabatic approximation). (Taken from Ref. [340] with
permission.)

14.3. Electron Transfer

As was explained in Section 10.4.2, electron transfer is a very important
fundamental process in chemistry and biology and is nothing but a nonadi-
abatic process. As far as the treatment of electronic coupling is concerned,
the theory developed in Chapter 10 is uniformly valid from weak to strong
coupling regime and can improve the conventional treatments. Eq. (10.65)
with Eq. (10.66) is a general formula and can be applied to multidimensional
systems. In the case of simplified treatment, Eq. (10.70) with Eq. (10.72)
is useful. In this section applications of these formulas to realistic systems
are presented.

14.3.1. Normal case

First let us consider a 12-dimensional collective harmonic oscillator system
often used in th study of electron transfer [240]. The Hamiltonians used are

p2 p2 1 212
Hp = i ?—&—VD:Z:E—FiZi:wi P9 (14~17)

2 2
— b o D; 1 2 9
Ha=2 ?*VA—Z:EJFgZ:%(Qi—Qm), (14.18)

K2
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Table 14.1. Frequencies and reorganization energies of the 12-dimensional model

wi (em™) X (em™)  w; (em™Y) A (em™h)

462 3038 1007 269
511 1372 1169 638
584 775 1252 351
602 1039 1334 625
628 2125 1403 275
677 1196 1548 100

where the suffix A(D) indicates the acceptor (donor). The frequency w;
and the reorganization energy \; = (w;Qo;)?/2 are listed in Table 14.1.
The reaction coordinate & is defined as the difference of the two potentials,

1
§=Vp—Vy= Z (Qi - 2Q0i> w?Qoi, (14.19)
while the crossing seam surface corresponds to £ = £y = 0. The free energy
profiles have the analytical forms as

Fp(§) = %(5 +2)? (14.20)

and
Fae) = (6~ A (14.21)
where

A= (14.22)

Numerical computations are carried out by the Monte Carlo simulation
method with use of the Zhu-Nakamura formulas for the nonadiabatic tran-
sition probability. The numerical free energy profiles are in excellent agree-
ment with the above analytical expressions, indicating the accuracy of the
Monte Carlo method.

Some of the results are presented in Figs. 14.21-14.23. Figure 14.21
shows the Arrhenius plot of electron transfer rate for the weak electronic
coupling case (Hqap = 0.0001a.u.) in order to check the accuracy of the
numerical computations. Solid circle and solid line represent the present
results and the results of Bixon-Jortner [239]. The results of the Marcus
formula [Eq. (10.71)] is also shown. The Marcus formula gives too small
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Fig. 14.21. Arrhenius plot of the electron transfer rate. The electronic coupling strength
is Hap = 0.0001 a.u. Solid line: Bixon-Jortner perturbation theory. Full circle: present
results. Dash line: Marcus formula. (Taken from Ref. [240] with permission.)
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Fig. 14.22. The electron transfer rate vs. electronic coupling strength H 4 . The temper-
ature is T' = 500 K. Solid line with circle: present results with the transition parobability
averaged over the whole seam surface. Solid line with square: present results with the
probability taken to at the minimum energy crossing point (MECP). Dash line: results
of Bixon-Jortner formula [239]. Dotted line: results of the Marcus formula. (Taken from

Ref. [240] with permission.)
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values at low temperature, naturally because of the neglect of nuclear
tunneling effect. Figure 14.22 shows electronic coupling strength depen-
dence at T = 500K. The Bixon-Jortner formula breaks down at large
coupling, since it treats the coupling in a perturbative way. In the strong
coupling regime, the Marcus-Hush formula is often used [347]. But it is
based on the Landau-Zener formula and it does not work well especially
at low temperatures. There are two kinds of present results, namely, solid
line with circle and solid line with square. The solid line with circle is the
results of proper evaluation of the transition probability over the seam sur-
face. The solid line with square, on the other hand, is to simply take a value
of transition probability at the minimum energy crossing point (MECP).
The difference between the two is only 10%, and the commonly used MECP
method seems to be alright. However, it should be noted that this is so,
simply because the constant electronic coupling is used here and the poten-
tials are simple. The MECP method can easily produce very poor results,
especially when the electronic coupling depends on the coordinate [234].
The second example is the experiment done by Nelsen et al. [348] that
cannot be explained by the Marcus formula. Nelsen et al. made a series
of precise measurements of the electron transfer rates by ESR for vari-
ous anion and cation radicals. They employed the Marcus-Hush adiabatic
theory [347] and the Bixon-Jortner theory [239] to try to explain their data
with use of the parameters obtained from the optical analysis of charge
transfer band [349]. Since both of the methods could not explain the exper-
imental data, they introduced a quartic diabatic potential curves to fit the
experiment by using the Marcus-Hush adiabatic theory without considering
the nuclear tunneling correction. They claimed that the nuclear tunneling
effects are effectively incorporated into their ground state adiabatic poten-
tials. Here their data for 2,7-Dinitronaphtalene anion radical in various
solvents are taken as an example, in which the solvent dynamics effect is
not important as noted by them. They also clarified that the electronic cou-
pling strength is in the intermediate region. Calculations are made based
on the one-dimensional version of Eq. (10.70) with use of the parameters
from Ref. [348]. Only the difference from their parameters are the effec-
tive frequencies w of vibrational mode. This is the effective high frequency
mode averaged from the intramolecular and solvent high modes and they
employed 1500 cm~!. Considering that this frequency should be different
for different solvents, we have modified the value with all the other param-
eters kept unchanged (the reorganization energy is assumed to be indepen-
dent of temperature in the range of experiment). The frequencies used are
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Fig. 14.23. Arrhenius plot of electron transfer rate for 2,7-Dinitronaphtalene for three
kinds of solvents. Symbols and lines correspond to experiment by Nelsen et al. [348]
and the theoretical results [350], respectively. Solid line and solid square: results with
the solvent CH3CN. Dot-dash line and asterisk: PrCN. Dash line and solid circle: DMF.
(Taken from Ref. [350] with permission.)

1200, 950, and 800 cm ™! for CH3CN, DMF (dimethylformamide),and PrCN
(butyronitrile), respectively. As shown in Fig. 14.23, a very good agreement
is obtained with the experiment for all the three solvents in the temperature
range of the experiment [350].

14.3.2. Inverted case

A numerical example of the inverted case, which corresponds to the Landau-
Zener type of transition, is presented here [241]. The formulas developed
in Section 10.4.2 can work also well in this case. For simplicity the
same 12-dimensional harmonic oscillator model used in the normal case is
employed. In the present case, however, the exothermicity AG is set to be
non-zero negative value so that the surface crossing occurs in the inverted
region. The potentials are given as follows:

1 212

Vb =53 wiQ (14.23)
1

Va=3 zi:wf (Qi — Qui)* + AG, (14.24)

where AG is set to be —0.1365 a.u. (40 times of the effective one-dimensional
frequency (see Ref. [240])) and the other parameters are same as those used
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Fig. 14.24. Arrhenius plot of the electron transfer rate in the weak coupling regime
(Hap = 0.001 a.u.). Solid circle: quantum mechanical result (perturbation theory). Solid
line: result of the present approach. Dotted line: Marcus formula. Dash line: result with
use of the Landau-Zener formula. (Taken from Ref. [241] with permission.)

in the normal case (see Table 14.1). The reaction coordinate £ and the cross-
ing seam surface are defined in the same as before, namely, £ = Vp — Vy
and £ = £ = 0, respectively. Numerical computations are carried out by
using the Monte Carlo method in the same way as before [240,351]. The free
energy curves are given analytically by parabolic functions and the numer-
ical calculations are confirmed to reproduce them accurately. Figure 14.24
shows the Arrhenius plot of electron transfer rate constant in th weak cou-
pling case (Hap = 0.001a.u.) in comparison with the quantum mechani-
cal perturbation theory, the Marcus formula, and the results based on the
Landau-Zener formula. The z-axis is scaled by the crossing energy F, to
make it easier to judge whether the thermal energy is higher or not than
that. In this weak coupling regime the quantum mechanical perturbation
theory gives accurate value. Thus, it can be seen easily that the present
theory works well in the whole temperature range. The error in the deep
tunneling region (E,/kgT = 10) is only 30%. On the other hand, the
results of the Marcus and Landau-Zener formulas are almost one-order of
magnitude smaller. It should be noted that the Landau-Zener results does
not reach the exact value even at E,/kpT = 1. To see clearly the effect
of nuclear tunneling which is coupled with the nonadiabatic transition, the
rate constant is plotted against the coupling strength at three temperatures
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Fig. 14.25. Electron transfer rate against electronic coupling H4p at three tempera-
tures. (a) Eq/kpT = 6.7. (b) Eo/kpT = 10.0. (c) Eq/kpT = 20.0. Solid line: result of
the present theory. Dotted line: perturbation theory. Dash line: results with use of the
Landau-Zener formula. (Taken from Ref. [241] with permission.)

in Fig. 14.25. The rate constant increases quadratically in the weak coupling
regime, as expected, and the perturbation theory always overestimates the
rate. This is quite different from the Marcus normal case where the per-
turbation theory does not necessarily provide larger rate than the correct
one [240]. The rate constant predicted by the present theory reaches a
maximum at a certain value of coupling strength and decreases with a fur-
ther increase of the coupling. This behavior of adiabatic suppression is the
property peculiar to the inverted case, because the large electronic coupling
makes adiabatic potentials separate far from each other and the nonadia-
batic transition probability becomes small. This is due to the combined
effect of the Boltzmann factor and the nonadiabatic transition probability.
Although this qualitative feature is the same for both present results and
result based on the Landau-Zener formula, the two results behave very dif-
ferently. This is simply because the Landau-Zener formula cannot treat the
transitions at energies close to and lower than the crossing point F,.



Chapter 15

Control of Chemical Dynamics

As was explained in the beginning of Chapter 13, laser control of chemical
dynamics is an active research field nowadays, attracting much attention
and can open a new field in chemical dynamics. Many ideas proposed
so far were explained there and can also be found in many references
cited there. In Sections 15.1-15.3, numerical applications are presented for
the three methods proposed by the author’s research group described in
Sections 13.2-13.4 of Chapter 13. In the final Section 15.4, an interesting
new subject of controlling m-electron rotation around a chiral molecule cou-
pled to molecular vibration is touched upon. In the numerical computations,
the laser intensity is measured either in Watt/ cm?® or by the electric field
strength in terms of Volt/cm. The intensity I and the field strength F are
related by E = \/8n1/c, where c is the light velocity. The field strength in
hydrogen atom is equal to Ey = e/a3 = 5.15x 10° V /em, which corresponds
to the laser intensity Iy = cE3/(87) = 3.51 x 106 W /em”.

15.1. Efficient Excitation/De-Excitation
by Periodic Chirping

15.1.1. Spin tunneling by magnetic field

The idea of periodic chirping is not restricted only to laser field but can be
applied to any time dependent external field. Here, as an example of mul-
tilevel crossing, the quantum tunneling of the magnetization of MnjsAc in
a magnetic field [352-354] is considered. Figure 15.1 shows the correspond-
ing three-level system, the Hamiltonian of which is taken from Eq. (1) of
Ref. [354].

365
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Fig. 15.1. Adiabatic spin states as a function of an external magnetic field, guugH: Three
lowest levels (scaled by the anisotropy energy D) are shown, where g is the Landé g-factor,
18 is the Bohr magneton, and H is the magnetic field. The nonadiabatic probabilities p at
avoided crossings A — C are 0.039, 0.977, and 0.977, respectively. (Taken from Ref. [120]
with permission.)

In this figure, the energy is scaled by the anisotropy energy D.
Figure 15.2 shows the time evolution of the state probability from the point
“a” on state 1 to “b” on state 3 via the two avoided crossings A and B.
At the avoided crossing A(B) four-(five-) period oscillation of the field are
applied. This is shown in Fig. 15.2(a). The probability of the state 1 (P;)
becomes zero after the four periods, as is seen in Fig. 15.2(b). The proba-
bility P, reaches unity when P; becomes zero, and after five periods at B it
becomes zero (Fig. 15.2(c)) at which time Ps reaches unity (Fig. 15.2(d)).
Figure 15.3 demonstrates another path from “a” on state 1 to “c” on state
3 via two avoided crossings A and C'. In this case we have applied 4 + 1/2
(five) periods of oscillation of the field at the avoided crossing A(C'). This
example clearly demonstrates that we can choose any path to reach any
specified final state with unity probability. Figures 15.2 and 15.3 are the

results of the numerical calculations of the coupled Schrodinger equations,
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Fig. 15.2. Controlled nonadiabatic processes, starting from “a” on state 1 and ending
at “b” on state 3 via avoided crossings A and B (see Fig. 15.1). (a) Variation of the
external magnetic field as a function of time, tD/h. The first four-period oscillation
around gugH/D = 0 corresponds to the control at the avoided crossing A. The second
five-period oscillation around gugH/D = 1.0 corresponds to the control at B. (b) Time
evolution of the probability P; for the system to stay on the state 1. (¢) Time evolution
of P». (d) Time evolution of P3. (Taken from Ref. [120] with permission.)

but it is confirmed that the semiclassical theory described in Chapter 6 [87]
gives results almost indistinguishable from Figs. 15.2 and 15.3 except for
humps and dips which appear when the semiclassical probability jumps
abruptly. This guarantees that we do not have to solve multichannel coupled
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permission.)

equations numerically, and that we can formulate all necessary conditions
of control analytically.

15.1.2. Vibrational and tunneling transitions controlled
by laser

Let us take, as an example, a laser-induced ring-puckering isomerization
of trimethylenimine which was discussed by Sugawara and Fujimura in
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Fig. 154. (a) A double well potential model of ring-puckering isomerization of
trimethylenimine (see Ref. [282]). The origin of potential energy is taken at the bar-
rier top. The horizontal solid line represents the main portion of the eigenfunction.
(b) Floquet state diagam, i.e., vibrational levels of (a) as a function of laser frequency
w (em™1) with fixed intensity (I = 0.1 [TW/cm?]). The gap at each avoided crossing
is proportional to the transition dipole moment between the corresponding two states.
(Taken from Ref. [42] with permission.)

Ref. [282]. This problem may be reduced to a double well problem in which
the left (right) well corresponds to the isomer A (B), and the isomerization
from A to B occurs through tunneling from the left well to the right well (see
Fig. 15.4(a)). We try to control this isomerization with use of the various
types of laser pulses. All the parameters to determine the potential system
are taken from Ref. [282].

The Floquet state diagram as a function of laser frequency w [cm™!]
with constant intensity (I = 0.1 [TW /cm?]) is shown in Fig. 15.4(b). There
appear a lot of avoided crossings, where the energy gap is proportional to
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the laser intensity I and the square of the transition dipole moment between
the corresponding two states. We can treat each avoided crossing separately
unless the laser intensity is extremely strong and avoided crossings overlap
with each other.

Nonadiabatic transitions among the Floquet states induced by the vari-
ation of intensity and/or frequency can be described by the nonadiabatic
Floquet theory [285,286] and we can employ the various analytical theories
of nonadiabatic transition to analyze them. In the following subsections
we demonstrate control of vibrational transitions and isomerization numer-
ically with use of the various theoretical schemes presented in Section 13.2.2.
The present section is designed so that the reader does not have to refer
to the original mathematics. In the following numerical calculations, the
optimum values of the control parameters are found mostly by analytical
theories, and the actual time variations of transition probabilities are solved
numerically.

(1) Landau—Zener—Stueckelberg type transition

Let us first consider the vibrational transition |0) — |2) via the avoided
crossing A in Fig. 15.4(b) with use of the LZS type curve crossing model.
In this case the complete control can be achieved by one period of oscil-
lation with reasonable values of the laser intensity and the sweep velocity.
Figures 15.5(b) and 15.5(c) show the frequency and intensity as a func-
tion of time. The frequency is taken to be a quadratic function of time,
ie. w(t) = at®> + b, and the analytical theory developed in Section 6.2
(Ref. [87]) has been used. The resonance frequency wy corresponding to
the avoided crossing is wx = 202.6 [cm~!]. Two functional forms, constant
(solid line) and 442 sech?(5t) /€2 (dash line), are assumed for the laser inten-
sity (Fig. 15.5(c)). The frequencies shown in Fig. 15.5(b) are the solutions
of our control theory corresponding to the intensities given in Fig. 15.5(c).
Figure 15.5(a) shows the time-variation of the transition probability for
the process |0) — |2) with use of the avoided crossing A in Fig. 15.4(b).
Nonadiabatic transitions occur twice, at each of which p = 0.5 is achieved.
Unit transition probability is realized finally in the two cases. In the case
of intensity pulse (dash line in Fig. 15.5(c)), not only the frequency but
also the area of the pulse contribute to the phase. Thus the corresponding
frequency in Fig. 15.5(b) is slightly smaller than the solid line. In this LZS
type of nonadiabatic transition, functionality of the intensity is not impor-
tant, but the intensity at the avoided crossing is critical. This is the reason
why the difference in frequency is so small in the two cases. The dotted line
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Fig. 15.5. Controlled nonadiabatic process from |0) to |2) with use of the LZS type nona-
diabatic transition at the avoided crossing “A” at 202.6cm ™! in Fig. 15.4(b). (a) Time-
evolution of the transition probability. (b) Variation of laser frequency as a function of
time. (c) Variation of laser intensity as a function of time. The solid line is the case of
constant intensity and quadratic variation of frequency, and the dash line corresponds to
the intensity pulse and quadratic variation of frequency. In both cases complete control
is attained. The dotted line shows the sensitivity to the constant shift of frequency. The
final probability is about 0.975 in this case. (Taken from Ref. [42] with permission.)

is to show the effects of intensity variation on the final result. Although the
nonadiabatic transition probability p is reduced to 0.45 by small shift in
intensity, the final transition probability is not so bad, since the phase is
accurate.

If we sweep the frequency more than once at the avoided crossing, we can
naturally achieve the final unit transition probability with smaller intensity
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I, but it may take longer time. It should be noted that the required intensity
for the case of constant intensity is much smaller (less than one tenth)
than that required by m-pulse (discussion will be made later in relation to
Fig. 15.7). It should also be noted that the constant intensity can of course
be cut off outside the transition region.

For a transition between two states with a small transition moment e,
a larger intensity or a smaller sweep velocity is required to satisfy p =
0.5. This means that the direct isomerization from |0) to |1) requires very
large intensity or a very long transition time (very slow sweeping). For the
isomerization, it is thus better to use an indirect process which is composed
of the transitions of relatively large transition moments [282]. It should
be noted that the square of the transition moment for the direct process
|0) — |1) is about four orders of magnitude smaller than that for |0) —
|2). Figure 15.6 shows an example of such indirect isomerization: |0) —
|2) — |4) — |3) — |1), where four pulses are applied corresponding to
these four transitions. That is to say, the first pulse achieves the complete
transition |0) — |2), and the second one does |2) — |4), and so on. The
corresponding avoided crossings are designated as A-D in Fig. 15.4(b). To
obtain Fig. 15.4(a), 12 Floquet states are taken into account. Here, we have
used exactly the same shape of w(t) at four avoided crossings. This can
be done by simply multiplying a certain constant to the intensity I. Since
the essential qualitative features such as the characteristics of various types
of nonadiabatic transitions we want to address here do not depend on the
transitions, we consider the transition |0) — |2) for a while.

(2) Rosen—Zener—Demkov type transition

Let us next consider the control of the transition |0) — |2) by the RZD type
of transition. Figure 15.7 is an example of the so called m-pulse (solid lines)
with parameters chosen so that the overall transition time between the cor-
responding Floquet states becomes the same order as that in Fig. 15.5.
Again, nonadiabatic transitions occur twice with the transition probability
p = 0.5, and the final overall transition probability is controlled to be unity
with use of the phase accumulated between the two transitions. In the case
of m-pulse, the condition of p = 0.5 is attained by fixing the frequency at
the resonance frequency wy, or the frequency at the avoided crossing. The
phase condition is satisfied by adjusting the area of the intensity pulse.
These conditions are relatively simple and seem to be easily realized com-
pared to the LZS case. The control by w-pulse, however, is less effective
compared to the case of quadratic chirp mentioned previously. As is seen
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Fig. 15.6. Controlled isomerization process induced by the sequence of the LZS type
transitions, [0) — [2) — [4) — |3) — |1). The corresponding avoided crossings are
designated as A-D in Fig. 15.4(b). The corresponding resonance frequencies are 202.6,
153.6, 82.6, and 185.2cm ™!, respectively. (a) Time-evolution of the probability. At each
stage complete transition is attained. Twelve Floquet states are taken into account for
the calculation. The time variations of frequency and intensity are shown in (b) and (c),
respectively. (Taken from Ref. [42] with permission.)

from Figs. 15.5 and 15.7, the control by m-pulse requires stronger intensity.
The necessary constant intensity in the LZS case (see Fig. 15.5(c)) is ten
times lower than the peak height in Fig. 15.7(c). It should be noted that
a small variation of the frequency could cause unexpected transitions and
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tion probability. Time variations of frequency and intensity are shown in (b) and (c), respec-
tively. Aw represents the shift from the resonance frequency wx = 202.6 cm~!. The dash
line shows the case of constant shift in frequency. The solid line shows the case of exact one.
The dotted line shows the large effect of small time variation of the frequency around reso-
nance. It should be noted that the small fluctuation of frequency in (b) gives a large effect on
the transition probability [dotted line in (a)]. (Taken from Ref. [42] with permission.)

errors, if the frequency is close to the resonance. Dash and dotted lines in
Fig. 15.7 demonstrate the sensitivity of the m-pulse method to frequency
variations. The dash line shows the effects of constant shift of the frequency
from the resonance. As discussed in Section 13.2, frequency can contain a
constant shift error up to several cm™!, if the phase due to the intensity
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variation is accurate, and the intensity can have 10% of error, if the fre-
quency is exact at the resonance. Much more shocking one is the large
effects of very small time-dependent fluctuation in frequency, as is demon-
strated by the dotted line. This small fluctuation induces curve crossing
type nonadiabatic transitions between the closely lying states effectively,
and causes a big effect in the final result, as seen in Fig. 15.7(a). In order
to avoid this instability, it might be worthwhile to use the off-resonant case
explicitly. In the case of off-resonance, the nonadiabatic transition proba-
bility p is smaller than 0.5, and more than one pulses, i.e. more than one
periods of oscillation, are required. Figure 15.8 shows an example of two
pulses. The frequency is kept constant at 5cm ™! (solid line) and the various
parameters are chosen so as for the transition time to be the same order as
that in Figs. 15.5 and 15.7. As is seen from this figure in comparison with
Fig. 15.7, this scheme is very effective. The nonadiabatic transition proba-
bility for one passage is about 0.2, and after four nonadiabatic transitions
the final transition probability reaches unity. This can be achieved with
much smaller intensity compared to m-pulse. This is because the necessary
phase can be accumulated not only by the intensity but also by the fre-
quency because of the off-resonance. In the case of off-resonance, however,
we should adjust not only the height and shape of the pulse I(¢) but also
the interval of two pulses, because the nonadiabatic transition probability
prz depends on the exponent of I(t), i.e. 5 in Eq. (13.54) and the interval
of two pulses determine the phase oy (see Fig. 15.1). It might be difficult to
adjust the shape of I(t) accurately, but the control by off-resonant pulses is
very attractive. It requires very small intensity. Stability against frequency
fluctuation is also satisfactory, as is demonstrated by the dash and dotted
lines in Fig. 15.8.

(3) General case

Finally, let us consider the control with use of the variation of both intensity
and frequency by taking the exponential model of Eq. (13.57) as an exam-
ple. Figure 15.9 (solid line) shows the control of the transition |0) — |2)
by one pulse (period) with two nonadiabatic transitions of p = 0.5. It
should be noted that the required intensity for the same order of transi-
tion time as before is quite small and the frequency is not necessary to
be kept at resonance; while, as demonstrated before, the LZS type requires
the larger intensity and RZD requires the frequency to be close to resonance
to achieve p = 0.5. Due to the off-resonance, small fluctuation of w does
not cause any appreciable errors as in the case of m-pulse. The necessary
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Fig. 15.8. The same as Fig. 15.5 for the case of off-resonant two pulses. (a) Time-
evolution of the probability. Time variations of frequency and intensity are shown in
(b) and (c), respectively. Aw represents the shift from the resonance frequency wx =
202.6cm~1. The solid line is the case of complete control. The dash and dotted lines
demonstrate the stability of the method against time variation of frequency (dash line)
and the constant shift in frequency (dotted line). (Taken from Ref. [42] with permission.)

phase can be accumulated by means of both frequency and intensity, which
is the reason why the required intensity can be so small. Dash and dotted
lines in Fig. 15.9 show the stability of the method against the variations
of intensity and frequency. Thus, the exponential model may provide quite
an efficient control method compared to LZS and RZD. By taking the
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the error in the exponent of intensity (dash line) and the constant shift in frequency
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vibrational transition |0) — |2), we have explained the characteristics of
various types of nonadiabatic transitions and proved that the exponential
model presents the most effective way of control. As was mentioned before,
this does not depend on the transitions, and thus is also true for the tunnel-
ing transition |0) — |1). Figure 15.10 demonstrates this. As is well known,
it is far better to use the detour [0) — |2) — |4) — |3) — |1) — in the
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Fig. 15.10. The same as Fig. 15.6, i.e. control of the isomerization process |0) — |2) —
|[4) — |3) — |1). The exponential model is employed. Twelve Floquet states are taken
into account to obtain (a). It should be noted that the intensity is reduced by about
a factor of 3 compared to Fig. 15.6. In (b), the frequency shift Aw from the resonance
is shown instead of w itself in order to clearly show its exponential form. The shape is
taken to be the same for the four transitions. (Taken from Ref. [42] with permission.)

same way as in Fig. 15.6 than to take the direct path |0) — |1), since the
dipole moment for the latter is about two orders of magnitude smaller than
that of |0) — |2). As seen in Fig. 15.10, the required intensity is much
smaller than that in Fig. 15.6. If the laser intensity could be kept constant,
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however, we could further reduce the necessary maximum intensity, as was
demonstrated in Fig. 15.5. Figure 15.11 shows this type of control of the

isomerization.

A more general model, like an exponential model with different expo-

nents for frequency and intensity, for which no analytical theory is unfor-

tunately available yet, is expected to provide a more efficient scheme. It
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should be noted, however, that the exponential model in general requires
accurate shaping of both intensity and frequency pulses, since the nona-
diabatic transition probability pex, depends explicitly on the exponents of
both intensity and frequency.

So far we have discussed several control schemes with the help of ana-
lytical theories. We can choose one of them depending on the molecular
process and availability of lasers. If accurate pulse shaping of both intensity
and frequency is possible, the scheme with the exponential type of nona-
diabatic transition is the best. If pulse shaping of intensity is available,
but not for frequency, the RZD type works relatively well. In this case,
the off-resonant RZD type is recommended. If accurate shaping of inten-
sity is not attainable, the resonant RZD (m-pulse) or the LZS methods are
recommended.

Generally speaking, molecular processes in a laser field can be consid-
ered as a sequence of nonadiabatic transitions and adiabatic propagations,
and we can treat the whole control problem analytically, if the nonadiabatic
transitions are separated from each other in time. This indicates that we
may construct a control scheme for a general shape of pulse, even if no ana-
lytical theory for each nonadiabatic transition is available. Once we know
the phase change and the probability change by one pulse (one period of
oscillation), we can design an efficient way of control based on the analyt-
ical scheme developed in Section 13.2.2. The optimum conditions for one
pulse, namely the conditions to satisfy sin®t = 1 and p = 0.5, may be
found numerically or even experimentally.

15.1.3. Selective and complete excitation of energy levels

The basic idea and theory of the periodic chirping to achieve selective and
complete excitation of energy levels were presented in Section 13.2 of Chap-
ter 13 and its way of applications to two-level problems was demonstrated
in the previous sections by using the frequency and/or intensity chirping.
In this subsection the extension to three-level problem is discussed, and
selective and complete excitation of atomic fine structures is presented as
an application to realistic systems.

Let us first consider a three-level system shown in Fig. 15.12 [225]. The
energy separation wsg is assumed to be much smaller than the separation
between the ground and excited states, namely, w12 > wes, where w;; =
(E;—E;)/h. Since the applied laser frequency w is close to wi2, the transition
between the levels |2) and |3) are negligible and the Floquet Hamiltonian
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Fig. 15.12. (a) Schematic level structure of a three-level model. (b) Floquet diagram of
the three-level model in (a) as a function of laser frequency. (Taken from Ref. [225] with
permission.)

is expressed as

By +ho(t) —paoe(t)/2 —pise(t)/2
HFloquet = _M12€(t)/2 E2 0 5 (151)
_M136(t)/2 0 E3

where p;; is the transition dipole moment between |¢) and |j) and €(t) is
an envelope function of the laser field. When the frequency is swept from
w1 to wy, the corresponding transition matrix is given by

T sy = S3350 115, (15.2)

where X; represents the adiabatic propagation from X, _; to X;, and I;
represents the nonadiabatic transition amplitude at the crossing X;. They
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are explicitly given by

(Z))pq = exp[=i0" )0y, (15.3)
X

ol = %/X - B (W), (15.4)

V1 —p1explig] /D1 expliy)] 0
I = | —y/prexp[—iY] /T—piexp[—ig:] 0 (15.5)

0 0 1

1 0 0

Io =10 +/1—pyexpligs] /P2 explith] . (15.6)

0 —y/Pzexpl[—ita] /T — psexp[—ipy]

Here, p; denotes the nonadiabatic transition probability for one passage of
the avoided crossing point X, ¢; and 1; are the dynamical phases due to

the nonadiabatic transition at X, E,(Cad) is the k-th adiabatic Floquet state,
Xo = wy and X3 = wsy. The total transition amplitude can be expressed as

VI—=p1 /P1exp[—iA]
T, swy = | =v/P1(1 = p2)exp[=iC] /(1 —p1)(1 — p2) exp[—i(A + C)]

VPipzexp[—i(B 4+ C)]  —/(1 = p1)pzexp[—i(A+ B + C)]
0
Vpzexp[—i(A+C+ D)) , (15.7)

VI —=poexp[—i(A+ B+ C + D)]

where
A=¢y— v+ AdlPY, (15.8)
B = ¢y + 1y + Ac?, (15.9)
C=¢1+1 — o+ Ao + APY, (15.10)
D =61+ ¢s — o+ Ao + AP?, (15.11)
Ao = ol — gl (15.12)

These phases roughly correspond to the areas shown in Fig. 15.12(b). The
overall transition matrix for one-period of oscillation is given by

TO=D = (T, ) T, s (15.13)
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and the transition probability from |1) to |2) is explicitly given by
PU=Y = py(1 — p1)| exp[2iC] — 1 4 pa(1 — exp[-2iB])[>.  (15.14)

The condition for the complete excitation to |2>(P1(; =1 = 1) is expressed
as

1 1
p= g B=mn and C = (n + 2) m (m,n = integer). (15.15)

The physical meaning of B = mm is that no bifurcation into the diabatic
state |3) occurs at Xo on the second half of the sweep whatever the prob-
ability py is. The conditions of p; and C guarantee that the interference
between |1) and |2) at X7 on the way back leads to the complete excitation
to |2). The complete and selective excitation to |3) can be achieved by one
period of sweeping, if we start from wy. The condition is given by

1 1
p2= 3, A=mnm and D= (n + 2> 7 (m,n = integer). (15.16)

Numerical examples are shown in Figs. 15.13-15.15. The parameters
used are

wip =500em™Y,  wos = 10em™Y,  pip = i3 = 1.0a.u. (15.17)

The laser frequency is swept quadratically as a function of time as
w(t) = —a(t —to)* +b— By, (15.18)
where
a=8(Viz)das/h? b=FE3—2Vi3Bs, Viz = —m3Eo/2 (15.19)

with Ey being the laser amplitude at the peak. The laser pulse shape is
taken as

(t) = {Eo[l + tanh(Be(t — toe))]/2 for t < tg (15.20)

Eo[1 — tanh(Be(t — t10))]/2 for t > tg

The parameters oy, 3y and the peak intensity are determined to be 0.6005,
1.58142, and 0.1 GVV/cm2 from the condition given above and the ZN
formulas. The other parameters of laser field are t¢ = 3.5ps,tge =
1.7775ps, t1e = 2ty — toe, and B = 6.515ps—!. As is seen from Fig. 15.13,
the transition time is ~ 3 ps, which is very close to the time determined
from the uncertainty principle, 6t = 27/AE ~ 3.3ps. Thus the present
scheme gives the shortest possible time of transition. Figure 15.14 shows
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Fig. 15.13. Complete excitation from |1) to |2) by one period of chirping in the case
of three-level model. (a) Time variation of the population, (b) time variation of laser
frequency, and (c) envelope of the laser pulse. (Taken from Ref. [225] with permission.)

the excitation by using the conventional ARP (Adiabatic Rapid Passage)
method. The laser frequency is linearly chirped as w(t) = wia + c(t — 20 ps).
The chirp rate ¢ and the laser intensity are determined to be 8.816 cm ™! and
0.1GW/ cm” so that the excitation probability becomes 0.99. Selective exci-
tation is possible, but it takes quite a long time (~20 ps) and complete exci-
tation is not possible. The case of w-pulse is shown in Fig. 15.15. The pulse
shape is hyperbolic-secant (e(t) = Epsech[f.(t — t9)]). The parameters are
to = 10ps, the peak intensity is 0.05 GVV/crn2 and B, = 1.56022ps!.
These are determined so that the transition time is comparable to the case
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of one-period sweeping (~3ps). As is clearly seen, the complete excitation
is not possible.

Let us next consider the real atoms K and Cs, and demonstrate the
selective and complete excitation to one of the close lying fine structure
states of these atoms [296]. To ensure that no leak excitation occurs to other
excited states, time-dependent coupled Schrodinger equations are solved by
expanding the total wave function in terms of 10(18) unperturbed atomic
eigenstates for K(Cs). The convergence of numerical results is confirmed.
Figure 15.16 shows the time variation of the populations of the ground 4S
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(solid line), and excited 4P, 5 (dashed line) and 4P3,, (dotted line) states
of K. The laser intensity is 0.36 GW/ cm? with a quadratic chirping shown
in Fig. 15.16(b). The chirping is concave down, which makes it possible
to completely suppress the transition to the upper excited state and real-
ize the selective excitation to the lower excited state (4P;/p) with 100%
efficiency. The excitation energies of the K atom from the ground state
to 4Py/p and 4P3,5 are 12 985.17 and 13 042.83 cm™!, respectively, and
thus the energy splitting between them is equal to AE = 57.7cm™'. This
energy splitting corresponds to the time AT = 27 /AFE ~ 577 fs estimated
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Fig. 15.16. (a) Time variation of the populations of the ground 4S (solid line), excited
4P/ (dashed line) and 4P3/5 (dotted line) states of K atom. (b) Time-dependent
frequency to induce the selective excitation to 4P;/5. (Taken from Ref. [296] with
permission.)

from the uncertainty principle. As is seen from Fig. 15.16(a), the quadratic
chirping scheme enables us to achieve the complete and selective excita-
tion within 600 fs that is very close to AT'. It should be emphasized again
that our scheme here realizes selective excitation with unit probability as
quickly as the uncertainty principle limit. Selective excitation to the upper
(4P3/5) state can be achieved with use of concave-up chirping instead of
concave-down, as is shown in Fig. 15.17. The laser intensity is 0.13 GVV/crr127
which is about three times smaller than the previous case. This is because
the transition dipole moment between the ground and the upper excited
state is larger than that between the ground and the lower excited
state.
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The next example is the selective excitation of Cs atom from its ground
state (6S) to any one of the excited states (7D3/p and 7D5/2). The exci-
tation energies are 26 047.86 and 26 068.83cm™!, respectively, which are
roughly two times larger than those of the previous K case. Thus, consid-
ering the symmetry of the excited states also, we have to employ two-
photon processes. As long as the transitions (or avoided crossings) are
separated in time, there is no difficulty in achieving the selection. Fig-
ure 15.18(a) shows the time variation of populations of the ground 6S
(solid line) and excited 7D3/, (dashed line) and 7D5/, (dotted line) states
of Cs. The laser intensity is 4.8 GW/cm2, and the frequency chirping is
depicted in Fig. 15.18 (b). As is clearly seen in Fig. 15.18(a), the com-
plete and selective excitation to the 7Dg/, (lower) state is achieved by the
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Fig. 15.18. (a) Time variation of the populations of the ground 6S (solid line), excited
7Dg3/5 (dashed line) and 7Dj5,5 (dotted line) states of Cs atom. (b) Time-dependent
frequency to induce the selective excitation to 7Dgz/5. (Taken from Ref. [296] with
permission.)

concave-down quadratic chirping. Here the frequency is chirped around the
half of the resonance, namely, ~13000cm ™", because the transitions take
place by the two-photon absorption. The control is accomplished in 3 ps,
which is roughly twice as long as the uncertainty principle limit given by
AT =27 /AE ~ 1.6 ps. Although our control scheme works well no matter
whether it is one- or two-photon process, it is difficult to achieve complete
and selective excitation in the case of the two-photon process as quickly
as the uncertainty principle limit allows, as in the case of K. The reason
is as follows. To induce two-photon transitions, a larger laser intensity is
required, which may cause off-resonance transitions. In our case of Cs, the
off-resonance excitation to 6P states becomes non-negligible when the laser
intensity exceeds 5 GW/ cm?. Since the present analytical formulation given
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above is for three-level problems, the laser intensity should be small to sup-
press these undesired transitions. To satisfy the condition p = 1/2 with a
small laser intensity, a long transition time is necessary. This is why the
long control time is required.

15.1.4. Pump and dump of wave packet

In order to control chemical dynamics, it is crucial to control wave packet
motions. Here let us consider efficient electronic excitation of wave packet by
ultrashort broadband laser pulses. Although it is possible to use two linearly
chirped pulses [225], it is more efficient to use one quadratically chirped
pulse [299]. We assume that the nuclear configuration does not change
during the electronic transition and regard the system as a coordinate-
dependent energy level problem with the effect of the kinetic energy oper-
ator taken into account as a perturbation. Then the laser parameters can
be designed again from the ZN theory.

The total excitation probability from the ground state is approximated
as

P /P(x)|\I/g(x,t — 0)[2dx, (15.21)

where U, (z,t = 0) is the initial wave packet on the ground state and the
nonadiabaic transition probability P(z) is calculated from the correspond-
ing two-level problem that depends on x parametrically. By taking into
account the kinetic energy operator as a perturbation, the Floquet Hamil-
tonian is given by [299,300].

where
A(z) = Az) + AtT - VA(x) (15.23)
with
A(z) = Ve(z) = Vy(2). (15.24)

Here Vj(x)(j = e,g) are the ground and excited potentials, ¥ is the mean
velocity of the wave packet, p is the transition dipole moment, € is the
laser pulse envelope, and At is the time delay measured from the pulse
center (see Appendix of [299]). The nonadiabatic transition probability P
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is expressed as usual from the ZN theory as

P(x) = 4pzn(1 — pzn) sin® Uy (15.25)
with
5 1/2
77
=exp|— , 15.26
o Pl 1vap (1 + /1 + 37204 + o.7)> ( )
Vzny =ozn + ¢s, (15.27)
) ) ) )
bg = — ZN | ZNln( ZN)_argF<ZN)_Tr’ (15.28)
s T s s 4
. 112
OzN = d 15.29
oznN +10zN 2\/5/[3<C+ﬁ> ¢ ( )
where the two basic parameters, a and 3, are defined as
hoy,
= 15.30
“7 uep? (15.30)
A(z) — hf, + (TVA@)?
B= ) ; fhow (15.31)
€

The parameters «,, and 3, are the chirping rate and the carrier frequency,
namely, the laser frequency is chirped quadratically as

w(t) = ay(t —tp)* + B.. (15.32)

The laser parameters should be chosen so that the probability P becomes as
close to unity as possible. Figure 15.19 depicts the probability P as a func-
tion of & and (. There are some areas where the probability is larger than
0.9, such as those around (o = 1.20, 5 = 0.85), (v = 0.53, 8 = 2.40), (o =
0.38,5 = 3.31), and so on. Since the potential energy difference A(z) and
the transition dipole moment p(x) are coordinate-dependent, it is generally
impossible to achieve perfect excitation by a single quadratically chirped
pulse. A high efficiency of the population transfer is, however, possible with-
out significant deformation of the shape of the wave packet, if we locate the
parameters inside one of these islands. The biggest, thus the most useful
island, is around (a0 = 1.20,8 = 0.85). The probability P is larger than
0.9, if @ € (0.62,2.21) and 8 € (0.45,1.30). Thus the condition for nearly
complete excitation is given by

070 < <20 (15.33)
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Fig. 15.19. Contour map of the nonadiabatic transition probability P2 induced by a
quadratically chirped pulse as a function of the two basic parameters a and (. (Taken
from Ref. [299] with permission.)

and
0.50 < 8 < 1.20. (15.34)

The following three numerical examples are shown below [299]: (1) elec-
tronic excitation of a wave packet from a non-equilibrium displaced posi-
tion, (2) dissociation of an NaK molecule along excited state by a sequence
of quadratically chirped pump-dump method from the ground vibrational
state on the ground electronic state, and (3) selective bond breaking of a tri-
atomic molecule. The envelope of laser pulse employed is the same tangent
hyperbolic type as before,

e(t) = %0 (tanh [’H:T/ﬂ — tanh {H_Tﬂ} ) (15.35)

S

where t.,s,7, and ¢y are the center time, switching time, duration, and
maximum amplitude, respectively. The center time is taken to be equal to
the frequency center time, that is t. = t,.

First, by taking the diatomic molecule LiH, a displaced wave packet on
the ground-state XX+ at R = 6.0a.u. is excited to the B'II excited state
(see Fig. 15.20). The displaced wave packet is used to demonstrate that the
method works even for a temporary unstable initial state. The potential
energy curves and the transition dipole moment are taken from [355]. The
time evolution of the populations on the ground and excited states is shown
in Fig. 15.21. The excitation takes place in a few femtoseconds and the
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Fig. 15.20. Pumping of a LiH wave packet from the outer classical turning point (~6a¢)
of the ground X131 state. The wave packet is the one shifted from the ground vibrational
state and the X — B transition is considered. (Taken from Ref. [299] with permission.)
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Fig. 15.21. Time variation of the wave packet population on the ground X and excited
B states of LiH. The laser is a quadratically chirped pulse with parameters: a,, = 5.84 X
107 2eVfs™2, 8, = 2.319¢eV, and I = 1.00 TWem 2. The pulse is centered at t = 0 and
has a temporal width 7 = 20 fs.(Taken from Ref. [299] with permission.)



394 Chapter 15. Control of Chemical Dynamics

- 4.5 T T T T T T T
@ ¥ *. 1
S 4 - o AlsH e
a—
S o *. Hoax
£ 35 . oy |
o X T R Ko R ey
> *
c 3r x 1
o Y
= 25 X
(2] . Y 4
c h
Q X IS S e
= 20 |% v ]
© X et

. X
% 15+ Xx"%xxxx»xk*x’*xx‘xx i
< :
>
2l 1t J
8 .
=
c = 4
E 05
=
]
o 0 h L L L L L

4 6 8 10 12 14 16 18 20
Internuclear Separation R(a.u.)

Fig. 15.22. Electronic excitation of the NaK wave packet from the inner turning point
on the ground electronic state X. The X — A transition is considered. The initial wave
packet is prepared by two quadratically chirped pulses by the pump-dump mechanism
(see Figs. 15.24 and 15.25). (Taken from Ref. [299] with permission.)

integrated total transition probability given by Eq. (15.21) is P = 0.879,
which is in good agreement with the value 0.864 obtained by numerical
solution of the original coupled Schriodinger equations. This means that the
population deviation from 100% is not due to the approximation, but comes
from the intrinsic reason, that is, from the spread of the wave packet. Note
that the LiH molecule is one of the most difficult systems for the present
system, since the mass is very light and the gradient of potential difference
is relatively large. These difficulties can be overcome by using the quick
quadratic chirping. As another extreme example, the photo-dissociation of
NaK molecule is employed. To achieve the dissociation from the ground
vibrational state of the ground electronic state, a sequence of pump-dump
processes is required. First, the final stage of pumping to dissociate the
wave packet prepared by the pump and dump process is discussed. As
is shown in Fig. 15.22, the initial wave packet is a rather bumpy one at
the inner turning point on the ground electronic state X'X*. The total
excitation probability P is as high as P = 0.905 with the laser intensity
of only 0.2 TVV/cm_2 (see Fig. 15.23). The potential energy curve and the
transition dipole moment are taken from [356].
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Fig. 15.23. Time variation of the wave packet population on the ground X state and
the excited A state of NaK. The laser is a quadratically chirped pulse with parameters:
aw = 3.13 x 102eVfs™2, 3, = 1.76 eV, and I = 0.20 TWem 2. The pulse is centered at
t = 0 and has a temporal width 7 = 20fs. (Taken from Ref. [299] with permission.)

The second example is quadratically chirped pump-dump scheme. The
above mentioned pump and dump process to prepare the wave packet in
Fig. 15.22 is taken as an example. Since the pioneering work by Tannor
and Rice [271], the pump-dump method has been widely used to control
various processes. However, since it is not possible to transfer a wave packet
from one potential energy surface to another nearly completely by using
the ordinary transform limited or linearly chirped pulses, the efficiency
of the ordinary pump-dump method cannot be high. On the other hand,
the present quadratic chirping method makes it possible to achieve nearly
complete pump and dump. The first quadratically chirped pulse is applied
to the ground vibrational state on the ground X'~ state and pump it up to
the electronic excited state A'X+. The second quadratically chirped pulse
dumps this wave packet down to the ground X'X* state when it arrives
at the right turning point on the excited state. The time variation of the
population is shown in Fig. 15.24. The overall pump-dump probability is
found to be 20.981. The final wave packet that arrived at the left turning
point is nothing but the one shown in Fig. 15.22. This pump-dump method
can be applied to a wave packet moving in between the turning points, if
its velocity is not too high. An example is shown in Fig. 15.25. The first
step of pump is the same as that in Fig. 15.24. This excited wave packet
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Fig. 15.24. Pump-dump control of NaK molecule by using two quadratically chirped
pulses. The initial wave packet of the ground vibrational eigenstate on the ground state
X is pumped up to the excited state A. This excited wave packet is dumped at the
outer turning point at ¢t ~ 230fs by the second quadratically chirped pulse. The
laser parameters are: o, = 2.75(1.972) x 1072eVfs™2, 8, = 1.441(1.031)eV, and
I = 0.15(0.10) TWcem™2 for the first (second) pulse. The two pulses are centered at
t1 = 14.5fs and t2 = 235.8 fs, respectively. Both of them have a temporal width 7 = 20 fs.
(Taken from Ref. [299] with permission.)

is now dumped at R ~ 6.5a9 on the way to the outer turning point. The
overall pump-dump probability is as high as 0.958.

The present excitation scheme of quadratic chirping is easily applica-
ble to multi-dimensional systems. The bond-selective dissociation of a two-
dimensional model of HyO is taken as an example. The two-dimensional
model is adapted from [313]. The initial wave packet on the ground elec-
tronic state A is given as

=16y (15.36)

with

P— : 2 3
M + EP,L()(RrL - Rie) ) (1537)

- 2\—1/4 _
@, = (woy) exp 207 =

where i(= 1,2) is the index of the two OH bonds, R;. and P;y are the
central position and the initial momentum of the wave packet, respectively.
The overall transition probability P is calculated from Eq. (15.21) and
compared with the full numerical solution Pp,, of the original coupled
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Fig. 15.25. Pump-dump control of NaK molecule by using two quadratically chirped
pulses. The initial state and the first step are the same as in Fig. 15.24. The excited
wave packet is now dumped at R ~ 6.5a¢9 on the way to the outer turning point. The
parameters of the second pulse are: a, = 1.929 x 107 2eVfs™2, 3, = 1.224¢V, and
I = 0.10TWem™2. The second pulse is centered at t; = 95.5fs and has a temporal
width 7 = 20fs. (Taken from Ref. [299] with permission.)

Schrodinger equations. The following three kinds of initial wave packets
are considered: (a) wave packet at the equilibrium position with zero
momentum, (b) wave packet slightly shifted in the z-direction with zero
momentum, and (¢) wave packet at the equilibrium position with a finite
momentum directed to the z-direction. The laser parameters and the final
transition probabilities (P and Pyum) are given below.

Case (a)
Ric = 1.82a.u., Py = 0.0,0, = 0.20 (i=1,2)
o, (eVEs™) = 1.34, 3,(eV) = 6.17, I(TWem ™ ?) = 20.0
P = 81.7%, Poum = 80.2%

Case (b)
Rie = 2.32,1.82a.u., Pyy = 12.0,0.0,0; = 0.20 (i=1,2)
o, (eVis™2) = 2.89, 8, (eV) = 4.34, [(TWem ™) = 57.8
P = 74.4%, Poum = 73.0%

Case (c)
Rie = 1.82a.u., Py = 0.0,0; = 0.20 (i=1,2)
o, (eVis™2) = 1.34, 8, (eV) = 6.61, [(TWem ™) = 20.0
P = 81.5%, Poum = 78.8%
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Fig. 15.26. Selective bond breaking of HoO by means of the quadratically chirped pulses
with the initial packet prepared in a various way. The dynamics of the wave packet
moving on the excited potential energy surface is illustrated by the density. (a) Upper
panel: The initial wave packet is the ground vibrational eigenstate at the equilibrium
position. (b) Middle panel: The initial wave has the same shape as that of (a), but shifted
to the right. (c) Lower panel: The initial wave packet is at the equilibrium position but
with a directed momentum toward x direction. (Taken from Ref. [299] with permission.)

The laser intensities are taken to be the possible lowest. The intensity in
the case (b) is almost three times larger than the others. This is simply due
to the fact that the transition dipole moment exponentially decays from
the equilibrium position and also the potential energy difference increases.
Note again that the coordinate dependent level approximation works well.
In order to demonstrate the dissociation selectivity, the time evolution of
the wave packets on the excited state are depicted in Fig. 15.26. As a
measure of the selectivity, the target yield Y, is calculated as

Ye = / [We(t = 00)|*dR1dRs, (15.38)
D



15.2.  Control of Wave Packet Motion and Transition at Conical Intersection 399

where U, (¢) is the wave packet at time ¢ on the excited state and the inte-
gration domain D is taken to be R; € (2.5,7.5) and Ry € (1.0,3.0) in a.u.
In the case (a) (top panels of Fig. 15.26), the wave packet naturally disso-
ciates equally into the two directions with Y, = 0.495. In the case (b) ¥,
stands on the slope of the valley at Ry > Rs, where the force is directed
toward the Rj(x)-direction. Because of the small mass, a small portion of
U, goes beyond the barrier and appears in the Ry(y)-direction and the
yield is Y, = 0.72. The case (c) is the most efficient. The high target yield
(Y. = 0.95) is achieved by the fast motion of ¥, on the excited potential
energy surface within a very short period (~2fs). The preparation of wave
packet with directed momentum can be attained by using the semiclassi-
cal guided optimal control theory (SCGOCT) explained in Section 13.3 of
Chapter 13. Note also that the parameters of the optimal laser pulses can be
estimated from the Zhu—Nakamura theory regardless of the dimensionality
of the system.

15.2. Control of Wave Packet Motion and Transition
at Conical Intersection

15.2.1. Vibrational isomerization of HCN

In this subsection, control of wave packet motion in a multi-dimensional
space is exemplified by the vibrational isomerization of an HCN molecule
as a numerical demonstration of the semiclassical guided optimal control
theory (SCGOCT). The process of NCH«>HNC isomerization occurs with-
out change of electronic state, and thus what we have to control is the
nuclear motion on a single adiabatic potential energy surface together with
the molecular rotation. For the calculations to be realistic, the intensity
of the controlling field should not be so high as to cause tunneling ioniza-
tion, multiphoton electronic excitation, or dissociation. The maximal value
of the intensity of the laser pulse that could be used to manipulate the
HCN molecule without any damage through ionization in the IR region
is estimated to be ~ 10" TW/cm® [357], which corresponds to the field
amplitude of 0.05 (atomic units). This requirement results in longer con-
trolling duration, and the rotation of molecule as a whole should be con-
trolled at the same time. Thus the present treatment is a full six-dimensional
calculation.

The HCN molecule is described in terms of two three-dimensional vec-
tors [301,304]: Ry—c for the vector from N to C and Ry for the vector
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from the center of mass of CN to H. The space fixed Cartesian framework is
used with the X-axis set to be parallel to the initial direction of R N=c and
the Y- and Z-axis perpendicular to it. The centers of mass of NC and of the
whole system are assumed to be the same so that the kinetic energy part of
the Hamiltonian is diagonal. The molecule is assumed to be aligned after
some laser-induced process [357]. The potential energy surface and dipole
moment are taken from [358]. The ground state wave packets for the HCN
and CNH configurations are approximated by Gaussian functions centered
(in atomic units) at Ry_c = (2.1785,0.0,0.0), R = (3.1855,0.0,0.0) and
Rn—c = (2.197,0.0,0.0), Ry = (—2.875,0.0,0.0), respectively. The width
parameters are calculated to fit to the principal modes of the potential
wells. According to the idea of guided control, the whole process is divided
into the following two main procedures [301,304]: (i) acceleration of the
initial wave packet in the HCN configuration so that it can pass the inter-
state barrier and (ii) deceleration of the wave packet so that it stays in
the target region. The field intensity is monitored at each step and if its
maximum amplitude exceeds the value of 0.05 (atomic units), it is reduced
to that value by multiplying an appropriate factor. The spectrum of the
controlling field typically contains one main peak and several harmonics
with lower intensity. These secondary peaks are adjusted by this intensity
reduction procedure. When the intensity is thus reduced, the controlling
time duration should also be changed to maximize the control efficiency. By
repeating computations for different time durations 7', we can find the best
one. The shortest duration for the maximum efficiency under the intensity
lower than the ionization threshold is finally found to be 288 fs, where the
acceleration lasts for 168 fs and the deceleration lasts for 120 fs. The accel-
eration procedure in turn is further divided into the following three steps
with intermediate target states of Gaussian wave packets with the same cen-
tral coordinates and width parameters as those of the initial wave packet,
but with the following different central momenta for each step (in atomic
units): Py_c = (0.0, —15.0,0.0) and Py = (0.0,10.0,0.0) for the first step,
Py_c = (0.0,—22.5,0.0) and Py = (0.0,15.0,0.0) for the second, and
Py—c = (0.0,—29.2,0.0) and Py = (0.0,20.0,0.0) for the third. The opti-
mization procedure for the first step is carried out with zero initial guess
field. The field obtained as a result of the previous step is used as an initial
guess field for the next. Similarly, to decelerate the wave packet so that it
stays in the CNH target configuration potential well, the three-step opti-
mization procedure is used, but in a bit different way. The initial guess field
is zero for each step, and the wave packet obtained as a result of the previous
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step is set to be an initial state for the next. The actual wave packet that
can energetically pass over the CNH potential well should be decelerated
by the first step so that it hits the opposite side of the potential well and
starts to move backward. We set the first intermediate target state to be the
same as the ground state wave packet in the potential well corresponding
to CNH with counterclockwise rotation for a certain angle. This angle and
time duration of the first step is adjusted so that the wave packet is decel-
erated enough to stay in CNH potential and the controlling field intensity
is lower than the ionization threshold. The suitable values found are 26°
for the angle and 40fs for the correspondent duration. The intermediate
target states for the second and third steps are set to be the ground state
wave packet in the potential well corresponding to CNH turned clockwise
for 26°. These states are set to follow clockwise rotation of the heavy NC
bond, which occurs during the isomerization. The each step takes 40 fs. The
number of trajectories used at each step of control is kept to be 100 000.
Typically, the convergence is achieved by about five iterations at each step.
The final isomerization probability is calculated by the formula

Piso = (¢(T)[(0.35 — cos 0)|p(T)), (15.39)

where 6 is the angle between Ry—c and Ry, h(x) = 1 for z > 0 and 0 for
x < 0, and cos @ = 0.35 corresponds to the saddle point between the HCN
and CNH configurations. The final isomerization efficiency attained is 74%.
It should be noted, however, that the time average of the field turns out
to be nonzero, which means that the zero-frequency component exists. The
field with this zero-frequency component removed out and its spectrum are
shown in Fig. 15.27. Since the system remains symmetric along the XY

Field [a.u.]
Field spectra 10 [a.u.]

50 100 150 200 250 300 0.0 01 02 03 04 05 056
Time [fs] Frequency [eV]

Fig. 15.27. Optimal field with the zero frequency component removed (left) and its
spectra (right). Solid line: component along the X-axis. Dashed line: component along
the Y-axis. (Taken from Ref. [304] with permission.)
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plane, it has no dipole moment in the direction of Z-axis. As a result, the
Z-component of the field is zero. The snapshots of the wave packet driven by
the controlling field at various times are shown in Fig. 15.28. The removal of
the zero-frequency component reduces the isomerization efficiency by 9%.
The time variation of the isomerization probability is shown in Fig. 15.29.

15.2.2. Giving a pre-determined directed momentum
to wave packet

Conical intersections in molecules are naturally given, i.e. the topography
of the potential energy surfaces and the nonadiabatic coupling between
the corresponding two surfaces are determined by Nature and we cannot
change them. It is true that the potential energy surfaces are modified and
the additional coupling between the two surfaces is induced by a strong
laser. However, such a strong laser induces many undesirable multiphoton
processes and is not convenient for controlling the transition at the conical
intersection. Instead, we can give an appropriate momentum vector to the
wave packet so that the nonadiabatic transition at the conical intersection
occurs in a favorable way. This is called the directed momentum method.
One numerical demonstration of enhancing the photo-conversion efficiency
was carried out in the photo-chromic cyclohexadiene (CHD)/hexatriene
(HT) system by giving an appropriate directed momentum to the ini-
tial wave packet [359]. The details are given in Section 16.3 of the next
Chapter 16. Since giving an appropriate momentum to the wave packet is
just an example of controlling the wave packet motion, the optimal laser
can be designed by using the semiclassical guided optimal control theory
(SCGOCT). This directed momentum method is quite general and is not
restricted to the transition at conical intersections, but is applicable to many
other processes. Controlling the branching of molecular photo-dissociation
would be a good example. Numerical examples are given in the next section
of this chapter for the selective photo-dissociation of OHCI. A very rough
consideration about the appropriate laser for directing the momentum vec-
tor may be made as follows. The momentum given to the wave packet by
laser is expressed as follows [360]

P = —ili(Wo|U(4)V,U (t)|¥)
— i (To|UT(£)(Ve (1)U () Wo) (15.40)
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Fig. 15.28. Snapshots of the wave packet in the HCN-CNH isomerization driven by the
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from Ref. [304] with permission.)
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Fig. 15.29. HCN-CNH isomerization probability calculated as a function of time. (Taken
from Ref. [304] with permission.)

with
Q(t):/o H(r)dr
1 ! T 1T L 2 2 ! 2 /
+§/O dT/O A7 [Fy(7) + Fo(r), Fy () + Ho(7)] + -+ (15.41)

Here r,|¥y >,U(t) = exp[Q(t)], Hy, and [-,-] are the molecular inter-
nal coordinates, the initial state, the evolution operator of the system,
Hamiltonian of the molecule, and the commutator. The laser-molecule inter-
action is Hy = —ji(r) - E(t), where fi(r) and E(¢) are the 3-D dipole
moment vector and laser field vector, respectively. Since VrQ(t) contains
V.i(r) - E(t), it is expected that the appropriate laser field is parallel to
the derivative of the dipole moment vector in the direction of the desirable
momentum. In the case of a polyatomic molecule, the number of molecular
internal coordinates is larger than the degrees of freedom of the laser field,
but the important geometry of conical intersection is usually determined
locally by a few molecular internal coordinates and it is expected to be
feasible to adjust the laser field to the appropriate direction, as mentioned
above. This very rough idea may be used as the zero-th order approxima-
tion in the iteration procedure to determine the optimal field. Actually,
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this is found to be useful in the numerical demonstrations given in the next
subsection and Section 16.3 of Chapter 16.

15.2.3. Selective Photo-dissociation of OHCI! into O+HCI

The photo-dissociation of OHCI into O+ HCl usually does not occur
because of the potential barrier in this channel on the excited electronic
state. This bond selective photo-dissociation of OHCI to O + HCI can be
achieved with high efficiency by the following procedures: (i) appropriately
accelerate the ground state wave packet using the method of the guided
optimal control theory and (ii) excite the thus prepared wave packet from
the ground (1A’) state to the excited (2A4’) state using a quadratically
chirped laser pulse. We invoke the nonrotating approximation based on
the fact that the time scale of control of about 1.0ps is much less than
the rotation period of the molecule, which is about 32 ps. This provides
us the following 4-dimensional model in which the rotation of the whole
molecule is allowed in the molecular plane. The molecule is described in
terms of two two-dimensional vectors: Rp—¢; for the vector from O to CI
and Ry for the vector from the center of mass of OCIl to H. The space
fixed Cartesian framework is used with the X-axis set to be parallel to the
initial direction of Rp—¢; and the Y-axis perpendicular to it. The centers
of mass of OCI and of the whole system are assumed to be the same so
that the kinetic energy part of the Hamiltonian is diagonal. The potential
energy surface and dipole moment are taken from [361]. The ground state
wave packet is approximated by a Gaussian function centered (in atomic
units) at Ro=c; = (3.2633,0.0) and Ry = (—2.5726,1.7954). The width
parameters are estimated by fitting the principal modes of the potential
wells. The potential energy surfaces of (14’) and (2A4’) states are presented
in Fig. 15.30.

To achieve process (i) mentioned above, the target state is set to be a
Gaussian wave packet with the same central coordinates and width param-
eters as those of the initial wave packet, but with the central momenta of
hydrogen Py = (16.8,2.2) in atomic units and zero momenta of OCI bond,
as illustrated in Fig. 15.30. The target state is designed so that after the
almost complete electronic excitation to the (24’) state the wave packet
would start to move toward the O—CIH configuration. The acceleration
is necessary, since on the electronic (2A4’) state the HOCl and OCIH
configurations are separated by a potential barrier. The controlling time for
OHCI wave packet acceleration is set to be 900 fs. The final overlap between
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Fig. 15.30. Potential energy surfaces of 1A’ (left) and 2A’ (right) states of OHCI as a
function of proton coordinate. The ground state wave packet is also depicted. The arrow
in the right figure shows the direction of acceleration. The X-axis is parallel to the initial
direction of the O—Cl bond. (Taken from Ref. [296] with permission.)
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Fig. 15.31. Optimal laser field found for OHCI wave packet acceleration (left) and its
spectra (right). (Taken from Ref. [296] with permission.)

the controlled wave packet and the target state achieved after 10 iterations
is 85%. Figure 15.31 presents the controlling laser field. After the wave
packet gains the directed momentum, the almost complete electronic exci-
tation to the (2A’) state by quadratically chirped laser pulse is performed.
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The parameters of the pulse are a,, = 3.3 x 107 eV/fs2, B, =5.17eV, and
intensity = 4.25 TW/ cm®. The resultant wave packet starts to propagate
on the excited potential energy surface as shown in Figure 15.32, where
the snapshots are depicted until the final dissociation into the O+ HCI
channel. The final dissociation probability is about 92% compared to the
almost zero probability in the ordinary photo-dissociation. As mentioned in
the above subsection, the controlling laser field is parallel to the derivative
of the dipole moment vector in the direction of the desirable momentum.

15.3. Selective Photo-Dissociation with Use
of the Complete Reflection Phenomenon

The intriguing phenomenon of complete reflection and its analytical for-
mulation are given in the beginning of Chapter 11 and the conceptual
explanation of its application to selective photo-dissociation is provided
in Section 13.4 of Chapter 13 with use of the one-dimensional model. In
this section numerical demonstrations of its applications to more realistic
systems are provided by taking three molecules: HI, HOD and CH3SH.

(1) Photo-dissociation of HI [306]

The selective photo-dissociation of an HI molecule is considered in
the energy range hw = 3 — 6eV. In the case of diatomic molecule,
pre-dissociation can be stopped, if the following condition is satisfied (see
Fig. 15.33, and Eqgs. (11.1) and (11.2)):

U(E) = (n + ;) T (n=0,1,2,...). (15.42)
In this energy range, there are three electronically excited states 'TI;,3 IIy
and 3II;, as shown in Fig. 15.34. The ground state ' is coupled to these
excited states by the transition dipole moments (see Fig. 15.35). Since the
coupling among the excited states can be neglected because of the off-
resonance condition, we have the following potential matrix:

Vi(R) —p12(R)E®) —ms(R)E(t) —pia(R)E(t)
—p12(R)E(t) Va(R) 0 0
“us(RE() 0 Vi(R) o | 1
—p14(R)E(t) 0 0 Vi(R)

where i = 1,2,3,4 correspond to '3} 1I;,3 g 311, respectively. The
potentials and dipole moments are taken from the ab initio data and spline
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Fig. 15.32. Snapshots of the wave packets of H, O, and Cl at various moments after the
electronic excitation of the accelerated ground state wave packet. The X-axis is parallel
to the initial direction of the O—Cl bond. (Taken from Ref. [296] with permission.)
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Fig. 15.33. Schematic picture representing the complete reflection condition in a
diatomic molecule. (Taken from Ref. [306] with permission.)
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Fig. 15.34. Ab initio potential energy curves of HI. The unit of y-axis is cm~!. (Taken
from Ref. [306] with permission.)

fitting is made to them [362,363]. The CW laser field is taken as
E(t) = Ey(t) cos(wt), (15.44)

where Ey(t) is the envelope of laser field that should be wide and smooth
enough so that unnecessary transitions are not induced due to sudden

switching of the field. The actual intensity used in the calculations is

1.0 TW/ch. The two excited states Vo =! II; and V; =2 II; correlate to
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Fig. 15.35. Ab initio transition dipole moments between the electronic ground and
excited states of HI. (Taken from Ref. [306] with permission.)

the ground state iodine I and the state V3 = 3IIy, correlates to the excited
iodine I*. Thus, in order to selectively produce the excited iodine I*, one
has to be able to stop the dissociation through the two excited states V5 and
V4. Numerical solutions are made by solving the time-dependent coupled
equations,

0 h? d?

zhaﬂt) = <_2ch + V(R, t)) o(t). (15.45)

The step sizes used are AR = 7.8 x 1072 a.u. and At = 0.043fs, and the
absorbing potential is put at R = 9 — 10 a.u.. First, the complete reflection
manifold in which Eq. (15.42) is satisfied is found and rough estimate of
appropriate energy region and vibrational states is made. One example of
the results is shown in Figs. 15.36 and 15.37 for v = 4. Figure 15.36 shows

the time-integrated dissociation flux at ¢ = 3.5 ps. The integrated flux is
defined as

t
h d
50 = [ drtt [qﬁ:(R, ndemn| (15.46)
0 m dt R=6
where ¢;(R,t) is the wave packet on the potential i. It can be seen that
the two dissociation channels are through the states ¢ = 2 and 4 are
almost stopped at the photon energy hw ~ 3.58 eV. Figure 15.37 shows the
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Fig. 15.36. The time-integrated fluxes at ¢ = 3.5 ps as a function of the photon energy
for v = 4. The suffices i = 2,3,4 correspond to the excited states 'IIy,3 ITo4,% Iy,
respectively. (Taken from Ref. [306] with permission.)
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Fig. 15.37. Time variation of the time-integrated fluxes J;(t) for v = 4. The suffices
i = 2,3,4 correspond to the excited states 'TIy,3 ITo,3 ITq, respectively. (Taken from
Ref. [306] with permission.)
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time-integrated flux to confirm the highly selective production of I*. The
condition for producing I selectively can also be found easily. For exam-
ple, hiw ~ 3.47eV with v = 4 meets the condition. In order to compare
with any experiment, it is required to take into account the effects of initial
rotational state distribution that depends on experimental condition. The
completeness would be deteriorated to some extent, but the control may
be achieved to a good extent. One defect of the method based on the com-
plete reflection phenomenon is that the initial state should be prepared in
a certain excited vibrational state.

(2) Photo-dissociation of HOD [305]

Let us next consider a two-dimensional model. As an example, we take the
HOD molecule with two dissociation channels: H 4+ OD and HO + D. We
consider the ground electronic state X and the excited electronic state A.
The bending and rotational motions are neglected for simplicity with the
bending angle fixed at the equilibrium structure of the ground electronic
state, i.e. at 104.52°. The ground electronic state potential Vi(rg,rp)
(shown by dotted lines in Fig. 15.38 (a)) is taken to be two coupled Morse
oscillators [364],

Virw, ) = D(L = 7)) 4 D1 — e

(TH - 7’0)(7”D - To)

~ B Ao+

(15.47)

where rg(rp) represents the H-O (D-O) bond length, and D = 0.2092
hartree, v = 1.1327 a.u.™!, rg = 1.81 a.u., A = 3.0 a.u."! and B = 0.25
hartree/a.u.? The last term represents the mode coupling, and the param-
eters A and B are assumed to be larger than the values used in Ref. [364]
(A=1.0a.u."! and B = 0.00676 hartree/a.u.?) in order to demonstrate the
present control scheme more clearly. The excited electronic state Va(ryg, mp)
shown in Fig. 15.38(b) is taken to be the analytical function of Engel
et al. [365], which was fitted to the ab initio calculations by Staemmler
et al. [366]. The mass-scaled Jacobi coordinates r for O-H distance and R
for OH-D distance are introduced,

m 1/4

r= ( OH ) rul, (15.48)
MD,0H
m /4 m

R= < D’OH> rp — LE— (15.49)
MoH my + mo
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Fig. 15.38. (a) Contour plots of the ground electronic state of HOD (dotted line).
The contour spacing is 8500cm™!. The density of the 145th vibrational eigenstate is
superimposed (solid line). (b) Contour plots of the excited electronic state of HOD. The
contour spacing is 5000 cm™!. (Taken from Ref. [305] with permission.)



414 Chapter 15. Control of Chemical Dynamics

(a) 12 T T T T

-

08

08

0.4

Dissociation probabili

0.2

iy
RSPt

A

1 1 ' L L

L
6000 7000 8000 9000 10000 11000 12000

13000 14000 15000

(by 026

0.25

—
=
S
0.24
2
=
]
=)
3]
L
0.23
0.22 - 1 L 1 1 1 1 ! 1
’ 6000 7000 8000 9000 10060 11000 12000 13000 14000 15000
-1
Laser frequency [cm |
Fig. 15.39.

(a) Dissociation probability against laser frequency in the case of the 145th
vibrational state of HOD. Solid (dotted) line: dissociation into the H+4 OD (HO + D)
channel. Dashed line: sum of the two dissociation probabilities. (b) Analytical prediction
of the complete reflection positions. Solid (dashed) lines: the complete reflection positions
in the H4 OD (HO + D) channel. Dotted (dash-dotted) line: the vibrational state v = 17
of the O—H bond (v = 23 of the O-D bond). The solid (dotted) circles represent the
complete reflection positions when the 145th vibrational eigenstate is prepared as an
initial state on the H+ OD (HO + D) side. (Taken from Ref. [305] with permission.)
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where rp(rp) is the vector from O atom to H(D) atom, mon = momu/
(mo +mu), mp,ou = mp(mo +mu)/(mp +mo +mu), and my, mo and
mp are the mass of H, O and D, respectively. With use of these coordi-
nates (r, R) the two-dimensional time-dependent Schrédinger equation is

written as
3 \Ill (Ta R7 t)
th—
Ot |Wy(r, R, t)
h? [ 0? 0?
el [ —pE(t
2m<8r2 +3R2>+V1(T7R) HE)
a R (9> 8
HE() _m<ar2 * 632)“/2(“ B)
Wi(r, R,t
MG (15.50)
‘I’Q(T‘, R, t)
Here m is the reduced mass of the system,
m— MHMOMD (15.51)

mHeroerD.

Uy (r, R, t)(Ya(r, R,t)) represents the wave function of the ground
(excited) electronic state. Equation (15.50) is solved by using the split oper-
ator method with the two-dimensional fast Fourier transform in the same
way as before. The dissociation flux is integrated over time in a certain
asymptotic region before the negative imaginary potentials which are put
at both ends. The transition dipole moment p is assumed to be 1.0 a.u. and
the stationary laser field E(t) is taken to be v/T cos(wt + d). An initial state
is prepared at the 145th vibrational eigenstate of Vi(r, R) by solving the
two-dimensional eigenvalue problem by the DVR (discrete variable repre-
sentation) method [367]. This initial state is mainly composed of the 17th
vibrational state of the O—H bond and the 23rd vibrational state of the
O-D bond and spreads into both bonds due to the coupling, as is depicted
by solid lines in Fig. 15.38(a). The laser intensity I and the various grid
sizes are taken to be 1.0TW/cm2, At = 1.0 a.u.,, Ar = 0.029 a.u. and
AR = 0.034 a.u., respectively. The total number of the spatial grid points
is 256 x 256. Figure 15.39(a) depicts the calculated dissociation probabilities
against laser frequency. The solid (dotted) line represents the dissociation
probability into the H+ OD (HO + D) channel. The dissociation probabil-
ities change alternatively as a function of the laser frequency w, and the
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dissociation into the H+OD (HO + D) channel is preferential when the
laser frequency w is ~ 7000 cm ™!, 8000 cm ™!, 10000 cm ™!, and 11500 cm ™!
(9000 cm ™!, 11000 cm ™! and 14000 cm~1).

The control is not perfect this time because of multidimensionality, but
is still quite selective. The molecule can be made to dissociate preferen-
tially into any channel as we desire by choosing the laser frequency and
the vibrational state appropriately. The complete reflection positions in
the H4+ OD (HO 4 D) channel can be roughly estimated analytically by
taking a one-dimensional cut of the potential energy surface along the min-
imum energy path of the O-H (O-D) bond into account and using the
one-dimensional formula Eq. (5.159). The vibrational state is taken to be
v = 17(23) for the O-H (O-D) channel. Figure 15.39 (b) depicts these esti-
mates. The solid (dashed) lines represent the complete reflection positions
in the H+ OD (HO + D) channel. The dotted (dash-dotted) line shows the
vibrational state v = 17 of the O-H bond (v = 23 of the O-D bond) shifted
up by one photon energy. Thus the solid (dotted) circles indicate the posi-
tions of complete reflection in the H+ OD (HO + D) channel. As is seen in
Fig. 15.39(a), the dips of calculated dissociation probabilities correspond
well to the complete reflection positions predicted analytically. Exceptions
are the dip at w ~ 7200cm™! and the peak at w ~ 13500cm™"! in the
H+ OD dissociation channel. The former is shallow and shifted to higher
frequency (~7500cm~1) in Fig. 15.39(a), and the latter has almost dis-
appeared. This is due to the topography of the potential energy surface,
representing the difficulty of multi-dimensionality.

The wave packet dynamics on the excited state are shown in Fig. 15.40.
The wave packet is depicted by solid lines at various times. The dashed
lines in these figures represent the crossing seam lines between the dressed
ground state and the excited state. Figure 15.40(a) corresponds to the laser
frequency 9000 cm~', and thus the wave packet moves out into the HO +D
channel. Figure 15.40(b) corresponds to the laser frequency 11500 cm™1!,
and the wave packet almost dissociates into the H4+OD channel (see
Fig. 15.39(a)).

As the above results demonstrate, the selective dissociation based on
the complete reflection phenomenon can be realized even in two-dimensional
systems. The control naturally cannot be perfect like in the one-dimensional
case, but can still be quite effective. The dissociation into a certain chan-
nel is stopped by the complete reflection phenomenon and the reflected
wave packet is transfered into the other channel due to the mode-coupling
via the ground electronic state and is finally dissociated into the latter
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Fig. 15.40. Time-dependent behavior of the excited state wave packet for the laser
frequency (a) 9000cm ! and (b) 11500 cm ™! (the contours of the density by solid line).
The contours of the excited electronic state are superimposed (dotted line). The dashed
lines represent the crossing seams induced by the laser field. Taken from Ref. [305] with
permission.

channel. No analytical theory exists for two-dimensional problems, but the
one-dimensional theory can be used to some extent in the above-mentioned
way to roughly estimate the appropriate conditions. The favorable con-
ditions of the selective control in the two-dimensional system may be
summarized as follows: The mode-coupling in the ground electronic state
should be localized around the equilibrium position and should be negli-
gible in the region of crossing seam created by the laser field. Otherwise
the mode-coupling potential destroys the complete reflection condition. In
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Fig. 15.40. (Continued)

other words, the initial vibrational state should have the one mode charac-
ter around the region of crossing seam , and the L-shape wave function like
that in Fig. 15.38(a) is favorable.

Our control scheme can also be applied to such a two-dimensional sys-
tem that the excited electronic state has a potential barrier which is shifted
very much to one of the channels and prohibits the dissociation into that
channel. As such a model system, we have employed the same potentials
used above and slightly modified the excited state potential so that the
saddle point is located in the HO + D channel (see Fig. 15.41). The only
one term of the excited electronic state, 0.2443589 x 10% x (5157 + S753)
in Ref. [365], is changed to 0.1443589 x 10% x (5152 + 0.853.53). With
this modification the dissociation into the HO + D channel is not possible
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Fig. 15.41. Contour plots of the modified excited electronic state of HOD. The saddle
point is located in the HO 4+ D channel. The contour spacing is 5000 cm~!. (Taken from
Ref. [305] with permission.)

anymore along the excited state potential surface, if the initial vibrational
state is localized in the H+ OD channel. The same initial state and the
method of wave packet propagation as those used above are employed.
The calculated dissociation probabilities against the laser frequency are
shown in Fig. 15.42(a). The solid (dotted) line stands for the dissocia-
tion probability into the H+ OD (HO + D) channel. When the laser fre-
quency is either one of ~10000cm™!, ~12500cm~!, ~17000cm~' and
~19000cm ™', the dissociation into the H+ OD channel is preferential,
while the dissociation into the HO + D channel is preferential when the
laser frequency is set at ~9000cm™!, ~11000cm ™! or ~13500cm~*. As is
clearly seen, the control is quite selective and the dissociation even into
the non-dissociative HO+D channel is possible by adjusting the laser fre-
quency appropriately. The analytical prediction of the complete reflection
positions is shown in Fig. 15.42(b) in the same way as in Fig. 15.39(b).
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Fig. 15.42. (a) Dissociation probability against laser frequency in the case of the 145th
vibrational state of HOD. Solid (dotted) line: dissociation into the H+4 OD (HO + D)
channel. Dashed line: sum of the two dissociation probabilities. (b) Analytical predic-
tion of the complete reflection positions. Solid (dashed) lines: the complete reflection
positions in the H+4 OD (HO + D) channel. Dotted (dashed-doted) line: the vibrational
state v = 17 of the O-H bond (v = 23 of the O-D bond). The solid (dotted) circles
represent the complete reflection positions for the 145th vibrational eigenstate. (Taken
from Ref. [305] with permission.)
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The solid (dashed) lines depict the complete reflection positions in the
H+OD (HO+D) channel, and the dotted (dash-dotted) line represents
the vibrational state v = 17 of the O-H bond (v = 23 of the O-D bond)
shifted up by one photon energy. The solid (dotted) circles show the posi-
tion of the complete reflection in the H+ OD (HO + D) channel. The dis-
sociation probability dips in Fig. 15.42(a) coincide quite well with these
analytical predictions. Some of the dips (w ~ 16000 cm ™! and 18000 cm 1)
and the peak at w ~ 15000 cm™! are, however, not complete because of the
multi-dimensional topography of potential energy surface.

(3) Photo-dissociation of CH3SH [305]

The CH3SH molecule resembles the model studied in the last part of the
previous case (2) in the sense that the saddle point of the excited electronic
state is located in the CH3 + SH channel and blocks the C—S bond break-
ing [368]. The C-S bond breaking leading to the CHz+SH product has been
experimentally observed at wave-lengths shorter than the first absorption
band which leads to S—H bond breaking; but it remains as the minor path-
way even though the C—S cleavage is energetically favored [369]. Here this
molecule is taken as another example to demonstrate the possibility of com-
plete reflection phenomenon in two dimensions. The ground state (X'A’)
and the first excited state (11 A”) potentials are taken from [368]. With use
of these potential energy surfaces, the similar type of two-dimensional wave
packet calculations as in the previous subsection are performed. The initial
vibrational state used is the 123rd one which corresponds to the v = 8 local
mode of the S—H bond. In the same way as before, Fig. 15.43(a) presents the
analytical prediction of the complete reflection positions in the CH3S + H
channel based on the one-dimensional cut of the potential energy surface
along the minimum energy path of the S—H bond and the vibrational state
v = 8 of that bond. Figure 15.43(b) shows the dissociation flux accumulated
over the time interval of 1ps for the S-H bond breaking, i.e., the dissocia-
tion into the CH3S + H channel, as a function of the laser frequency. There
are some conspicuous dips which correspond to the circles in Fig. 15.43(a).
These dips are, of course, due to the complete reflection in the CH3S + H
channel and indicate that the reflected wave packet can be transfered into
the other channel CHs + SH via the ground electronic state through the
mode-coupling. In the present model potential, however, there is no mode-
coupling between the two channels in the ground electronic state; thus the
wave packet stays inside and does not dissociate into the CHz +SH channel.
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Fig. 15.43. (a) Analytical prediction of the complete reflection positions in the case of
two-dimensional model of CH3SH. Solid lines indicate the complete reflection positions in
the CH3S+H channel. Dashed line indicates the vibrational state v = 8 of the S—H bond.
The solid circles represent the complete reflection positions for this 123rd vibrational
eigenstate. (b) Dissociation probability against the laser frequency for CHsSH — CH3S+
H in the case of the above vibrational state. (Taken from Ref. [305] with permission.)
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If there were an appropriate coupling between the two channels, we could
dissociate this molecule into the unusual channel of CHs + SH by using the
present control scheme.

15.4. Control of w-Electron Rotation and Its Coupling
to Molecular Vibration [370]

Control of electron dynamics is emerging as a new field of laser control
of chemical dynamics. As an interesting example, let us consider the con-
trol of m-electron rotation along the molecular ring of a chiral aromatic
molecule and the possibility of its identification by femtosecond molecular
vibration spectroscopy [370,371]. Furthermore, in this dynamics the nona-
diabatic transition between two electronic states plays a significant role.
The chiral molecule to be considered is a 2,5-dichloro[n](3,6)pyrazinophane
(DCPH) as shown in Fig. 15.44(a). The ethylene bridge (CHz),, is used to fix
this molecule to a surface. In the actual computations this ethylene bridge
is replaced by hydrogen atoms for simplicity [2,5-dichloropyrazine(DCP)
in Fig. 15.44(b)]. There are two quasi-degenerate electronic states |L) =
|3!B,) and |H) = |4!B,) separated by 0.44eV. It is possible to construct
a non-stationary electronic excited state, i.e. a superposition of the two
quasi-degenerate states, to rotate m-electrons with the definite initial rota-
tion direction by shining an appropriately linearly polarized laser pulse.
The photon polarization vectors e, and e_ that correspond to the clock-
wise and counterclockwise rotation directions, respectively, are shown in

: . ;
Cl /,(C»Hz)”CI H C% H= Gl H

Fig. 15.44. (a) R enantiomer of DCPH. (b) Model molecule DCP superimposed with the
directions of transition moments pur g and ppg as well as those of photon polarization
vectors e+. Vibrational vectors of the (c) breathing and (d) distortion modes of DCP.
(Taken from Ref. [370] with permission.)
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Fig. 15.44(b) together with the transition dipole moments pr,¢ and pga of
the quasi-degenerate states |L) and |H) from the ground state |G).

The geometry optimizations of the three states |G),|L),|H) are per-
formed by the ab initio method using MOLPRO [372]. Tt is found that
the optimized geometry of the molecule has C5;, symmetry and thus the
vibrational modes with displacements from the optimized geometry of |G)
to that of |L) and |H) are totally symmetric A, modes which also couple
the two ! B, states. The two A, type normal modes, namely, breathing and
distortion modes, as shown in Fig. 15.44(c) and 15.44(d), are taken into
account and the corresponding two-dimensional potential energy surfaces
and their coupling calculated at the level of CASSCF(10,8)/6-31G*. There
exists a conical intersection between the two surfaces |L) and |H). The
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Fig. 15.45. (a) Expectation values of electronic angular momentum L(¢) in the unit
of h. The solid and dotted lines correspond to the e and e_ excitation, respectively.
(b) Expectation values of vibrational coordinate Q(¢) in the unit of square root of Bohr.
The values are plotted up to ¢t = 40fs. The solid and dotted lines correspond to the ey
and e_ excitation, respectively. (Taken from Ref. [370] with permission).
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two-dimensional nuclear wave packet dynamics is solved numerically with
the vibrational ground-sate wave function taken as the initial state. The
time-dependent coupled equations solved in the diabatic representation are
given by

LT

T _*VQ‘”MJFZ [Vizar (Q) = ipar (Q)-e(t) [y, (15.52)

where VA?M, are the diabatic potentials and coupling, ,uﬁM, are the transi-
tion moments between the two diabatic states, and €(t) represents the laser
field. The laser is a sin? pulse with the duration of 7.26fs and the central
wave length of 129 nm. The peak intensities are 5.53 and 9.02 GV/m for
e, and e_ excitation, respectively. The solutions of the coupled equations
are converted to adiabatic representation and the time variations of the
expectation values of electronic angular momentum L(¢) and the nuclear
coordinates Q(t) are plotted in Fig. 15.45. As is seen in Fig. 15.45(a), the
initial rotation direction of m-electrons depends on the photon polarization
vector. Namely, the clockwise (counterclockwise) rotation occurs for the
ey (e_) excitation. The time variations are different too for the two cases.
It should also be noted that the temporal behavior of Q(t) is strongly
dependent on the polarization of the applied laser pulse. This suggests that
the rotation direction of m-electrons or the molecular chirality may be iden-
tified by analyzing the vibrational spectra. Furthermore, it is found that the
above mentioned dynamics is influenced much by the nonadiabatic transi-
tions between the two excited states |H) and |L). It would be interesting to
analyze this in more detail by using the analytical theories of nonadiabatic
transition.
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Chapter 16

Manifestation of Molecular
Functions

Molecules can manifest various functions, as is well indicated by many
examples such as photochromism, molecular switch, molecular tweezers,
molecular scissors, molecular machine, molecular memory and biologi-
cal functions. In accordance with the recent progress of nanoscience and
nanotechnology, the research area is further expanding not only to ana-
lyze the mechanisms but also to develop new functions [373-380]. The
stimulus to induce these functions is multifarious, such as light, electro-
chemical energy, redox potential, pH change, and heat. It would be very
interesting and significant to comprehend the basic mechanisms from the
microscopic viewpoint so that we could eventually control them and fur-
ther develop new functions. We believe that in many cases electronically
excited states are involved and that nonadiabatic transitions at conical
intersections of potential energy surfaces play fundamental roles in basic
mechanisms. Besides, thanks to the recent rapid progress of laser technol-
ogy, laser-molecule interactions enable us to manipulate and control these
functions.

In this chapter the following four theoretical proposals are discussed.
The first one is a molecular switching with use of the complete reflec-
tion phenomenon. Basic ideas and mathematical formulations are provided
in Chapter 12. Numerical demonstrations are given here with use of the
wave packet propagation. The second subject is hydrogen transmission
through a carbon ring of nanomaterial again with use of the complete
reflection and transmission phenomena. This may provide a first step to
hydrogen encapsulation or storage. The third is the photo-conversion of
cyclohexadiene to hexatriene, which is a typical example of photochromic
conversion. The quadratic chirping and directed momentum methods dis-
cussed in Chapter 15 are applied to this system and are demonstrated to

427
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highly enhance the excitation and conversion efficiencies. This idea could be
applied to various molecular functions. The last subject is the laser-driven
molecular motor. Induction of unidirectional molecular rotation is possible
by applying a linearly polarized laser to a chiral molecule with asymmetric
rotational potential. This is another example of laser control of chemical
dynamics.

16.1. Molecular Switching

The switching of transmission and reflection with use of the complete reflec-
tion phenomenon is numerically demonstrated by utilizing wave packet
propagation in time. The basic ideas and formulations are given in Chap-
ter 12. In the diabatic representation, our one-dimensional two-state prob-
lem is described by the following time-dependent Schrédinger equation:

.0
iyt = H (16.1)
with
1 2
1o +Wi Via
I 2u Ox?
N 1 02
Via "2 022 + Via
1 0
_ 2u B2 Vi Vig
R R U
2u Ox?
—T4V (16.2)
and
4= (Z;) (16.3)

where V7 and V5 are the diabatic potentials and V35 is the coupling between
the diabatic states i and 5. The diabatic model potentials defined by
Egs. (12.26) and (12.27) are used here. Atomic units are used as before.
The diabatic potential matrix V is diagonalized by the unitary matrix,

A 0
vtvo=x=("" , (16.4)
0 A
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then the wave function in the adiabatic state representation ¢ is given by
¢="UTy. (16.5)

The time propagation of the wave function is carried out by repeating the
following procedure:

Y(x:t=6t) = e Holp(x . t =0)
— Tt =iVt (. — )
_ e—iTétUe—iUTVUétUTw<x 1t =0)
_ e_iTatUe—i)\étUT,(/)(x t=0), (16.6)

where dt is a time step which should be small enough to keep the unitarity.
When the kinetic energy term operates on the wave function, we utilize the
fast Fourier transform (FFT) between the spatial and frequency domains. If
we restrict ourselves to a finite spatial domain, the wave packet eventually
reaches the boundary and appears from the other side of the boundaries in
the FF'T treatment. In order to avoid this, the following imaginary absorb-
ing potential is introduced:

Vdamp = 71‘0%47 (167)

where the coefficient C' is determined according to the procedure of Vibok
and Balint-Kurti [381]. The transmission and reflection probabilities are
estimated by integrating the flux of the corresponding wave packet with
respect to time. The flux is given by

oty = 5 |52 - (55 9. (168)

where 0¢/0x is numerically evaluated by the fifth order finite difference
method.

In order to demonstrate the switching explicitly, we employ the 20-unit
system introduced in Chapter 12 and propagate a wave packet which has
the width w = 26.7 [72]. The initial wave packet is sent in from the right,
as is shown in Fig. 16.1(a). The peak energy of the packet corresponds to
E = 0.19494. Figure 16.1(b) shows the propagation in the case of a pure
system. An interference structure appears when the wave packet is moving
through the potential system, but after that the packet transmits through
the system completely, since the packet is narrower than the correspond-
ing range of complete transmission band (0.19375 < E < 0.19539). The
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transmission probability calculated from the flux at z = —45.0 is 0.99999.
Figure 16.1(c) demonstrates almost complete reflection of the wave packet
in the system with impurities corresponding to Fig. 12.8(a). A violent inter-
ference structure appears inside the potential system, but the reflected
packet retains the original Gaussian shape. The reflection probability eval-
uated at © = 149 at ¢ < 41177 is 0.96085; the residual portion is trapped by
the impurities for quite a long time. Figure 16.1(d) depicts the transmission
probability as a function of the switching time t¢s, at which the potential
system is abruptly switched from the pure system to the impurity system.
Figure 16.1(e) shows the feature when the potential switching is made at
ts = 6500, at which time the packet just stays inside the potential system.
After the violent interference, half of the packet is transmitted and the
residual half is reflected. Both waves are quite deformed from the Gaussian
within the present scales of space and time.
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Fig. 16.1. a—c Wave packet propagation in the case of 20-unit array. Potentials are
the same as those given in Egs. (12.26) and (12.27). The peak energy and the width of
the packet are £220.19494 and w = 26.7. (a) Overall scheme. The initial packet starts
from & = 75 to the left. The 20-unit potential array is distributed in —40 < z < 0.
(b) Complete transmission through the pure system. (c¢) Complete reflection by the
same system, with impurities as those of Fig. 12.8(a). (d) Transmission probability as a
function of switching time ¢s, at which the nine impurities are created. (e) Switching of
the potential system when the wave packet stays inside the system. (Taken from Ref. [72]
with permission.)
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In the end of Section 12.2.1 of Chapter 12, the time delay due to resonant
transmission through potential system was analyzed. Here, let us try to
estimate this time delay directly by propagating a wave packet. This is
done by evaluating the probability flux as a function of time. The actual
potential system used is a 15-unit pure array, the potential parameters of
which are the same as those given by Eqgs. (12.26) and (12.27). The initial
wave packet is explicitly given by

—1/4, —1/2 . (z — xO)Q
P(x;t=0)=7"""w exp | —ik(x — xo) — oz | (16.9)
where w measures the packet width,
1
w=2((A2)%) = = —5r- 16.10

The computation procedure of wave packet propagation is the same as
above. The wave packet used is the one with the width parameter w = 7.1
wider than the one used above and the same peak energy E, = 0.19546
(see Fig. 16.2). This packet is sent in from x = 50, and the completely
transmitted flux is evaluated at x = —41 as a function of time. The result
is shown in Fig. 16.3 by the dashed line. The solid line is the result of
free propagation of the same wave packet without any potentials. The time
delay, i.e., the difference between the two peaks, is equal to At ~ 264. As
was discussed in Chapter 12, the phase time delay A7, on the other hand,
is defined by

1 [/ dépan
ATy = - ( gk — zT), (16.11)

where v is the group velocity, I is the total length of the potential array.
Under the same conditions used in the wave packet propagation, we obtain
ATpn >~ 251, which is in good agreement with the above estimate. This kind
of agreement does not hold always, but the above result indicates that the
phase time delay may provide a rough reasonable estimate.

Next, the energy filtering discussed in the end of Section 12.2.2 of
Chapter 12 is directly demonstrated by the wave packet propagation. The
wave packet is the same broader one (w = 7.1) used for the time delay. This
is employed, since the width is broader than the complete reflection band
and thus appropriate to demonstrate the energy filtering. We have used the
two types of filters given by Figs. 12.8(a) and (b). In order to show the fil-
tering effect directly, the time evolution of the packets in momentum space
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Fig. 16.2. The two different wave packets used in the wave packet propagation in the
energy domain. The sharp (broad) one corresponds to w = 26.7(7.1), where w is defined
by Egs. (16.10). (Taken from Ref. [72] with permission.)

are depicted in Fig. 16.4. Figure 16.4(a) and (b) correspond to the filter of
Fig. 12.8(a) and (b). In both cases about half of the packet is transmitted
and the residual half is reflected. The initial packet with the peak momen-
tum pg = 26.49, which corresponds to Ey = 0.19494, splits into two peaks
in the positive p region, and a single peak appears in the negative p region
at p ~ —26.49. The double peak structure in the positive p region repre-
sents the fact that the central dip portion is blocked and reflected back by
the complete reflection band. At ¢t ~ 8234, the wave packet stays inside the
potential unit, and interestingly there appear six small peaks in momentum
space (p ~ £21.25,+24.45, and £27.55). Both transmission and reflection
are almost completed at ¢ ~ 12351 in the case of Fig. 16.4(a). In the case of
Fig. 16.4(b), on the other hand, the reflected wave fully appears very late
only at ¢ > 37053. This indicates that the wave to be reflected is trapped
for a long time by the impurities, if they are made from different potential
units with distributed values of potential parameters and that the com-
plete reflection band made up from the same impurities is more effective.
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Fig. 16.3. Probability flux as a function of time to demonstrate the transmission time
delay due to potentials. The potential system used is the 15-unit pure array, the parame-
ters of which are the same as those of Egs. (12.26) and (12.27). The solid line represents
the free propagation without potentials. The dashed line corresponds to the complete
transmission through the potential system, and the difference between the two peaks
indicates the delay. (Taken from Ref. [72] with permission.)

Both transmitted and reflected waves decay as time goes on; this is simply
because we put the imaginary absorbing potentials at both ends x = £150.

Realizability of the present idea of molecular switching is unsolved at
present, but the nonadiabatic tunneling type of transition is rather ubiqg-
uitous in physico-chemical and biological systems and the phenomenon of
complete reflection is guaranteed to exist. The creation of impurities and
restoration to the original pure system by changing the shape and/or cou-
pling of potential units may be realized by using laser or by introducing
control units of molecules into the system, as suggested by Carter [258].
One possible candidate for such control units would be metal coordina-
tion compounds which induce intra-molecular charge transfer reversibly by
absorbing light. The phenomenon of complete reflection is due to the quan-
tum mechanical interference effect and is complete only in one-dimensional
space. In the present treatment we have considered a single crossing poten-
tial system as a unit in the array. One unit can be a more complex
one, however. For instance, we can employ the one shown in Fig. 16.5,
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Fig. 16.4. Demonstration of energy filtering. The potential systems are the same as
those of Fig. 12.8 The time evolution of wave packet is shown in momentum space. The
width of the initial wave packet is w = 7.1, which is wider than the energy filter (see
Fig. 12.8 and Fig. 16.2). (a) The energy filter of Fig. 12.8(a) is used. (b) The energy
filter of Fig. 12.8(b) is used. (Taken from Ref. [72] with permission.)
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Fig. 16.5. (a) An effective electron transfer A~ — B~ — C~ — A~ (b) Corresponding
schematic potential unit. This type of potential unit can be one unit in the array. (Taken
from Ref. [72] with permission.)

which describes an effective electron transfer A~ - B~ — C~ — A7. In
this case |T'| = 1, where |T'|? is the transmission probability through one-
unit of potential, is possible and many more complete reflection dips may
appear.

16.2. Hydrogen Transmission Through Carbon Ring

Many experimental studies have been made extensively to search for pos-
sibilities to encapsulate atoms by hollow fullerenes and to store hydrogen
by carbon nanotubes (see, for instance [382-386]). Resonant transmission
and reflection phenomena might be used to encapsulate or store hydro-
gen by nanomaterials. Actually, it has been found theoretically that atomic
hydrogen transmits through a five-membered carbon ring with the help of
the nonadiabatic tunneling phenomenon. Some computational results are
described below by taking real molecules as a model of nanotube. This
study is just a first step towards such kind of goal.

The first example considered here is penta-boron substituted corannu-
lenyl radical C15H;0B5 (see Fig. 16.6) [46,47,387]. In the case of original
corannulene molecule, hydrogen atom penetration is not possible, as may
be guessed from its stable electronic structure. In order to introduce electro-
negativity, five carbon atoms in the second layer are replaced by borons.
Then the molecule attracts an electron from the incident hydrogen atom
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Z
A

Fig. 16.6. Molecular Cartesian coordinates for C15H10B5. The origin is located at the
center of the five-membered ring, and the X-axis is set to be perpendicular to the molec-
ular plane. (Taken from Ref. [387] with permission.)

to gain a stable ionic structure. It would be easy for thus produced proton
to transmit through the ring. The ground and excited electronic potential
energy surfaces are calculated by using the multi-reference (MR) polar-
ization(POL) CI method. The calculations have been made at about 500
configurations that cover the whole necessary range for 3D wave packet cal-
culations. During the hydrogen transmission the geometry of the C;5H10B5
moiety is fixed, that is, the sudden approximation is used. This is consid-
ered not to be so bad, since the transmission time is as short as 100 fs. The
molecular structure is quite flat, and the symmetry for the transmission
is higher. This is good, since the potential system should be periodic or
symmetric for the complete transmission to occur. The quantum dynam-
ics computations are carried out in the following two ways: (1) 1D cal-
culation in order to explore the possibility of hydrogen transmission and
to confirm the idea, and (2) 3D wave packet dynamics to find out the



438 Chapter 16. Manifestation of Molecular Functions

A=0.0

o = N W~ 00 O N

Fig. 16.7. Adiabatic potential energy curves for the hydrogen transmission through
the five-membered ring of C15H10Bs for the center approach (A = 0.0A). (Taken from
Ref. [387] with permission.)

actual transmission probability. The potential energy curves for the 1D
case, namely, the potential curves when the hydrogen atom impacts the
molecule perpendicularly to the molecular plane aiming at the center, are
shown in Fig. 16.7. There are two nonadiabatic tunneling type avoided
curve crossings, which play an essential role for the resonant-type trans-
mission. The steric potential barrier is also found in the middle in between
the two crossings. Since we are interested in the energy region lower than
the dissociation limit of the first excited state, higher excited states are
not shown. The quantum mechanical R-matrix method is used to calculate
the transmission probability as a function of energy. The result is depicted
in Fig. 16.8. Some resonant-type complete transmission peaks are revealed.
This confirms the above mentioned idea. Resonant peaks would be conve-
nient for the incident hydrogen to be trapped inside, if the target molecule
is a nanotube, since it cannot come out easily because of energy loss. Next,
the 3D quantum mechanical wave packet dynamics calculations are carried
out by shooting an appropriate wave packet perpendicularly to the molec-
ular plane. The initial wave packet used has the half-widths of Az = 1.67A
and Ay = Az = 0.34A4 in the coordinate space and Ap, = 0.63a.u. and
Ap, = Ap, = 2.82qa.u. in the momentum space, where x is the direc-
tion perpendicular to the molecular plane. The incident central energy is
E ~ 2.79¢eV. Fig. 16.9 shows the two-dimensional snapshots of the wave
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Fig. 16.8. Hydrogen transmission probability as a function of energy for the center
approach in the case of C15H19Bs (Taken from Ref. [387] with permission.)
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Fig. 16.9. Two-dimensional snapshots at Y = 0.0A of wave packet (a) on the ground
state Sp and (b) the excited state. The symbol T" means time duration and the unit of
time is femtosecond. The packet starts from X = —9.04 to the right. The density of
the packet at each point is represented by color contours. (Taken from Ref. [387] with
permission.)
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Fig. 16.10. Molecular structure of the fluorinated hexa boron-substituted coronenyl
radical C19H12BF¢. (Taken from Ref. [388] with permission.)

packet motion on the ground and excited electronic surfaces. The origin
x = 0 corresponds to the molecular center where the potential barrier exists.
The violent interference structure appears when the packet reaches the
crossing region, but after that a substantial portion of the packet trans-
mits through the five-membered ring on the ground state. The transmission
probability in the present case reaches ~27%.

Since the boron substitution of five carbons seems uneasy to synthesize,
fluorine attachment to the second layer carbons is considered and a modified
coronene molecule C19H;oBF is taken as the second example (see Fig. 16.10)
[47,388]. Unfortunately, one boron substitution of carbon is still necessary
in order to have resonant peaks. The adiabatic potential curves are shown
in Fig. 16.11. This corresponds to the hydrogen incident in the direction
perpendicular to the molecular surface. In the same way as before, there
are two avoided crossings designated as « and because of these avoided
crossings the transmission probability depicts resonant peaks and dips as
seen Fig. 16.12.



16.2. Hydrogen Transmission Through Carbon Ring 441

Adiabatic potential curve of C, H,,BF +H

10
S 8
o
S 67
2
S 4 S,
©
% 2 o a
E 0 - So
g B
) i i i i i

X(a)

Fig. 16.11. Adiabatic potential energy curves for the hydrogen incidence perpendicular
to the molecular surface of C19H12BF. The nonadiabatic tunneling type avoided crossings
are designated as . (Taken from Ref. [388] with permission.)
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Fig. 16.12. Hydrogen transmission probability against energy corresponding to
Fig. 16. 11. (Taken from Ref. [388] with permission.)
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16.3. Photo-Chromic Conversion of Cyclohexadiene
to Hexatriene

Photo-induced reversible ring opening/closure of photochromic molecules
such as diarylethenes and fulgides are applicable to molecular switches
and memories [373,389-391]. Murakami et al. [390] have found that the
reaction yield of the photo-induced ring opening of diarylethene strongly
depends on the time duration of laser irradiation. The control of the reac-
tion yield of photochromism by the optimal laser is thought to be partic-
ularly important for the “gated function”, which is crucial to achieve low
fatigue and nondestructive readout capability in practical photoswitches
and optical rewritable memories (i.e., efficiently isomerized by the specific
optimal laser, but not isomerized by sunlight or readout light) [390]. The
clarification of the ultrafast photochemical dynamics enables us to build
up reaction control strategies to achieve high isomerization yield, quick
response, and gated functions, which are required in practical photochromic
systems. Recent advances in experimental and theoretical techniques have
made it possible to reveal time dependent pictures of ultrafast reactions
in detail [392], which provides a wide perspective for reaction controls and
molecular designs. Photoisomerization between 1,3-cyclohexadiene (CHD)
and all-cis-hexatriene (HT) has been attracting much interest [393-398]
not only as a prototype of ultrafast photochemistry but also as a model
system to understand universal reaction mechanisms of photochromism,
because CHD/HT is the reaction center of various photochromic molecules.
The ground state CHD equilibrium geometry is of Cy symmetry, at which
the electronic ground (Sp), first (S1) and second (S3) excited states have
1'A,1'B, and 2'A characters, respectively, and the photoexcitation to
S1(1!'B) is much stronger than that to So(2'A) because of large 1'A —1'B
transition dipole moment. Fuf} et al. [393] have experimentally observed
the CHD/HT photoisomerization in vapor phase in femto second (fs) time
resolution as follows (with time durations from photoexcitation):

(i) Photoexcitation of CHD to S;(1!B) in the Franck-Condon (FC) region
(0fs).
(ii) State character change of S; from 1! B to 21 A (53 fs).
(iii) Radiationless decay from S; to So (130fs).
(iv) CHD or HT formation on Sg (200 fs).

Tamura et al. studied this CHD/HT photo-isomerization process as a
prototype system of photochromism [359,396]. The overall reaction scheme
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Fig. 16.13. Energy diagram of CHD/HT photochemical interconversion. MRSDCI,
MRSCI, and MCQDPT energies are relative values from those of the ground state
CHD. Transition dipole moments and equilibrium geometries are also shown. (Taken
from Ref. [396] with permission.)

is shown in Fig. 16.13. As is discussed below, the most important coni-
cal intersection in the dynamics is the one between S;(2'A) and So(11A).
The ab initio potential energy surface calculations are performed using the
MOLPRO 2002 [372] and GAMESS [399] code. The 6-31G basis set with
d and p polarization functions is used for all the calculations. The molec-
ular orbitals are optimized using the complete active space self-consistent
field (CASSCF) method. The active space comprises six active orbitals
and six active electrons [CASSCF(6,6)]; the active orbitals are composed
of the w(m«) and the breaking o(o*) orbitals. The equilibrium molecular
geometries of the respective states and the minima of the conical inter-
section hypersurfaces are optimized using the (state averaged) CASSCF
energy gradient without symmetry constraint. The notations 114, 2' 4 and
1' B in the Cy symmetry are used to indicate the dominant electronic state
characters, even though the symmetry broken structures are considered.
Robb and coworkers carried out the pioneering theoretical studies using the
CASSCF method [394]. However, the 1' B and 2! A states were separately
calculated within the constraint of Co symmetry and the transition between
them was not elucidated. Besides, the minimum energy path through the
conical intersection is taken based on the assumption that the thermal
equilibrium is reached before decaying to the ground state. The experiment
implies, however, that the excited state decays to the ground state before it
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Fig. 16.14. (a) Two-dimensional Jacobi coordinates used in the wave packet dynamics.
(b) Schematic molecular geometry at the S; —Sg conical intersection minimum (minimum
on the conical intersection hypersurface) (Taken from Ref. [296] with permission.)

reaches the thermal equilibrium [393]. Tamura et al. calculated the relevant
potential energy surfaces along the two-dimensional coordinates shown in
Fig. 16.14(a). The other non-reactive coordinates are optimized. The sin-
gle point energies of the relevant states at the optimized geometries are
calculated by using the multi-reference configuration interaction (MRCI)
method with single excitations to take into account dynamic correlation
energies. The geometrical structure of the minimum of the conical intersec-
tion between S;(2'A) and Sp(1'A) is shown in Fig. 16.14(b). The reaction
scheme is shown in Fig. 16.15. First, the photo-excitation occurs from the
ground state So(1'A) to S;(1'B), since the transition dipole moment to
S1(1'B) is much larger than that to Sy(2'A). There are two important
conical intersections on the way; one is between S; and Ss and the other
between S;(2'A) and Sg(1'A). At the first conical intersection, the state
character changes as S1(1'B) — S;(2'A) and S3(2'A) — So(1'B). This
occurs by breaking the Cy symmetry. The two-dimensional wave packet
dynamics calculations are performed in the diabatic representation with
use of these potential energy surfaces. The reduced mass is taken as that
of CHa-ethylene system. The dynamics of the natural (not controlled)
CHD/HT photo-isomerization can be summarized as follows (see Figs. 16.15
and 16.16):

(i) The initial wave packet (vibrational ground state on the electronic
ground Sy state in the CHD region) is photoexcited to the S;(1!B)
electronic state and then descends that potential energy surface toward
the open-ring direction (steps (1) and (2) in Fig. 16.15).

(i) This wave packet on the S;(1'B) state encounters the S; — Sy conical
intersection located along the C, symmetric pathway, at which the
major portion (~80%) changes the character from 1! B to 2! A, staying
on the S; adiabatic state (see Fig. 16.16(a)).



16.3. Photo-Chromic Conversion of Cyclohexadiene to Hexatriene 445

S1-Sz Coln
(1'B-2'A seam line)

Fig. 16.15. Reaction scheme of CHD/HT photoisomerization. (1) CHD is photoexcited
to S1(11B) (0fs), (2) ring opening (C-C bond breaking) proceeds descending the Sq (1! B)
surface, (3) electronic state character of S1 changes from 1'B to 21 A at the 11B — 2 A
seam line (~20fs), (4) S1(2' A) wave packet ascends the potential energy surface toward
the open-ring direction due to the excess kinetic energy from the Franck-Condon (FC)
region, where the wave packet is still compact and does not spread over the S; —Sg conical
intersection, (5) wave packet turns back toward the closed-ring direction (~70fs), and
(6) is scattered by the steep potential slope at the closed-ring (100-130fs), and then
radiationless decay to Sp occurs (130-180fs) through the S; — So conical intersection
along the direction toward the five-membered ring (5MR). (Taken from Ref. [359] with
permission.)
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Fig. 16.16. (a) S; — S2 and (b) S; — Sp coupled potential energy surfaces along the
two-dimensional Jacobi coordinates. The black, gray, and white circles and dotted lines
indicate the locations of the FC-region, the S; — S conical intersection minimum, 5MR
S1 — Sp conical intersection minimum, and seam lines, respectively. The solid arrows
indicate the schematic wave packet pathway of natural photoisomerization starting from
the vibrational ground state. (Taken from Ref. [296] with permission.)
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(iii) The S;(2'A) wave packet goes to the open-ring region from the Franck-
Condon region and turns back toward the closed-ring region due to
the gently ascending potential slope (Fig. 16.16(b)), where the wave
packet is still compact and does not spread over the S; — Sy conical
intersection.

(iv) The wave packet is scattered by the steep potential slope at the closed-
ring region and reaches the S; — Sy conical intersection located along
the direction toward the 5-membered ring (MR) (see Fig. 16.16(b)).

(v) Finally, the first nonadiabatic transition to Sy occurs at the S; — Sg
conical intersection and the Sy wave packet bifurcates into the CHD
and HT regions (step (6) in Fig. 16.15).

This reaction dynamics reasonably explains the experimentally observed
ultrafast S; — Sp decay (1301s) [393]. The CHD:HT branching ratio after
the S; — Sg decay is approximately ~5 : 5 in the wave packet dynamics (see
Fig. 16.17). This is because the S; — Sy conical intersection (Fig. 16.14(b))
is located at the halfway ridge between the CHD and HT basins on the
So potential energy surface (see Fig. 16.16(b)), where the wave packet is
rather delocalized when crossing the S; — Sy conical intersection compared
to the initial one in the FC region. The experimental CHD:HT branching
ratio is ~6:4 in solution [400]. The results of the wave packet dynamics are
generally consistent with the experiments [393,400].

On the basis of the wave packet dynamics mentioned above, the follow-
ing control scheme can be proposed to increase the photo-isomerization effi-
ciency by (i) preparing the initial wave packet with the directed momentum

0.5

Population

0.0

100 200 300 400 500
Time [fs]

Fig. 16.17. Time variation of wave packet populations o Sg and S; states after the
initial excitation. (Taken from Ref. [47] with permission. Reproduced by permission of
The Royal Society of Chemistry)



16.3. Photo-Chromic Conversion of Cyclohexadiene to Hexatriene 447

>
¥
\

excitation

0 [degree] 110120 30

Fig. 16.18. The controlled wave packet pathway on the S; —Sp coupled potential energy
surfaces. The white circle and dotted line indicate the locations of 5SMR S; — Sg conical
intersection minimum and seam line, respectively. The solid arrows indicate the wave
packet motion toward the 5MR. (Taken from Ref. [296] with permission.)

toward the 5MR in the CHD potential basin on the Sy electronic state and
(ii) achieving nearly complete electronic excitation to S;(1'B) (step (1)
in Fig. 16.15) with use of the quadratically chirped pulse (see Fig. 16.18)
[296,401]. The directed momentum method enables us to control the motion
of the wave packet at the S; — Sy conical intersection and enhance the
HT/CHD branching ratio. In order to calculate the controlling laser field
to prepare the initial wave packet with an appropriate momentum vector
in the CHD potential basin on the Sy electronic state, the semiclassical
guided optimal control theory explained in Section 13.3 of Chapter 13
is used. The initial state is the ground vibrational state at the poten-
tial minimum of Sy state in the CHD configuration. The target state is
set to be a Gaussian wave packet with the same central coordinates and
width parameters as those of the initial wave packet, but with the different
central momenta Prp = —16.21 and Py = —39.25 in atomic units. This
corresponds to the ~6kcal/mol kinetic energy directed toward the 5MR.
The acceleration duration is set to be 400 fs. The optimal control field and
its spectra are shown in Fig. 16.19. The efficiency of control achieved is
~93%. This accelerated wave packet can be excited to the S;(1'B) state
by using the quadratically chirped pulse with the efficiency as high as ~90%.
The laser intensity required is about 3.5 TW/ cm®. The laser frequency is
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Fig. 16.19. Optimal laser field for the wave packet acceleration of CHD (left) and its

spectrum (right). (Taken from Ref. [296] with permission.)

chirped as

w(t) = ay(t —t)* + B, (16.12)

where «, = 0.07 eV/fsQ7 B, = 4.6eV, and t. = 6.0fs are actually used.
Thus excited wave packet on S;(1'B) state goes toward the 5SMR due to
the initial momentum, even though the S; (1! B) potential energy surface is
downbhill along the Cy symmetric ring-opening direction (see Fig. 16.16(b)
without control). The electronic state character changes to S;(2'A) at the
1' B—2' A seam line (step (3) in Fig. 16.15). Since the wave packet pathway
toward the 5MR is far from the S; —Ss conical intersection located on the Cy
symmetric pathway (Fig. 16.16(a)), the nonadiabatic transition to Sa(1'B)
is negligible. The S; wave packet directly goes to the S;—Sq conical intersec-
tion due to the initial momentum vector directed toward the 5MR without
any excursions around the open-ring region (i.e., skipping the steps (4) and
(5) in Fig. 16.15) (see also Fig. 16.18). Figure 16.20 shows the time variation
of the wave packet populations on S; and Sy states and the branching ratio.
The first nonadiabatic transition to Sy rapidly occurs in 20-30fs after the
photoexcitation, keeping the wave packet compact. The S; and Sy potential
energy surfaces are uphill toward the 5SMR and thus the wave packet turns
around toward the CHD or HT product region. After the S; — Sg decay at
the conical intersection most part of the Sy wave packet goes down to the
HT product side, because the group velocity of the wave packet is directed
toward HT. Although the 5MR S; —Sg conical intersection is located at the
halfway ridge between the CHD and HT potential basins, the desired HT
product can be selectively produced because of the desirable momentum
vector at the conical intersection. In comparison with Fig. 16.17, Fig. 16.20
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initial excitation with the directed momentum method. (Taken from Ref. [47] with per-
mission. Reproduced by permission of The Royal Society of Chemistry.)

clearly demonstrates the increase of HT production by the present scheme.
As was discussed in Section 15.2.2 of Chapter 15, the optimal laser field
is actually confirmed to be parallel to the derivative of the dipole moment
vector in the direction of the desirable momentum. The present compu-
tations clearly demonstrate the general theoretical possibility of enhancing
the photo-conversion efficiency by using the quadratic chirping method and
the directed momentum method.

16.4. Molecular Motors

In this section the basic idea of laser-driven molecular motor proposed by
Fujimura and coworkers is introduced [402]. If a molecular rotational poten-
tial is asymmetric like a ratchet, then a unidirectional rotational motion
can be induced by a linearly polarized laser light, as is known that time-
dependent forces can unidirectionally drive a ratchet system with asym-
metric potential [403,404]. Asymmetry of molecular rotational potential
can be realized by using a chiral molecule. Figure 16.21 shows this funda-
mental mechanism schematically. The external time-dependent field shakes
the asymmetric potential system up and down and creates unidirectional
motion. A model chiral molecule considered in Ref. [402] is Rectus-2-chloro-
5methyl-cyclopenta-2,4-dienecarbaldehyde (abbreviated as (R)-motor) as
shown in Fig. 16.22(a). The internal rotation of the OCH group around the
C?2—C3 bond is driven by a laser pulse. The corresponding rotational poten-
tials and dipole moments are depicted in Fig. 16.22(b) and (c). These are
calculated quantum chemically with the geometrical structures optimized
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Fig. 16.21. (a) Idealized chiral molecular motors that are mirror images of each other.
Sinister(S)- and Rectus(R)-molecules consist of tworigid groups, A and B, The angle
¢ denotes the rotational angle between A and B. (b) Schematic picture of creating a
unidirectional motion in a ratchet system. The sawtooth, black circle, and arrow represent
an asymmetric potential and a representative point and its direction of motion. The
sawtooth potential is shook up and down by an external time-dependent field. The
upper (lower) left side and the lower (upper) right side are mirror images to each other.
(Taken from Ref. [402] with permission. Reproduced by permission of the PCCP Owner
Societies.)

at every dihedral rotational angle ¢. The potential and dipole moment for
the Sinister enantiomer molecule ((S)-motor) are also shown there.

The Hamiltonian of the motor in the presence of electric field E(t) of a
laser pulse can be written within the dipole approximation as

h? o2

F R —

+ V() — u'(¢) - E(), (16.13)
where I' = R or S, I is the moment of inertia, and u'(¢) is the dipole
moment vector. Fig. 16.22(c) shows the three components of the dipole
moment vector u!'(4) in the molecule-fixed Cartesian coordinates. Here,
the z-axis is on the C2 — C? axis, heading from C? to C2?, and the z-axis is
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Fig. 16.22. (a) (R)-2chloro-5-methyl-cyclopenta-2,4-dienecarbaldehyde as a chiral
molecular motor. The aldehyde group (—OCH) is an engine driven by a lser field. The
dihedral angle ¢ corresponds to the angle of the rotor and Q(«, 3,~) denotes the Euler
angle. (b) Asymmetric ground state potential energy curves of (R)- and (S)-motors.
(¢) Cartesian components of the dipole moment vector in the molecular frame. (Taken
from Ref. [402] with permission. Reproduced by permission of the PCCP Owner Soci-
eties.)

placed on the C? — C? — H* plane, heading to H*. If the rotor is assumed
to be rigid, u"'(¢) can be written as

ub (¢) = ucos pe, + psin de, + o (16.14)

with unit vectors e,, e, and a constant component 1. From Fig. 16.22(c),
1 is roughly estimated to be —2.0Debyes. The minus sign originates from
the definition of the Cartesian coordinates. The moment of inertia I of the
internal rotation is assumed to be constant, 17.6 amuA?, which is estimated
at the most stable geometrical configuration of the molecular motor. The
motor is assumed to be fixed in space because the rotational constants are
1.97, 1.16 and 0.79 GHz. That is, the time scale of the overall rotation is
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Fig. 16.23. Quantum dynamics calculations of rotational motion induced by laser.
(a) The linearly polarized electric field used. (b) Expectation values of the rotational
angular momenta of (R)- and (S)-motors. Their rotation directions are opposite. (Taken
from Ref. [402] with permission. Reproduced by permission of the PCCP Owner Soci-
eties.)

a few hundred picoseconds, which is longer than the time scale of a motor
rotation (within several tens of picoseconds). Fig. 16.23(a) shows a linearly
polarized laser field E(t) used in the quantum dynamics calculation:

E(t) = f(t) cos(wt)e, (16.15)

and

: 16.16
) (16.16)

Here, the pulse length ¢, is 30ps and the central frequency of the pulse

Egsin®(rt/t,)  (0<t<t,)
Jo= { 0 (t <01,

IN

w is 3.72 x 1012 Hz(=124cm™1), which corresponds to the frequency of
hindered rotation. The maximum amplitude of the pulse Ey is set to
3.4 GV /m. The resulting magnitude of motor-laser interaction energy could
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be larger than the maximum Vj,.x of the potential barrier of the internal
rotation, 2uFy > Vinax. This indicates that the induced rotation overcomes
the potential barrier even if the frequency of the laser is non-resonant.
Figure 16.23(b) shows the time evolution of the instantaneous angular
momentum of randomly oriented molecular motors, I* (t, E), where the ini-
tial density is set to the Boltzmann distribution at 7' = 300 K. The Euler
angle-averaged instantaneous angular momentum is calculated by

M(t,E) = #/dQ/dqﬁ\I’F*(@t,E) (—m;;)) (4, t,E), (16.17)
where € is the Euler angle of the molecular frame. Here, the expectation
value is averaged over the entire ensemble of motors assuming that they
are randomly oriented. The scale on the left-hand side in Fig. 16.23(b)
represents the instantaneous angular momentum in units of A, and the
scale on the right-hand side represents the angular frequency in units of
Hz. As Fig. 16.23(b) shows, (f(t, E) ~ —1.3 & for (R)-motors and [° (¢, E) ~
1.3 & for (S)-motors after the laser pulse disappears. Those angular motions
persist even when the pulse is turned off. This means that the induced
internal motion is not a pendulum motion but a unidirectional rotational
motion above the potential barrier in the direction of the gentle potential
slope. The angular momentum for achiral motor is zero, as is indicated by
the dashed line in Fig. 16.23(b). Here, an achiral motor is obtained, for
instance, by substituting a methyl group with a chlorine atom so that its
potential becomes symmetric as V(¢) = VE(¢).

The above mentioned idea of molecular motor can be extended to a
molecular machine composed of motor (engine) and propeller [402]. The
model molecular system is (R)-2-chloro-5-trifluoromethyl-cyclopenta-2,4-
dienecarbaldehyde (¢p — Cl — CF3 — CHO) as shown in Fig. 16.24. The
aldehyde group (—OCH) is optically active, being rotated (¢—rotation)
by a linearly polarized laser as discussed above, and becomes the motor.
On the other hand, the trifluoromethyl group (—CF) is optically inac-
tive, but is induced to rotate (y—rotation) due to the potential coupling
between ¢ and yx. Figure 16.25 shows the two-dimensional potential sur-
face V(¢,x) calculated quantum chemically by using the DFT method
(B3LYP/6-31+G**). All the structural parameters except for ¢ and x
are optimized at every set of these two dihedral angles. The potential is
asymmetric in the direction of ¢ as expected. As for the y—dependence,
the molecule takes metastable structures at x = 0,27/3 and —27/3 on
the cut at ¢ = 0,27/3. These local minima shift on the potential cut at



454 Chapter 16. Manifestation of Molecular Functions

A0

Suface |

Fig. 16.24. Laser-driven (R)-2-chloro-5-trifluoromethyl-cyclopenta-2,4-dienecarbalde-
hyde as a rotary molecular machine. The z-axis is defined to be along the C3 — C2?
bond. The z-axis is perpendicular to the z-axis on the C? — C3 —R#* plane. R* bonded at
C3 is an alkyl group. The linearly polarized laser pulse Fy(t) is applied alog the y-axis.
The aldehyde group (—OCH) acts as an engine whose rotational angle is denoted as ¢
and the trifluoromethyl group (-CF3) acts as a propeller powered by the engine whose
rotational angle is labeled as x. (Taken from Ref. [402] with permission. Reproduced by
permission of the PCCP Owner Societies.)

¢ = —27/3. The dipole moment is also calculated as a function of two
dihedral angles and its xy—dependence is found to be weak that confirms
the optically inactive nature of the y—rotation (not shown here). In order
to clarify the mechanism of power transmission from the motor to the pro-
peller, the time-dependent Liouville equation is solved:

heoplt) = L(t)p(o), (16.18)

where the Liouville operation is defined as L(t)p(t) = [H(t), p(t)]. Here,
[, -] denotes a commutator and H (¢) is the system Hamiltonian given by

H{(t) = Ho(¢,x) — (¢, x) - E(t). (16.19)

Here, H(¢,x) represents the two-dimensional nuclear Hamiltonian and
(@, x) is a permanent dipole moment vector of the molecular machine.
The nuclear Hamiltonian in the electronic ground state can be given as

Ho(¢,x) = Ty + Ty + V(9,X), (16.20)
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Fig. 16.25. (a) Potential energy surface V (¢, x) of the molecular machine, (R)-2-chloro-
5-trifluoromethyl-cyclopenta-2,4-dienecarbaldehyde, as a function of ¢ and x. (b) Cross
section of V (¢, x) cut at ¢ = 0,27/3, and —27/3. (Taken from Ref. [402] with permission.
Reproduced by permission of the PCCP Owner Societies.)

where T, and T, are the kinetic energy operators with respect to ¢ and
X, respectively. In this model the axes of rotation are fixed so that a
cross term does not appear. All the coupling comes from the potential
V(¢,x). An initial condition of the density operator p is given by the
Boltzmann distribution in the thermal equilibrium at temperature 7. Some
of the results of numerical solutions at T' = 0 are provided in Fig. 16.26.
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Fig. 16.26. (a) The y-component of the electric field of the laser pulse Ey(t). (b) Expec-
tation values of the angular momenta, Ly (t) and Ly (t). The scale of the vertical axis is
stretched at t < 20fs compared to that at ¢ > 20fs. (c) Calculated rotational angles of
the motor ¢(t) and the propeller x(t). (d) Expectation values of potential energy V (t)
and kinetic energies Ty(t) and Ty (t), and the sum of them H. (Taken from Ref. [402]
with permission. Reproduced by permission of the PCCP Owner Societies.)

Figure 16.26(a) shows the electric field of the laser pulse used which is the
same as Egs. (16.15) and (16.16) except that the electric field is now directed
along y-direction (see Fig. 16.24). The central frequency is w = 45cm™!,
the pulse intensity is Ey = 3.7 GV/m, and the pulse length is ¢, = 30ps.
The instantaneous angular momenta and expectation values of rotation
angle are estimated by

Lo =Tr{lap(t)} (a=¢,x) (16.21)
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and

a(t) = i /0 drLo(7). (16.22)

Figure 16.26(b) and (c) show the instantaneous angular momenta (Lg(t)
and L, (t)) and rotational angles (¢(t) and x(t)), respectively. These fig-
ures clearly show the correlation between the engine (motor) and the pro-
peller, namely, how the rotational power is transmitted from the former
to the latter. In the early stage up to around 13 ps, the motor is sub-
jected to forced oscillation and starts to rotate towards the gentle slope
side of the asymmetric potential. In the next transient stage, the rotational
direction of the motor is changed at around 15 ps and the propeller starts
to rotate. The rotational directions of the motor and propeller are opposite,
like a bevel gear. In the stationary stage after the laser pulse vanishes, the
motor and propeller continue to constantly rotate. Figure 16.26(d) shows
the time-dependent expectation values of potential and kinetic energies as
defined by

V(t) = Te{Vp(t)} (16.23)

and

T = T{Tup(H)} (@ = 6). (16.24)
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Fig. 16.27. Schematic illustration of a unidirectional rotation by using a pump (1) and
dump (2) laser pulses. V;; and V. denote the ground and excited electronic states, respec-
tively. The wave packets denoted by the dotted Gaussians are created in the designated
directions. (Taken from Ref. [402] with permission. Reproduced by permission of the
PCCP Owner Societies.)
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This figure confirms the above mentioned mechanisms of the correlated
motions of engine and propeller.

The pump and dump method can also be employed to effectively drive
chiral molecular motors, as schematically depicted in Fig. 16.27. The pump
laser (1) generates a rotational wave packet on the excited potential energy
surface. When this wave packet reaches an appropriate position on the
excited potential energy surface, it is transferred back to the ground poten-
tial energy surface by applying a dump laser pulse (2). This pump-dump
method can ignite a unidirectional rotational motion, because the wave
packet can have sufficient kinetic energy to pass over the transition state of
the ground potential energy surface. Numerical computations were carried
out with use of the same chiral molecule of Fig. 16.22(a) and indicate that
the manipulation of rotational wave packet by the pump-dump method is
actually more effective than the method mentioned above [402,405]. The
expectation value of the angular momentum of the motor was estimated
to be | = —31F4 in the case of (R)-motor, much larger than that in the
previous case (see Fig. 16.23(b)). The efficiency of the whole process could
also be made higher by using the quadratic chirping method explained in
Section 15.1.4 of Chapter 15.



Chapter 17

Conclusions: Future
Perspectives

As was pointed out frequently, nonadiabatic transitions play very important
roles in various fields of natural sciences and, in a sense, they are control-
ling this world. Conical intersection of potential energy surfaces, which is a
purely theoretical concept, is now well recognized to play very crucial roles
in various chemical and biological processes. On the other hand, in connec-
tion to the quantum devices such as quantum dots and superconducting
devices the time-dependent two-level Landau-Zener type of problems have
attracted much attention. Thus, it is very significant that the Landau-
Zener-Stueckelberg type problems, which constitute the most fundamental
part of nonadiabatic transitions, have been solved completely.

Naturally, it is highly desirable that practically important large physi-
cal, chemical, and biological systems can be treated nicely. Since it is unfor-
tunately obvious that fully quantum mechanically accurate treatments of
such systems are impossible, it is strongly required that some sort of useful
semiclassical methodologies are developed. In order to do that we have to
rely on classical trajectories somehow and to figure out some clever ways
of using them to incorporate various quantum mechanical effects properly.
Such semiclassical theories should be tested in small systems for which accu-
rate quantum mechanical computations are possible. In order to take into
account the effects of nonadiabatic transitions within such type of semiclas-
sical frameworks, the basic theory such as the Zhu-Nakamura theory for
the Landau-Zener-Stueckelberg problems would be very useful. Not only
the classically forbidden transitions but also all the effects of phases can be
incorporated along the properly chosen classical trajectories. The simplest
version of that is to use the original framework of the TSH (Trajectory
Surface Hopping) method. By properly treating the classically forbidden
transitions, namely nonadiabatic transitions at energies lower than the
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crossing points, it is expected that average physical quantities such as
cumulative reaction probabilities can be quite accurately estimated. The
TSH method with the Zhu-Nakamura analytical formulas incorporated has
actually been developed and can be easily downloaded for practical use [47].
It is highly expected that the method would be applied to a wide range of
large chemical and biological systems. More sophisticated way of treatment
would be so called semiclassical propagation method based on the initial
value representation (IVR) and the frozen Gaussian wave packet prop-
agation method. The nonadiabatic transition matrix which contains not
only the nonadiabatic transition probability but also the dynamical phases
due to nonadiabatic transition can be incorporated into these frameworks
without difficulty by using again the Zhu-Nakamura theory. The various
phases can be taken into account and the coherence phenomena can be
investigated by this treatment. The effects of phases, which have never
been clearly understood in multidimensional dynamics, could be analyzed
in detail and the validity of TSH could also be fully investigated. Such
semiclassical methods have already been formulated and practical applica-
tions have started. Furthermore, another important quantum mechanical
effect, namely multi-dimensional tunneling, can also be incorporated in the
above mentioned TSH and IVR type semiclassical propagation methods.
The method to efficiently detect caustics (turning point in one-dimensional
problem) along classical trajectory has been developed. Tunneling trajecto-
ries can be run from the caustics in such regions that tunneling is supposed
to be important.

Molecular dynamics (MD) simulation method is now widely used. There
are, however, two fundamental questions: (i) Are interaction potential
functions used always proper? and (ii) Don’t any excited electronic states
participate in the dynamics? Recently, ab initio MD method has been
developed in order to solve the first problem. Interaction potentials are
calculated by using an ab initio quantum chemical method along classical
trajectory, which is in the same spirit as the so called on-the-fly method.
This is an important step to improve the conventional MD. The second
question should always be carefully checked when one deals with real sys-
tems. In large molecular systems such as biological ones, excitation energy
is usually expected to become lower and electronically excited states are
located energetically nearby. Namely, nonadiabatic transitions would par-
ticipate in the dynamics. As explained above, the effects of noadiabatic
transitions can be taken into account in the MD simulation by using the
Zhu-Nakamura formulas on each classical trajectory, just like the ZN-TSH



Chapter 17. Conclusions: Future Perspectives 461

method. The improvement of the conventional MD simulation method along
this line is important and definitely needed.

Another very significant application of the theories of nonadiabatic tran-
sitions is to control molecular processes by time-dependent external fields.
Because of the recent remarkable progress of laser technology, laser control
of chemical dynamics is much advanced and versatile. There are two kinds
of problems. The first is to control nonadiabatic transitions at potential
energy surface crossings induced by a time-dependent laser field, namely,
to control transitions at laser induced conical intersections. Potential energy
surfaces are shifted up and down by the amount of photon energy and thus
surface crossings are created. These states are called dressed states and are
coupled to each other by the laser-molecule interaction. By manipulating
the laser parameters, the nonadiabatic transitions there and the associated
chemical dynamics can be controlled. The second is to control nonadia-
batic transitions at intrinsic conical intersections which exist in Nature.
It is well recognized now, as mentioned above, that conical intersections
of potential energy surfaces, which represent a theoretical concept, play
crucial roles in various branches of chemical phenomena. It is now possi-
ble to design an appropriate laser pulse to control a transition at conical
intersection, namely to make the efficiency of a desirable process higher.
It is expected to be possible in future not just to properly comprehend
real chemical and biological dynamic processes occurring in Nature, but
also to manipulate them to make their efficiencies higher in a desirable way
and to design new appropriate chemical processes. Not only laser, but also
other time-dependent external fields would also be useful. For instance, by
manipulating magnetic as well as radio frequency fields, new effective ways
of controlling cross polarization in NMR (nuclear magnetic resonance) could
be established.

Future possible developments of the basic analytical theories of nonadia-
batic transitions should also be mentioned. The theory for the non-crossing
Rosen-Zener-Demkov type problems is not complete yet in comparison with
the Landau-Zener-Stueckelberg problems and should be further developed.
For instance, the case that the two parallel potentials are slanted and the
energetic threshold exists cannot be treated accurately. A more challenging
subject is to develop a unified theory which can cover these both types of
problems uniformly. This would be very useful for applications, since we
would not have to pay any attention to classify each nonadiabatic transi-
tion. Although much efforts have been paid in this direction with use of
the exponential potential models, it is still a long way to go. Any analytical
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solution of the Renner-Teller problem is also to be developed. The most
difficult thing is to develop an intrinsically multidimensional theory with-
out relying on classical trajectories. Real multidimensionality effects could
be clarified only by such kind of theory. Since no useful mathematics is
available yet as far as the author knows, however, this would probably be
most formidable at this moment, unfortunately.

In conclusion, interplay among various fields of physics, chemistry,
and biology would be very important for future developments. Since real
molecular systems can now be targets of theoretical studies, quantum chem-
istry and dynamics theory should work together more closely. Naturally,
collaborations with experimental studies would become more and more cru-
cial. Even among experiments, various fields should collaborate with each
other.



Appendix A

Final Recommended Formulas
of the Zhu—Nakamura Theory
for General Time-Independent
Two-Channel Problem

The final recommended formulas of the two-channel Zhu—Nakamura theory
are summarized here. As can be understood from the summary below, the
theory has the following nice features and can be easily utilized for various
applications:

(1) All the probabilities are expressed in simple analytical forms.

(2) All the necessary phases are provided in compact analytical forms.

(3) All the basic parameters can be directly estimated only from adiabatic
potentials on the real axis.

This means that

(1) non-unique diabatization is not required,

(2) no complex calculus is necessary,

(3) no nonadiabatic coupling information is required, and furthermore,
(4) the theory works for whole range of energy and coupling strength.

Note that there are some errors in the Appendix of the first edition of
this book. The necessary corrections are explained in Refs. [46,406] and the
whole set of correct expressions are provided here.

A.1. Landau—Zener Type (see Fig. A.1)

The transition matrix Ix at the avoided crossing point Ry is defined by

(6)-1(3)
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where A and B (C and D) are the coefficients of the wave functions at
R =Ry+0 (R = Rog—0). The nonadiabatic transition matrix Ix, which
gives the transition amplitude at the crossing point, is given by

. VI = pznet¥an—ozn) —\/zﬁe“’om "
X = 7 )
\/ﬁeiiagN me*i(d)ZN*GZN)

where pyN represents the nonadiabatic transition probability for one pas-
sage of avoided crossing, and ¥zn, ozn, and o&N are certain phases. The
explicit expressions of these quantities are given below. This transition
matrix Ix is useful for classically allowed transitions, namely, at £ > FEx.
For classically forbidden transitions at £ < FEx, the reduced scattering
matrix is more useful, where Fx is the crossing energy (see below and
Section A.1.4). In the final formulas given below some empirical correc-
tions are introduced in order to make them cover better some small limiting
regimes. Thus these formulas can be readily utilized.

The basic parameters a? and b? are originally defined in terms of the
diabatic potentials as

h2 F(Fy — F)
LRI S A3
“ 2u  8VE (A.3)
F - F
2 - 1 2
br = (B = Bx) Sy (A.4)

where £ is the mass, F;(j = 1,2) is the slope of the jth diabatic potential
with F' = /|F1 Fy|, Vx is the diabatic coupling and Fx is the energy at the
avoided crossing point (see Eq. (A.8)). Without loss of generality F} — Fy
is assumed to be positive. When adiabatic potentials, E;(R)(j = 1,2), are
directly available, these parameters a? and b? can be estimated directly
from them as (Fig. A.1)

2
a?=+d> -1 n (A.5)

w13 — ()2 (Es(Ro) — Er(Ro))

E — (Ea(Ro) + E1(Ry))/2

F =V R - BB 2

where

[Ex(T") — Ey(T)][Eo(T5”) — E\(T3"))]

4’ =
[E2(Ro) — E1(Ro)? ’

(A7)
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Fig. A.1. Landau-Zener type curve crossing. The same as Fig. 2.1(a).

where the parameter Ry is now defined as the minimum separation of the
two adiabatic potentials and E'x is defined by

Ex = [E1(Ro) + E2(Ro)]/2 = Er(T}) = Eo(T3). (A.8)
Even when the diabatic potentials are available, it is better to use above

expressions defined in terms of adiabatic potentials, since it is confirmed
that they are more accurate. It should be noted that the Landau-Zener

formula is given by

T
= - . A.
PLZ exp[ 4a|b|} (A.9)

Al1l. E> Ex

The Stokes constant U; (see Section 5.2.1.1) is given by

Uy = /- — Texpliva), (A.10)
PzZN
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where
1/2
pzN = exp _4;T|b\ (1 +1+ b3(0.4a2 T 0.7)) (A
and
7N = 0zN + Ps (A.12)
with
og = 7% + % In <(2’> —argll (ziﬁ)) - 27 (A.13)

A.1.2. E< Ex

The Stokes constant U in this case (see Section 5.2.1.2) is given by

—dzN
Re Uy = cos(o /B(ogn/m)e?™N — g, sin?(o < ,
1 ( ZN){ ( ZN/ ) g1 ( ZN)\/W}

(A.14)
Im U1 = Sin(O'ZN) {B(O’ZN/W)€25ZN — g% Sin2(UZN) COS2(O'ZN)
6—25ZN ) 1/2
—_—+ 2 S — A15
X o 2 cost(om)  gn ) (A5
with
g1 = 1.8(a?)023¢%2x (A.16)
and
3 1
g2 = 10 (1.2 4 a?) — . (A.17)
TOZN a
The nonadiabatic transition probability for one passage is given by
pzx = [1 + B(ozn/7) exp(207x) — g2 sin®(ozn)] 77, (A.18)
where
2 2z ,—2x
Blx)= T2 ¢ (A.19)

22 (x)
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The phase 1¥zn necessary to define the scattering matrix (see Section
A.1.4 below) is given by

Yzn = arg(Un). (A.20)

A.1.3. Definitions of ozn, 0zn, and Oy

These phase parameters introduced above are defined here. The expressions
of ozn and dyzyN are energy-dependent as described below. Since agN and
54N which appear below, and the parameter 0y are common at all energies,

these are given first,

S =6 1+ 5“71/210—@1\1 (A.21)
¢ = 0ZN al’24+08 ’
and
R. Vo FC +iF¢
ZN -6ZN = / K - K dR ~ yero- e+ A.22
00" +io™ = | [K(R) ~Ko(RR ~ TR, (A22)
where
21
K;(R) =/ 55 (E — E;(R)), (A.23)
Fe = |V F 907 T3 £ (82 + ) (A.24)
VB 07 (8 - ),
0.16b
FC =F b2—>[b2— “’D A.25
+ * ( Vo +1 (4.25)
0.45v/d2
C _
Fo=F- (72 T T T 1he2 b ) (A.26)

by = b% —0.9553, 71 =0.9Vd2—1, ~=7Vd?/16.  (A.27)

Now, ozn and dzn are given below:
(a) When E > E5(Ryp),

Ro RO
ozN = K1 (R)dR — Ky(R)dR + o&N (A.28)
T, T
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and
Szn = O8N,
(b) When E < E1(Ry),
ozn = 02N

and

T1 T2
SN :—/ |K1(R)|dR+/ |K2(R)|dR + 63N,

RO RO

(C) When EQ(RQ) >FE>E (Ro),

Ro
o7N = K1 (R)dR + o~
Ty
and
T
Syn = K3(R)dR + 6&~.
Ro

A.1.4. Total scattering matrix

The scattering matrix in the adiabatic representation is given by

Spm = STFL{m exp[iﬁn + inm]a

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

even if the energy F is lower than Ex. Here 7, is the elastic scattering phase
by the nth adiabatic potential and S® is the reduced scattering matrix. The

total S-matrix is given by
S = PooxIxk PxrxIxPxoo = QI'IQ = QS®Q,

where I (I') is the transpose of Ix(I),

= (PXoo)nm,
— S XD {z / (K12(R) — K1.2(0))dR — iKLQ(oo)X} ,
X
X o
(PXTX) = §nm exp 21 KLQ(R)dR—FZg 5
T1,2

(A.35)

(A.36)

(A.37)

(A.38)



A.2. Nonadiabatic Tunneling Type 469

(A.39)

)

R
mye2 = lim l KLQ(R)dR — Kl,g(R)R + z
R—o0 Ty o 4

VI = panelVmom) —/PzNem (A.40)
N VI = pzne~iWan—om) | '

and

SR =TT (A.41)

A.2. Nonadiabatic Tunneling Type (see Fig. A.2)

The transition matrix Iy useful at £ > Ej is given by

I VT = pane'?s Nz (A.42)
X = . i ’ .
_\/mefzagN meizd)s

where pyzn represents the nonadiabatic transition probability for one pas-
sage of the avoided crossing point and ¢g is the same as Eq. (A.13). At
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T, T,
o E
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=
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Fig. A.2. Nonadiabatic tunneling type curve crossing. The same as Fig. 2.1(b).
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E > FE5(00), this Ix can be used in the same way as Ix in the case of
Landau-Zener type. The explicit expression of pzy is given below.

The total (S—) and the reduced (S®—) scattering matrices are defined
as follows:

Simn = Spxp, eXpli (11 + 1)), (A.43)
where
R T
71 = lim Ki(R)AR — K1 (R) R+ — |, (A.44)
R—o0 Tr 4
R ™
= lim |- [ K (RdR+ K (R)R+~|, (A.45)
R——o0 le 4
1 PIZANE! UseiPi2
R 2
S 1+ Ul U2 (U2€ZA12 e’LAgz ) ( )
and
Uy = 2i Im(U)/(|U |2 — 1), (A.47)

where U; and U, are the Stokes constants. Note that T{ and 7] should be
replaced by R; at E > Ej and the state 1(2), i.e. the index of the S-matrix,
corresponds to the right (left) side of the barrier. The parameters a® and
b? originally defined by Egs. (A.3) and (A.4) can also be estimated directly
from adiabatic potentials by

2 (1—7*)h?
- : A48
¢ N(Rb - Rt)2(Eb — Et) ( )
and
E— (Ey+ Ey)/2
b = A.49
(Ey — E,)/2 (A.49)
where
E, — E,
- : A50
" B[R + RilJ2) — Er([Ro + Ri2) (A50)
WhCn Rb = Rt’ v = 1 and
h OB»(R) 0°E\(R)
= Ry — L per, |- (ASL
¢ 4M(Eb - Et)2 |: OR2 |R_Rb OR2 |R—Rf, ( 5 )
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The transfer matrix N at E < F3(00) is defined by

£)-(2)

where A(B) is the coefficient of the wave running to the right (left) along
E1(R) on the right side of the barrier, and C(D) is the coefficient of the
wave running to the right (left) along F;(R) on the left side of the barrier.
The N-matrix is related to the SR-matrix as

Nii=1/8},, Nip=S8/SE, Noy=Nj,, Nao=Nj,. (A53)

A.2.1. E> E

The various quantities in Eq. (A.46) are given as follows:

Alg — 07N, (A54)
Ry
Ay =2 K5(R)dR — 20¢", (A.55)
T1
T
Aoy =2 | Ky(R)dR + 208N, (A.56)
Ry
Ry— R 1K (Ry) _KQ(Rb)]Q}
ZN b t 1Lt
= Ki(R K> (R - , (A.B7
o ( 5 ){ 1(Re) + Ko b)+3 K () © Ko (Rs) ( )
U1 = i\/ 1— PZN exp[i(aZN — (Es)}, (A58)
T>
O7ZN = KQ(R)dR, (A.59)
Ty
and
11/6 +104/1 —1/b*
T2 \/ (A.60)

SN = — .
T 8ab2 14 /T 1

The nonadiabatic transition probability pzx is given by

5 1/2
™
—exp|—— . A.61
pen P17 dab (1 + /1= 5-%(0.72 — O.62a1-43)> (A.61)

and the overall transmission probability is given by

4cos?(ozn — ¢s)

P — >
12 4cos?(ozn — ¢s) + (pzn)2/(1 — pzn)’

(A.62)
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where
(1755 = ¢s + h1 (A.63)
and
0.23a'/?
hi = ——————40777N, A.64
YT al240.75 (A.64)

It should be noted that when vzx = ozx —¢s = (n+1/2)7(n =0,1,2,...),
Py5 becomes zero. Namely, the intriguing phenomenon of complete reflec-
tion occurs.

A22. E,>FE>E;

The necessary quantities to define S® in Eq. (A.46) are given as follows:

Aqg = O7N, A1 = ogNn — QO'gN and Ag = oyn + QO'gN, (A65)
1
ofN = —5 (R = Ry) Ky (R)(1+ ), (A.66)
Uy = i[V/1+ W2 —1]/W, (A.67)
1
¢ZUZN+argp<+Z-<5ZN)_52Nln(5ZN>+52N_h2, (A.68)
2 T T T T
a®7(a®7 + 0.35) 10062 \"*
hy =034—————— (042 + b*) [ 24+ ———— A.69
2 o A2+ )( +100+a2> ’ (A.69)
1 1
ON = ——— {0.057(1 + 302 ] (1 —0*)v/5 + 3b2, (A.70)
va? 3
1 1
Szn = ——= [0.057(1 — b%)°% 4+ —| (1 4+ b?)\/5 — 302, (A.71)
Va2 3
hs [* 2 b? hy t
W = m‘/o COS [3 — a2/3t — a2/3 h5 T al/?’t dt, (A72)
hy =1+ 0%(1 4 p2)L2m04r (A.73)
Va2 — 3b?
hy = ~——"—1/1.23 4 b2, A.74
YTVt (A.74)

hs = 0.61/2 + b2. (A.75)
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The physically meaningful overall transmission probability is given by

W2
A23. E<E
The required quantities in Eq. (A.46) are given by
Alg = All = AQQ = 720’ZN, (A77)
0.5va? oc\ _s eIz
ReU; =sin(20.) ————/B | — )e "N + ——— 5, A.T8
1 ( C){l—k\/aﬁ (7‘(’) /7B(O'C/7T) ( )
ReUy)? 1 1 ReU
Im U; = cos(20.) ( S ) - — e ,  (A.79)
sin®(20.)  cos?(20.) 2sin(o.) |cos(o.)
oo = ozn(1 — 0.32 x 107 2/9" g2, (A.80)
Ty
Son = / " KRR, (A.81)
Ti
and
11/6 410,/ —1/b*
W \/ (A.82)

ozZN = = ,
N Ralb] 2 14 /T 10

where the function B(z) is given by Eq. (A.19). The physically meaningful
overall transmission probability is equal to

B(o,/m)e 20z

Py = .
27 1+ (05Va2/[Va? + 1)) B(o./m)e=20m]2 + B(o,/m)e—20u
(A.83)
It should be noted that when a? — 0, we have
e—20zn
Py = 11 o2 (A.84)

which agrees with the ordinary single potential barrier penetration proba-
bility.

The I-, Ix-, and SR-matrices in this Appendix can be directly applied
to various practical problems. To know how to use them in each practical
problem, it would be helpful to refer to various chapters in the text.
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Appendix B

Time-Dependent Version of the
Zhu—Nakamura Theory

The formulas derived in the time-independent framework can be easily
transferred into the corresponding time-dependent solutions. The formulas
in the time-independent linear potential model, for instance, provide the
formulas in the time-dependent quadratic potential model, in which the
two time-dependent diabatic potentials are coupled by a constant diabatic
coupling. The classically forbidden transitions in the time-independent
framework correspond to the diabatically avoided crossing case in the time-
dependent framework. One more thing to note is that the nonadiabatic
tunneling type of transition does not show up and only the Landau-Zener
type appears in the time-dependent problems, since time is unidirectional.

The following replacements of the parameters in the time-independent
Zhu-Nakamura formulas are good enough for the transfer:

2 42 — 1h?
a X = —5 5 5
2Vt — 1)

2 2
Pepg=—e 1l (B.2)

t7 -ty

and

ozN + 10zN =

ty te 6
/0 E+(t)dt—/0 B (1)t + \/;+A1

1
H (B.3)

with

ot — (bt 1)/2 &2 1 i(1+t2)1/2
r= e E it e ), () @9
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Vo = 5 (B4 (t0) — B_(t0)) (B.5)

and

B (ty) — B ()B4 () — B (1)
[E4(to) — E—(to)]? ’

where E4 (t) are the adiabatic potentials with E (t) > E_(t), tp(t:) is the

bottom (top) of the adiabatic potential E (t)(F_(t)), to is the position at
which the adiabatic energy difference becomes minimum. When the com-

d* = [ (B.6)

plex integral is annoying to evaluate, then the following formula can be
used:
to

L[ [t
oyN + 107N = ﬁ |: on (t)dt — E_ (t)dt + A:| (B7)
0

0
with
Ao V2r FC 4+ iF§
4ya F?+F%’

where F'{ are the same as those given by Eqgs. (A.25-A.27).

(B.8)
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